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Abstract. A symmetric solution is presented for any yon Neumann-Morgenstern n-person 
game when the only coalitions that are not completely defeated contain n --  1 or n players. 

1. Introduction 

The ma in  m a t h e m a t i c a l  p rob lem in the  v o x  NEUMANN-MORGENSTERN theo ry  
of  n-person games in character is t ic  funct ion form [5] is to  show the  existence and  
na tu re  (or non-existence)  of solut ion sets. This pape r  describes a solut ion of a 
symmet r i c  na tu re  for an  a r b i t r a r y  n-person game in which only  coali t ions wi th  1, 
n - -  1, and  n p layers  enters  in to  the  problem.  Resul t s  for s imi lar  games in the  
t heo ry  of  barga in ing  sets (see b ib l iography  b y  MASCHLER in [2]) are given in [3], 
and  resul ts  for such games in the  solut ion t heo ry  for n-person games in pa r t i t i on  
funct ion  form will appea r  in a separa te  pape r  (see abs t r ac t  b y  au thor  in [2]). 

I n  order  to  be comple te  a br ie f  review of the  basic  defini t ions for a y o n  NEU- 
~A~N-Mo~GENSTERN n-person game is given, where the  games are assumed to be in 
0,1 no rma l  form. Le t  N = {1 . . . .  , n} be a set  of  n p layers  1, . . . ,  n, where n > 2. 
F i r s t ,  assume there  exis t  a real  va lued  characteristic function v defined on the  set 2 N 
of  all  subsets  of N,  t h a t  is, v assigns the  real  number  v (M) to  each c o d i t i o n  (subset) 
M of N,  and  assume t h a t  v (0) = 0. There  is no loss in genera l i ty  wi th  respect  to  
solut ion t heo ry  (see p. 68 in [4]), i f  one fur ther  assumes t h a t  v is superaddi t ive ,  t h a t  
is, v (M1 u M2) ~ v (M1) ~- v (M2) whenever  M1 t~ M2 ---- 0. Second, define the  
set  A consis t ing of  all imputations x = (Xl, . . . ,  xn) which sa t is fy  x~ ~ 0 for all 
i ~ N ,  and  ~ xi = 1. Third ,  an  i m p u t a t i o n  x is sa id  to  dominate an i m p u t a t i o n  

y with respect to a n o n e m p t y  coal i t ion  M,  deno ted  b y  x dom M y,  i f  

and  

x~ > y~ for all  i e M ,  

xi ~ v (M). 
i e M  

A n  x sa t i s fy ing  this  l a t t e r  i nequa l i t y  is called effective for M.  One fur ther  says  x 
dominates y ,  deno ted  b y  x dom y,  ff there  is a n o n e m p t y  M such t h a t  x dOmM y.  
For x A or B c A,  let domM x = {r  A Ix domM r} ,  dora x = { r  a L x dora r} ,  
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dOmM B : ~ J  dOmM x, and  dom B ~ (..J d o m  x. Fou r th ,  a subse t  K of  A is called 
x e B  x e B  

a solution i f  

K ( ' ~ d o m  K • 0 ,  
and  

K ~ J  dora  K -~ A .  

This  p a p e r  considers those  games  in which only  coali t ions wi th  n - -  1 a n d  n 
p laye r s  can have  nonzero values.  Thus  assume t h a t  

v(N) = l ,  

(1) 0 g v ( N - -  i) ~ 1 i = 1 , . . . , ~ ,  

v ( M )  = 0 for all  M e N ,  [M] < n--  1, 

where  I M [ denotes  the  n u m b e r  of  p layers  in M,  and  where  i s t ands  for e i ther  the  
p l aye r  i or  the  coal i t ion conta in ing  the  one p l aye r  i. So a game  is de t e rmined  b y  
the  n values  v (N - -  i). To s impl i fy  the  no ta t ion ,  le t  

d~ ~ 1 - -  v ( N - -  i) i =  1 . . . . .  n .  

Then  0 G dt G 1 and  the  n number s  dl also de te rmine  the  game.  The only  t y p e  of  
domina t i on  b y  i m p u t a t i o n s  is wi th  respect  to  the  coal i t ions of  n - -  1 p layers ,  and  
x d O m N - / y  means  xj  ~ Yl for 

al l  ] e N - - i  and  ~ x  t ~ v ( N - i ) .  
]EN-- i  

The former  condi t ion  implies  xg < y~ and  the  l a t t e r  condi t ion  is equ iva len t  to  
x~ ~ di �9 

2. A So lut ion  

A solut ion for a n y  game which satisfies (1) is 
[n/2] 

g = ~ J ~ J { x e A [ x p  ~ d~, p = i ( 1 ) , i ( 2 )  . . . .  , i ( 2 r ) ;  
' t ~ O  ar 

Xq ~ dq, q -~ i ( 2 r  + 1), i ( 2 r  + 2), . . . ,  i (n ) ;  

x~ (s-z) - -  d, (s-z) - -  xt (s) - -  d~ (s), s = 2, 4, . . . ,  2r} 

where  [n/2] is the  g rea tes t  in teger  in  n/2 and  each inner  union  is t a k e n  over  the  
n! 

( n _ 2 r ) ! r ! 2  r p e r m u t a t i o n s  ~r--~ (i(1), i (2) . . . .  , i (n ) )  

of  (1, 2, . . . ,  n) which give d i s t inc t  terms.  I n  o the r  words  an  i m p u t a t i o n  x is in the  
solut ion K i f  and  on ly  i f  all  x~ - -  dp t h a t  are  pos i t ive  arc equal  in pairs .  F o r  r ~ 0 
one gets  the  t e rm  

C - ~  ( x ~ A I x  q ~ d q ,  q-~- 1,2  . . . . .  n} 

which is the  core, and  for r ~ [n/2] one gets  the  t e r m  

~ r , ~  = LJ {~ e A I ~  => d~, p = i (1), i (2) ,  . . , ,  i (2  [~/2]);  
~[n/2] 

x~ (n) _--< d~ (n) i f  n is odd ;  

xl (s-l) - -  di (s-l) -~ xl (s) - -  dl (s) , 

8 = 2, 4, . . . ,  2 [ n / 2 ] } .  
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Le t  Z = ( x e A ] x ~  > d v, p = 1 , 2 , . . . , n ) .  

Then  K z  ~ K[~/21 n Z is the  solut ion on the  " r educed"  i m p u t a t i o n  s implex  Z to 
the  corresponding (n, k) s imple m a j o r i t y  games when k = n - -  1 which was given 
b y  BOTT in [1]. So the  solut ion K is the  na tu r a l  genera l iza t ion  of  Bo t t ' s  solut ion 
when k = n - -  1. K is also the  na tu r a l  genera l iza t ion  to the  solut ion of  an  a r b i t r a r y  
3-person game which is nond i sc r imina to ry  (when Z =~ 0) and  which has  " s y m m e -  
t r i c "  l ine segments  for barga in ing  curves.  Note  t h a t  ff 

~ d j < l  t hen  C = 9  and  Z # 9 ,  ff 

~ d t > l  t hen  C ~ 0  and  Z = O ,  and  ff 

d i - - 1  then  C - = Z = d - = ( d l  . . . .  , dn ) .  
j e N  

Geometr ica l ly  one has  a s imple game in the  in ter ior  p a r t  Z of  A and  n t r u n c a t e d  
p y r a m i d  games (see p. 81 of [4]) in the  regions Sa --~ {x e A [xa _--< d~) which 
ex t end  off each of  the  faces of  Z. A t race,  xa = cons tant ,  in Sa gives an  (n - -  1)- 
person game of  the  t y p e  being considered and  this  t race  of  K is the  corresponding 
solut ion for th is  new game.  I n  Z the  solut ion K is symmet r i c  wi th  respect  to  all  
p e r m u t a t i o n s  of  the  xl - -  d~, and  in Sa the  solut ion K is symmet r i c  wi th  respec t  to  
al l  p e r m u t a t i o n s  of  xi - -  dt wi th  i :~ h. Note  t h a t  ff Z =~ 9 then  the  d imension  of  
K is smal les t  in the  in ter ior  pa r t  Z of  A and  the  d imension  increases as one goes 
more t o w a r d  the  exter ior  par t s ,  t h a t  is, as more xi ~< di. 

3. The Proof 

To prove  t h a t  K is a solut ion one mus t  first prove  t h a t  K n dom K = 0. Since 
K N dora  K = [(K - -  C) u C] n dora  [(K - -  C) u C] c [ (K - -  C) (3 dora  (K - -  C)] 
u [ (K - -  C) N d o m  C] • [C (3 dom K],  i t  is sufficient to  prove  t h a t  K N dom C ---- 0, 
C n d o m K - - - -  9, and  ( K - -  C) r3 dora  ( K - -  C) ---- 0. 

I f  K n dom C ~ 0 fails to  hold,  t hen  there  exists  a e C and  b e K such t h a t  
a domN-g b for some k e N.  Since a is effective for N - -  k, ~ a  i ---- ~ b  I ~-- 1, and  

~'eN ie~V 
a~ > b~ for all  i # k; one gets  d~ _--< ag < b~, which implies  b ~ C. Since a e C, one 
also gets  b~ < a~ g d~ for i # k. I t  follows t h a t  b has  exac t ly  one coordina te  wi th  
b / > d i (namely  ] ---- k), which implies  b ~ K - -  C. Thus  b ~ C ~J (K - -  C) : K,  
which is a cont radic t ion .  

I f  C n dom K : 9 were no t  t rue ,  t h a n  there  exists  a e K and  b e C such t h a t  
a domN-~ b. As in the  proceeding case one gets  b~ > ak > d~. This  impl ies  t h a t  
b ~ C, which is a contradic t ion .  

N e x t  assume t h a t  (K - -  C) n dora  (K - -  C) 4 0. Then  there  exis ts  a and  b in  
K - -  C such t h a t  a domN-g b, which implies  

(2) a ~ - - d i > b i - - d ~  for all i e N - - k .  

However ,  b e K - -  C implies  t h a t  all the  b i - -  di t h a t  are  posi t ive  are equal  in 
pairs,  and  since b ~ C there  is a t  leas t  one such b~ - -  di > 0. Likewise the  posi t ive  
a~ - -  d~ are  equal  in pairs,  and  since a is effective for N - -  k, dk __< ak < bk or  

(3) 0 ~ a~--  d~ < b~-- d~. 

20 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 6 
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I t  follows t h a t  (ff one lets  ]c = i (1)) there  exists  d i s t inc t  p l aye r s  

i (1) ,  i(2),  . . . ,  i (2  r ) ,  

i ( 2 r + l )  . . . . .  i (n)  wi th  r > O  so t h a t  

ai (s) - -  di (s) ---- ai (s+l) - -  dl (s+l), 

(4) b~ (s-l) - -  di (s-l) = b~ (8) - -  dl (s) 

for s = 2, 4 . . . . .  2r ,  where  e i ther  

(a) i ( 2 r  + 1) ----/(1) 

o r  

(b)  bi(2r+l) - -  di(2r+l) ~ O . 

I n  case (a) the  re la t ions  (2), (3), and  (4) i m p l y  

at (1) - -  di (1) ~ bi (2r-1) - -  di (2r - l ) ,  

ai (t+l) - -  dl (t+l) > bi (t-l) - -  d l  (t-l) t = 2, 4 . . . . .  2 r - -  2 ,  

al (t) - -  di  (t) ~ hi( t)  - -  d i  (t) t = 2, 4, . . . ,  2 r , 

a j - - d l > b j - - d  i i = 2 r +  1 , 2 r  + 2 , . . . , n .  

I n  ease (b) the  re la t ions  (2), (3), and  (4) i m p l y  

al  (1) - -  d l  (1) ~ bi (2r+1)  - -  dl (2r+1)  

ai ( t+ l )  - -  di ( t+ l )  > b i  ( t - l )  - -  d i  ( t - i )  t ---  2 ,  4 ,  . . . ,  2 r ,  

a, (t) - -  d, (t) > bl (t) - -  di (t) t = 2, 4, . . . ,  2 r ,  

a ~ - - d ~ > b j - - d j  i = 2 r + 2 , 2 r + 3  . . . .  , n .  

Summing  the  equat ions  above  for e i ther  case (a) or (b) gives 

( a ~ - - d ~ ) >  Z ( b ~ - - d i )  or Z a ~ >  Z b t ,  
ie2r ie37 i e N  i~5  r 

which is a cont rad ic t ion .  
I t  follows t h a t  (K - -  C) (~ dora  (K - -  C) = 0, and  this  completes  the  p roof  t h a t  

K n dora  K = 0. 
F ina l l y  one has  to  p rove  t h a t  K w dom K = A.  Assume t h a t  b e A -  K.  

Since b ~ C c K ,  there  exis ts  i such t h a t  b~ - -  d~ > 0. Also,  there  exists  k such t h a t  
0 < b~ - -  d~ m b I - -  d i for an  odd  n u m b e r  of  ] ~: k, because  ff all  such posi t ive  
bj - -  d I could be set  equal  in pairs ,  t hen  b e K - -  C. So, b y  pe rmu t ing  the  sub- 
scr ipts  on the  bi a n d  di ff necessary,  one can assume t h a t  

b 3 . -  dj ~ b~+l - -  dj+l ] = 1 , 2 , . . . , n - -  1 ,  

bk - -  d~ > 0 

(5) b~ - -  d~ > b~+l - -  d~+l 

bq - -  dq >= 0 > bq+l - -  dq+l 

where k is odd  and  k =< q. The following th ree  cases will  be considered.  

(i) q ~ 3 is odd,  

(ii) q = 1 ,  

(iii) q is e v e n .  
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I n  case (i) l e t  

(n - -  1) e l  = (bk - -  dk) - -  m a x  (b~+l - -  d~+l ,  0) > 0 ,  

e2 = - -  (bq+l - -  dq+l) > 0 ,  

e = ra in  (el, e~) > 0 ,  
( q - l ) / 2  

(q - -  1) (~ = (bl - -  dl)  - -  ~ [(b21 - -  d2~) - -  (b21+l - -  d2~+l)] - -  (n - -  15 s ~ 0 . 
i = l  

N e x t  def ine  a b y  

a l  - -  d l  ~-- 0 , 

a2~ - -  d2i ---~ a2i+l - -  d2i+l 

= b2~ --  d2i -~ 8 -~ ~ i = 1, 2 . . . .  , (q --  1)]2 ,  

a i - - - - b i - ~ s  i : q + l , q + 2  . . . . .  n .  

T h e n  a sat isf ies a~>___0 for  al l  i ~ N  a n d  Z ( a ~ - d ~  5 - - Z ( b , - d , )  or  Z a~ 
i e N  ielV i e N  

= ~ b~ ~- 1, a n d  so a e A .  Also a e K since t h e  pos i t i ve  a~ - -  dt a re  e q u a l  in  pairs .  
i e N  

) ' u r t h e r m o r e  a dOmN-1 b,  because  ai - -  d~ > b~ - -  d~ for  a l l  i # 1, a n d  a l  = d l  

impl i e s  a is e f fec t ive  for  N - -  1. T h u s  b e d o m  K.  I f  one  h a d  to  p e r m u t e  t h e  

subsc r ip t s  of  t h e  b~ a n d  d~ t o  ge t  i t  in  f o r m  (55, t h e n  t h e  i nve r se  p e r m u t a t i o n  wil l  

g ive  t h e  co r r e spond ing  a wh ich  is c lea r ly  st i l l  in  K .  Th is  c o m p l e t e s  t h e  p r o o f  for  
case (i). 

57ow cons ider  case (ii) whe re  q ~ 1. 

Def ine  a b y  

a l  - -  d l  ~--- 0 ,  

as  - -  d2 ---~ b2 - -  d2 ~- ~ -}- (~2, 

a 3 - - d a - - - - b 3 - - d 3 - ~ 8 - ~ - ( ~ 3 ,  

a j - - - - b j + e  ~" = 4 ,5 ,  . . . , n ,  

whe re  e is t h e  s a m e  as in  case  (i) a n d  whe re  82 a n d  ~a are  de f ined  b y  

~2 ~- ~a = ( b l - -  d l )  - -  ( n - -  1) s ~ 0 
a n d  

a2 - -  d2 ---- a3 - -  da f f  (~2 ~- (~3 ~ (b2 - -  d2) - -  (ba - -  da) 
o r  

(~2----0 if  ( ~ 2 ~ - ~ 3 < ( b 2 - - d 2 ) - -  (b3--d35. 

Again a satisfies a~ ~ 0 for all i E N and ~ (a~ -- d~) -~ ~ (b~ -- d~), and so a e A. 
i e N  i e N  

Also a e K since a2 - -  d2 a n d  a3 - -  da a re  e i the r  equa l  or  n o n p o s i t i v e  a n d  al l  o t h e r  
ai  - -  d~ ~ 0. C lea r ly  a d o m N - 1  b, a n d  t h u s  b e d o m  K.  

I n  ease  (iii 5 whe re  q is even ,  l e t  

n s l  : (bk - -  dk)  - -  (b~+l - -  dk+l) > 0 ,  

e2 ~ - -  (bq+l - -  dq+l) ~ 0 ,  

s = ra in  (el, e2) > O, 
(q--2)12 

2(5 ~-~ (hi - -  dl)  - -  (bq - -  dq) - -  h e - -  ~ [ (b2 / - -  d2i5 - -  (b2i+l - -  d2i+1)] --~_ 0 .  
i = 1  

20* 
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Define a by  

a l  - -  d i  -~ aq - -  dq = bq - -  dq 27 e 27 (~ > O,  

a2i - -  d 2 1  ~ a 2 i + 1  - -  d21+l 

= b2, - -  d2i 27 e i : 1, 2 . . . . .  (q - -  2)/2,  

a j = b 1 2 7  e ] = q 2 7  1, q 2 7 2 ,  . . . , n .  

Again one can show t h a t  a e A, a e K,  and  a dOmN-1 b. 
So b ~ dora K, which proves case (iii). This  completes the proof t ha t  K (3 dom K 

-~ A, and  therefore K is a solution. 
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