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n-Person Games with Only 1, z—1, and ~-Person Coalitions*
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Abstract. A symmetric solution is presented for any von Neumann-Morgenstern n-person
game when the only coalitions that are not completely defeated contain n — 1 or » players.

1. Infroduection

The main mathematical problem in the voN NEUMANN-MORGENSTERN theory
of n-person games in characteristic function form [5] is to show the existence and
nature (or non-existence) of solution sets. This paper describes a solution of a
symmetric nature for an arbitrary n-person game in which only coalitions with 1,
n — 1, and n players enters into the problem. Results for similar games in the
theory of bargaining sets (see bibliography by MAScHLER in [2]) are given in [3],
and results for such games in the solution theory for n-person games in partition
function form will appear in a separate paper (see abstract by author in [2]).

In order to be complete a brief review of the basic definitions for a vox Nru-
MANN-MORGENSTERN n-person game is given, where the games are assumed to be in
0,1 normal form. Let N == {1, ..., n} be a set of » players 1, ..., n, where n > 2.
First, assume there exist a real valued characteristic function v defined on the set 25
of all subsets of N, that is, v assigns the real number v (M) to each coalition (subset)
M of N, and assume that v(@#) = 0. There is no loss in generality with respect to
solution theory (see p. 68 in [4]), if one further assumes that v is superadditive, that
is, v(M1 U M) = v(M1) + v(Mz) whenever M1 N My = @. Second, define the

set 4 consisting of all émputations x = (%1, ..., z,) which satisfy z; = 0 for all
1e N, and in = 1. Third, an imputation x is said to dominate an imputation
teN

¥ with respect to a nonempty coalition M, denoted by x domyy y, if

zi > Y forallie M,

and
> = v(M).

teM

An «x satisfying this latter inequality is called effective for M. One further says x
dominates y, denoted by x dom y, if there is a nonempty M such that x domy, y.
Forxe AorBc A,letdomy x = {y € A|x domy y},dom x = {y € 4|x dom y},
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domys B = U domys x, and dom B = U dom x. Fourth, a subset K of 4 is called
xeB xeB
a solution if

K(Mdom K =,
and
KUdomK:A.

This paper considers those games in which only coalitions with # — 1 and »
players can have nonzero values. Thus assume that

v(N)=1,
(1) 0<o(N—d) =<1 i=1,...,n,
v(M)y=0 forall McN,|M|<n—1,

where | M | denotes the number of players in M, and where ¢ stands for either the
player ¢ or the coalition containing the one player i. So a game is determined by
the n values v (IV — ¢). To simplify the notation, let

di=1—v(N —1) i=1,...,n.

Then 0 < d; = 1 and the #» numbers d; also determine the game. The only type of
domination by imputations is with respect to the coalitions of n — 1 players, and
x domy_; y means x; > y; for
all jeN—i and Doy <v(N—i).
jeN—¢
The former condition implies 2; < y; and the latter condition is equivalent to
Ty § di .

2. A Solution

A solution for any game which satisfies (1) is

[nf2]
K=UJUU{xecd|zp = dp,p=1(1),i(2),...,9(27);
r=0 or
g <dgq=1i(2r+1),i@r+2), ..., i(n);
i (s-1) — dis-1) = Ti() — die), 5 =2,4,...,2r}

where [n/2] is the greatest integer in #/2 and each inner union is taken over the
n!
(n—2r)lr12r
of (1,2, ..., n) which give distinct terms. In other words an imputation x is in the
solution K if and only if all #; — d,, that are positive are equal in pairs. For r = 0
one gets the term

permutations o = (¢(1), 2(2), ..., ¢(n))

C={xcd|z,<dg,q=12,...,n}
which is the core, and for r = [n/2] one gets the term
K= \J{xed|zy =dp, p=1:(1),4(2),...,75(2[n/2]);

Oin/2]

Zi(n) = dimy if nisodd;
Zi (5-1) — Fi (s—1) = Fi(s) — Fi(s) »
s=2,4,...,2[n/2]}.
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Let Z={xed|ry=dp,p=12,...,n}.

Then K z = K5 0 Z is the solution on the “reduced” imputation simplex Z to
the corresponding (n, k) simple majority games when & = n — 1 which was given
by Bott in [1]. So the solution K is the natural generalization of Bott’s solution
when k = n — 1. K is also the natural generalization to the solution of an arbitrary
3-person game which is nondiscriminatory (when Z =+ @) and which has “symme-
tric” line segments for bargaining curves. Note that if

24 <1 then C=0 and Z +0, if

jeN

>d;>1 then C+¢ and Z=0, andif
jeN

zd,-=1 then C=Z=d=(d1,...,dy).
jeN

Geometrically one has a simple game in the interior part Z of 4 and n truncated
pyramid games (see p. 81 of [4]) in the regions Sj = {x € 4|z < dj} which
extend off each of the faces of Z. A trace, &y = constant, in S, gives an (n — 1)-
person game of the type being considered and this trace of K is the corresponding
solution for this new game. In Z the solution K is symmetric with respect to all
permutations of the #; — d;, and in 8}, the solution K is symmetric with respect to
all permutations of z; — d; with ¢ + %. Note that if Z + 0 then the dimension of
K is smallest in the interior part Z of 4 and the dimension increases as one goes
more toward the exterior parts, that is, as more z; < d;.

3. The Proof

To prove that K is a solution one must first prove that K N dom K = @. Since
Kndom K = [(K—C)UC]n dom [(K — O)U C]c[(K — C) n dom (K — C)]
U[(K — C)Nndom 01U [C Nndom K], it is sufficient to prove that K N dom C = ¢,
Cndom K =0, and (K — C) ndom (K — C) = 0.

If K ndom C = 0 fails to hold, then there exists @ € ¢ and b € K such that
a domy-_y b for some k € N. Since a is effective for N — k, za,- = zbj =1, and

jeN jeN
a; > by for all 4 + k; one gets dx < ay < by, which implies 17) ¢C. Since ac(,one
also gets b; < a; < d; for ¢ + k. It follows that b has exactly one coordinate with
b; > dj(namely j = k), which implies b ¢ K — C. Thus b¢: C U (K — 0) = K,
which is a contradiction.

If C N dom K = 0 were not true, than there exists @ ¢ K and b € C such that
a domy_y b. As in the proceeding case one gets by > ay = dy. This implies that
b ¢ C, which is a contradiction.

Next assume that (K — ) N dom (K — C) + 0. Then there exists @ and b in
K — (C such that a domy_4 b, which implies

(2) a;—d;>b;—d; forall ieN—k.

However, b e K — C implies that all the b; — d; that are positive are equal in
pairs, and since b ¢ C' there is at least one such b; — d; > 0. Likewise the positive
a; — d; are equal in pairs, and since a is effective for N — k, dy < a3 < by or

(3) Oéa,]g—-d]g<bk—dk.

20 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 6
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It follows that (if one lets & = ¢(1)) there exists distinet players
i(1),7(2),...,¢(27),
i(2r+1),...,i(n) with >0 so that

a;(s) — di(s) = @i s+1) — Di(s21) 5

4) bi(s—1) — di(s~1) = bi(s) — di(s)
for s = 2,4, ..., 27, where either

(a) t(2r 4+ 1) = ¢(1)
or

(b) bi@ri1) —di@ri) =0.

In case (a) the relations (2), (3), and (4) imply

a; ) — di) = bi@r-1) — di@r-1y 5

@i ¢+1) — Qi @+1) > bi 1) — di -1 t=24,....2r—2,

aiy — diy > biy — dioy 1=24,...,2r,

a; —d; > b; — d; j=2r4+1,2r4+2,...,n.

In case (b) the relations (2}, (3), and (4) imply

aiqy — diqy 2 bierty — di@rrn
@i g1y — di g+1) > big-1) — di -1 t=2,4,...,2r,
ar@y — di@y) > bigy — diw) t=2,4,...,2r,
a; —dy > b; — d; j=2r+2,2r+3,...,n.
Summing the equations above for either case (a) or (b) gives
Z(ai —d;) > Z(bz —d;) or Zai > Zbi’
ieN ieN ieN ieN
which is a contradiction.

It follows that (K — €) N dom (K — ) = §, and this completes the proof that
K Nndom K = @.

Finally one has to prove that K U dom K = 4. Assume that be 4 — K.
Since b ¢ C c K, there exists 7 such that b; — d; > 0. Also, there exists k such that
0 < by — dg + b; — dj for an odd number of j + k, because if all such positive
b; — d; could be set equal in pairs, then b e K — C. So, by permuting the sub-
scripts on the b; and d; if necessary, one can assume that

by — dj = bjp1 — dja i=12,...,n—1,
(5) by — dg > bri1 — dg

bg—dg =0>bgr1 —dgna
where k is odd and k = ¢. The following three cases will be considered.
(1) q = 3 is odd,

(if) 9=1,
(i) g is even .
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In case (i) let
(n — 1) &1 = (b — dg) — max (bg+1 — dg+1,0) >0,

gg = —(bgr1 — dg11) >0,
£=min (&1, &2) >0,
(g-1)j2
(@—1)8 = (b1 — d1) — D> [(Ba; — d2i) — (beis1 — dasra)] — (n —1)e = 0.
i=1

Next define a by
al—d1=0,
ag; — dog = agi41 — daina
=by—dy e+ 3 i=1,2,...,(¢—1)/2,
a;=0b; + ¢ j=q+1,9+2,...,n.

Then a satisfies @; = 0 for all ie N and > (@ — di) = > (bs — d;) or >a
ieN ieN ieN
= >b;=1,and so @ € 4. Also a € K since the positive a; — d; are equal in pairs.
teN
Furthermore @ domy_1 b, because a; — d; > b; — d; for all ¢ += 1, and a; = d;
implies @ is effective for N — 1. Thus b edom K. If one bad to permute the
subscripts of the b; and d; to get it in form (5), then the inverse permutation will
give the corresponding @ which is clearly still in K. This completes the proof for
case (i).
Now consider case (ii) where ¢ = 1.

Define a by

ay — dl =0 s

az —dz =by —ds + ¢+ 32,

a3 — d3 =bg —dg + ¢ + 03,

a;="b; ¢ j=4,5,...,n,

where ¢ is the same as in case (i) and where ds and d3 are defined by

62—]—63=(bl—d1)—(7’b—1)8%0
and
ag—ds=ag—dg if dz+4 83 = (by — dg) — (bs — d3)
or
da=0 if &z + d3 < (bg — da) — (b3 — ds) .
Again a satisfies ¢; = 0 for all 2 € N and z (@ — dy) = Z (b; — d;), and soac 4.
ieN ieN
Also @ € K since ag — dp and ag — dg are either equal or nonpositive and all other
a; — d; = 0. Clearly @ domy_3 b, and thus b € dom K.
In case (iii) where ¢ is even, let
ney = (by — dyg) — (bp+1 — dgr1) >0,
gg = — (bgr1 — dgi1) >0,
e=Tin (g, g3) >0,
(g—2)/2
20 = (b1 —d1) — (bg— dg) —m& — > [(bai — dag) — (basr1 — d2i41)] = 0.

=1
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Define a by
a1—dy =ag—dg="by—dy+e+9>0,
a2 — doi = @241 — dait1
— by —dai 4 ¢ i=1,2,...,(¢—2)2,
aj=0b;+ ¢ j=q-+1,9+2,....,n.

Again one can show thata € 4, a € K, and @ domy_1 b.
So b € dom K, which proves case (iii). This completes the proof that K U dom K
= A, and therefore K is a solution.
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