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We compute the approximate, local growth rate for a (nondifferentiable)

random process X(t), t=(t,, ..., ty)eR¥, with values in R? which satisfies a

condition on the distribution of || X(s) — X(¢)||, namely: for some 0<k< N and

Lebesgue almost every teRY, the function n,(s,)=supe™ P{| X(t;, ..., t;, )
e>0

— X (1)]| ¢} is locally integrable (ds) over R¥ . Then, with r= and with

probability one, the approximate limit as s—t of [ X(s)—X()|/|ls—t}}" is
infinite for almost every relR", which means (for ¢ fixed) that for every Q >0,
the (Lebesgue) proportion of s with |s—¢|| <& and | X(s)— X (@) £Q|ls—t]" is
asymptotically (as ¢|0) equal to zero. When X =(X|, ..., X} is Gaussian, the
largest k<N for which #, is integrable is computed in various special cases.
For example, for iid. components, EX,(1)=0, E(X,(1)— X,(s)*=|s—t]|*, 0<«

d
<2, 1, is integrable if and only if k<N—%.

§1

Let X (1), te TV =[0,1]", be a random process with values in R*. We write B, (t, )
for the closed ball in IR™ with center ¢ and radius ¢, relative to the usual
Euclidean norm ||+ ||, and A™(dt) for Lebesgue measure on IR™ We are interested
in results of the form

N {seBN(t, e): %ﬁiéQ}
i {By(oo) -0 ve=o @

where 0<k <N depends on the law of X and (1) is to hold, with probability 1, at
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AN-a.e. teTN. When (1) holds at a particular ¢, it is customary to write

X - X _
ap lim =gt o 2)

Here, “ap lim” stands for approximate limit.

Actually, we are going to consider processes with a more general range, namely
a metric space (Y, p). Any reformulation of (2) depends on how we measure the
Borel subsets of Y. To this end, let ¢(dy) be a measure on %, the Borel o-field in
Y, and let B,(y,¢) be the closed ball with center y and radius &. We make the
Sollowing assumptions.

(a) % is separable

(b) ¢(A4)< o for every bounded Ae%¥

(c) the ¢-measure of B,(y,¢) is independent of y 3)
(d) &(e)=¢(B,(y,¢)) is strictly increasing on [0, o0)

(e) e~ ! &(g) is continuous and non-decreasing on (0, c0)

(f) @ E(5Y 8)/E(e) < 0.

(The reasons for (d), (e), and (f) involve the existence of certain Vitali relations
and will be discussed in the course of the proofs.) The analogue of (2) is

aplim @W= 0. 4)
soe =t
(That is, (1) holds with || X(s)— X (t)||* replaced by E(p(X(s), X(1))).)

Let (Q, #, P) be the probability space carrying X(t, w), and let #™(#™(T))
denote the Borel sets in R™ (resp. T™). We assume X(f,w) is separable and
measurable, Z¥(T)® # —»%. We now state Theorem A, one of our two main
results. The other is Theorem B, upon which Theorem A is largely based, and
which gives conditions for a non-random function X: TN - Y to satisfy (4) at Ay-
a.e. teTN. These conditions involve the “local time” of X. As far as we know, it
was Berman [1] who first saw the close relationship between local times and
approximate limits, and thereby introduced the latter into the analysis of random
functions. (See the introduction to [4] and the references therein.) The proof of
Theorem A and the statement and proof of Theorem B are given in §2, and §3
contains the details of the examples and illustrations mentioned after Theorem
A.

Theorem A. Suppose there exists a 0Sk< N such that for \*-a.e. t=(ty, e ty)eTY,

{ supLP{p(X(zl,...,tk,s),X(I))ée}lN‘k(ds)<oo. (5)
TN-k >0 6(8)

Then (4) holds at 2N x P-a.e. (t, ).

The proof is based on the existence, and suitable regularity, of an “occu-
pation density” for X. When (5) holds for k=0, the occupation density exists
and is continuous as a measure on #"(T), which means that with probability 1:
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H(A)=0= " {teT": X(t,w)eA} =0, Ae%, and a version y(y,B,w) of the
Radon-Nikodym derivative of the measure A {teB: X(t, w)edy} with respect to
$(dy) may be chosen such that y(y,{t},w)=0 VteT®, yeY, weQ. (Here,
9(y, {t}, ) is the mass placed on ¢ by the measure y(y,, w).) When (5) holds for 0
<k<N, then y exists and the measure B—y(y,B,w) has a k-dimensional
“marginal” distribution which is absolutely continuous with respect to A%, ie.

(3, ds dt, ) =g(y, 5, dt, w) A*(ds),

all with probability one. (Also, see the note after Lemma 1.

To fix the ideas and to compare our results with those in [4] and [6], we
take Y=IR? ¢ =219 etc. for the remainder of this section. Obviously (3) holds.
Now (2) is equivalent to the existence of a set 4,e%"(T) for which ¢ is a point of
(metric) density 1, ie.

lim A {Byt,e)n A}
o AN{Byte)} 7

and for which

IXO-X@
i P L

(6)

(Here, of course, t and w are fixed.) If one removes the restriction “seAd,” in (6),
i.e. considers the true limit, it may happen (depending on N, k, and d) that no
function X: RY - R? can satisfy (6) on a set of £’s of even positive AN-measure.
For example,

zl{tem: lim X =XO_ oo}=0
. |s—1|
for any function X: R' —R?, a result due to Banach—see [7, p. 270].

For X Gaussian and N =d, (5) is widely satisfied for k=N —d when X fails
to be differentiable. When N =d =1, for example, (5) reduces to the integrability
of s=(E(X(5)—X(1)?)~Y? over T*=[0,1] for i'-ae. teT*; this and related
matters were discussed in [4]. Roughly, the faster the growth of the incremental
variance E|| X (s)— X (¢)||* in neighborhoods of its zeros, the larger may be chosen
k. As an illustration, take X =(X,,...,X,;) where X,,...,X, are independent,

identically distributed Gaussian fields on TV and

EXy()=0, EXOX(s)=lel*+]s|"—lle—s" O<a<2 ()

. . . . d .

As will be seen in §3, (5) holds for k if and only if k<N —%—. Consequently, if
od
0<N—7,

X —X(
ap hm ” (S; CU) r( ,CO)” — AN_a'e‘, a.s. (8)
s~ Is—t|
N—k, . . od
where r= and k, is the greatest integer less than N — When N =d, we
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d
have 0EN—-d<N —% so we can always take r=1 in (8). For d-dimensional

Brownian motion on T% a=1 and we can choose r=1/2+1/d for d even and r
=1/24+1/2d for d odd. (The conclusion is the same for the “N-parameter
Wiener process”, i.e.

EXj(t)Xj(s)———ﬁ(ti/\si), t=(t;s sty S=(Sy, s 5x).)

Whereas our results are chiefly applicable for processes on TV when the
. . 2N .
dimension d of the range is bounded above (e.g. d<—— as above), the results in
o

[6] are basically for processes on RY into high dimensional spaces. Extending
the work of Dvoretzky and Erdds [2], and others, Kéno [6] considers Gaussian
processes X =(X,...,X,) from R" to R* with iid. components, o*(s, )= E(X; (s)
—X(1)?, and defines £°(X“) (resp. #°(X?) to be the class of continuous, non-
decreasing ¢: (0, 00) — (0, c0) such that with probability 1 (resp. 0) there is a 5(w)
for which

0 <lit] <dlw) = | X(t, 0)— X(0, w)|| > (0, 2) p(| ¢l)- ©)

Under various conditions on o, d, and N, Koéno obtains integral tests for
peL°(XY and pe#°(X?. Thus, for example, Kbéno retrieves a result of
Dvoretzky and Erdds which in turn implies that for Brownian motion from R!
to R?

i 1XE0)—-Xso)l
m

T ogli—s] for Al-ae. t, as. (10)

More generally, for the family of processes described in (7), the conditions of
d .
Theorem 1 of [6] are satisfied when N —%<0 and one easily checks that ¢(x)
=x’e #°(X? for any 6>0. It then follows that

i | X (6 0) = X(s,0)] _

for J¥-ae. t, as. 11
b P ()

for any r>%. (K6no also considers “uniform” upper and lower classes: for ¢? as
in (7), and assuming 2N —%‘i>0, Theorem 4 of [6] would yield (11) for any r>g—
4N -t : wIN i3] 13 [T}
+N (d ———> with “AY-a.e. t” replaced by “every t”.) To compare (8) and
o
. ad .. ad
(11), consider the case N ~—2~: if 7=N+£>N then (11) holds whereas (8)

d
doesn’t apply; if —“2—=N-8<N then (8) holds with r=%+§ whereas the results

in [6] don’t apply.
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§2

Let a(m)=A"(B,(t, 1)), so A"(B,(t,e)=a(m)e™, and t,(e,t,Q)=A"{seBy(t,e):
Ep(X (s, 0), X(t,)Z|s—t|V %0}, &, 0 >0. Under a (mild) additional assump-
tion to (5), it is easy to show that

aplim W—w ¥ x P, (12)

which means that

: ‘C(A)(87 t’ Q)
1?% a(N)e"

Assume that V¢ 3 constants M 20 and 5 >0 such that seBy(t, ) implies

<1l VQ0>0, A¥xPae

sup 5 P{p(X(0), X(s) <)

§M+su13 E(—) P{o(X(ty, by Spp1s -0 5x), X () e}

(For example, this is widely satisfied in the Gaussian case with M =0—see (21)
and (22).) Then for any teT" at which (5) holds and for any Q >0:

Elime V1, (et Q)<Elimn" 7, ,(1/n,t,0)

el 0 n—oo

<lim E[nN j Iio, e~ 1o mw-rn(P(X (1), X (s))) WN(ds)]

n=o Bw(t,1/n)

<Q lim n* sup [
A e

<Qlimn* | M

n—eo By(t, 1/n)

+sup [ PLO(X(tys v b Se 15 eons 5 X () §s] AN(ds)

P{p(X(0), (s))ge}] IM(ds)

£(e)

<Qlim | M+sup

g M[é()P lp(X (s, '=tk75)aX(t))§8}]lN"‘(ds):O,

where
D=By_i(tes 15y} 1/n).
Thus, for each Q>0 and JM-ae. teT?, lime N1 (;1,Q)=0 as., and hence, ¢
el 0

being monotone in Q,

lime Nt (e,t,0)=0 VQ0>0, AY¥xP-ae.

£l0

We need several lemmas about occupation densities for real functions, a
characterization of absolute continuity (Lemma 4) which is implicit in the
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literature but included here for clarity, and a technical result (Lemma 2) about
Vitali relations. The latter will permit us to differentiate indefinite integrals over
Y x R™ (of ¢ x A™-integrable functions) with respect to coverings which have no
“parameter of regularity”. When Y =1RY, etc. and the function of teT" in (5) is
integrable A¥(dt), Lemma 2 is superfluous. Instead, we can use a classical result of
Zygmund [8] about “strong derivatives” —see the Remark at the end of this §
and [7, pp. 128-133].
Let x: TN—Y be measurable 8(T) to % and define measures

u(V; D)= I,(x(t) ’(dt), DeBNT), Ve%,

wVy=u(V; T,
vi(V) = [ LAx(0),t,,...,0) ANdt), VeW@HBT), O0<k<N,
TN

V)= | Lx(t,s) AV ~Mds), Ve#, teT", 0<k<N.
TN-k

If (G,,9,) and (G,,9,) are measurable spaces, by a kernel h on G, x¥%, we

mean a real function h(g, B), geG,, Be%,, such that h(, B) is measurable (¥, to

%) for each Be¥%, and h(g,-) is a measure on %, for each geG,.

Lemma 1. For any 0<<k<N, the following are equivalent:

(i) ve< g x 25,
(i) <P and there exists a kernel g on Y x T*x B"XT) such that ¥ yeY,
Be&NT), AcB"~MT),

0. B A)=[ 8005, 4) £(d), 13

where u(dy, D)=1(y, D) ¢(dy).
(ili) p, (<@ for A —ae teT*

Proof. Suppose (i) and define
vV A) = [TAx(8), £, ..., 5) ANde),  AeBN(T), Ve® @B (T).
A

Then for each 4e#"(T) there exists a measurable function h(y,t, A) on Y x T*
such that v(dy dt, A)=h(y,t, A) ¢ x 2Xdy dt). Furthermore, changing 4 on null
sets if necessary, we can assume / is a kernel on Y x T*x #Y(T); some of the
details of such matters are in [5], but the construction of “regular versions” of
families of Radon-Nikodym derivatives, and of “regular conditional measures”,
are well-known. Thus, for AeBYXT), Be#XT), Ve¥:

WV Bx A)=v(VxB;Ax TH= [ hy.t, AxT*) ¢ x1¥dydt)

V xB

=§ o(dy) ]{ h(y,t, A x T¥ A4d1),
14

and (ii) holds with g(y,t, A)=h(y,t, A x T").
Assuming (ii),

§ e (V) 2K(dt)y=p(V; Bx TV 1) =] 2%(d t)g g, £, TV "9 (dy),
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for all Be#NT), Ve%. As a result, for any Ve® there is a A*-null set E, such
that

:uz, k(V) =If/g(y= L, TN‘k) qb(dy) (14)

for all t¢E, . Since both sides of (14) are measures on % and % is separable, (14)
holds for every Ve, for J*-a.c. .

Finally, (iii) implies g, (dy)=o(y,1) ¢(dy) for some «: Y x T*—[0, 00) which
can be chosen % ® #*(T) measurable. Integrating J%(dt) over B yields

vV xB)= [ a(y,0)¢(dy)Ade) YVe¥, BeBYT),

VxB
which extends to dv, =ad(¢ x A¥).

Note. We exclude the case k=N because it corresponds to y(y,dt)<AN(d1),
Wthh is impossible; indeed, y(y,dt)LAN(df) for ¢-ae y since MM 2=0,

M, = {seT": x(s)=y}, except at most for countably many y’s, whereas 7(y, MC) 0
for ¢-a.e. y, which follows from

£y udy; dny={{ £z, y) »(v,d1) ¢(dy) (1s)
(for any non-negative, ‘measurable ) by choosing f(t,y)=1 (D).
Lemma 2. If 0<k<N and

VO, 8= By, €% x [T Lsy— o511,

1
(1,S)eY xT* >0,
then
is a ¢ x A*-Vitali relation [3, p. 151].

Proof. T V((y,s),€) is a closed ball in a suitable metric space, we use 2.8.17 and
2.8.8. of [3].
Define 6 on (Y x R¥) x (Y x R¥) by

(0.9 (. £) = ma {p( 5, h{ ma [s,—¢)},

1
where h(u)=(& (¥ ~M)F %, u>0. To verify that & is a metric it will suffice to
check that

Wa+b)<h@)+h(b), abz0.

Now @T as u] implies 5‘;(u)T as u) implies fl(—;lT as u}. Consequently, for
Ogagb.
ha+b) =" +b)( +b)<h(b)( a+b)= @wh(b)gh(awrh(b).
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Let B,((y, s, 2) be the closed ball contered at (y, s) with radius ¢ for §:

k
By{(v,5),8)=B,(, " *)x [ [ [s; —h~'(e), s, +h™'(e)].
1
Further, let

(v, s), &) =@ x A(B((y 5), ) = E(" M (2h~ (&))"
We want to show that ¢ x A* is “diametrically regular” relative to & [3, p. 145];
this would imply that '

A ={(5,9), B,((3. 9). 8)), (1, )€ Y x R¥, 2> 0}

is a ¢ x A*-Vitali relation using 2.8.17 of [3]. For diametric regularity we need
a l<z<oos for each (y,5)3C=C(y,s}21((y, ), {1 +27)e) < Cn{(y, s),e) Ve small.
But,
1
- _ — . N—k
0930, 00:9.50070_ i [£57 20,

li = N—k .
o (5518 a1 (9" H) o | T

Theorem B. Suppose for some 0<k<N:

el 0

H<e

y(y, dsdt)=g(y,s,dt) A¥ds) (ie. (13)), 16)
and

g(y,s, {t)=0 VieT" % ¢ xi*ae.
Then ap lim S, X)) _ o INae.

P R

Note. The case k=0 refers to u<¢ and y(y,dt) continuous (ie. y(y, {t})=0
VteT¥ for ¢-ae. y). We will give the proof only for the case 0 <k <N. However,
the proof for k=0 is essentially a special case, but to incorporate it would
require defining 1°, v, etc. and is not worth the effort. All that is needed is that

{(, B (3, ), ye¥, >0}

is a ¢-Vitali relation, which follows immediately from (3) and [3, 2.8.17].
Besides, the case k=0 is merely a “higher dimensional” version of what we did
in [4] for real functions of one real variable.

Proof. First, we can arrange to have g(y,s, {t})=0Vy,s,t and we do.

Next, since # is a ¢ x A* Vitali relation, and since 5((y, s), (&) =2""¢ =", we
know (according to [3, 2.9.8, p. 156]) that for any fel'(¢ x 1*):
f,s)=lim27%Y |  fdxi* (%)
£l 0 Bs((y,5), h(e))
for ¢ x A*-a.e. (3, 3).
Let # be the collection of open rectangles in TY ~* with rational vertices,
and for each Jei#, set

1, 9)=g(y,s,J)eL($ x 1*).
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Choose Borel sets E;, Je#, such that ¢ x 2¥(ES)=0 and () and (17) holds
V(y,s)eE,. Consequently, E= (| E,e¥Q%*(T), ¢ x J*(E)=0, and hence by
Lemma 1: Jet

v(E)=0, ie. (x(t),t,,...,t)eE, Ve for iN-ae.

t=(t;,...,ty)eT™.
Now fix such a teT" and 0= 1.
il {SEBN(ty £): —m‘é(fs(i(?[[ﬁ?)) < Q}

S | o, 0em-(Elp(x(s), x(1) 2¥(ds)

B (t, e}

0 [Tt —e ti+2]) ¢(dy)

=
Bo(x(r), £~ H(QeN—ky) 1 e

= 7 @y, | g (y, 5, [ [ti—e, ri+eJ) 7¥ds)
Bo(x(r), £~ H(QeN—Ry) l}[ti—fytiJrS] k+1

éj IBé(x(t):tl.u-,tk,h(QE))_f:l de x ¥

for all small ¢ if (¢, {, ..., ty)eJe#. It then follows from the remarks above that

Tim ¢~ NN {SEBN(Z, g): gﬁwéQ}
210 ls —ll
S271QVe(x(0), (t, -0 1) ),
for any Je# containing (t, 4, ..., ty). Letting J|(¢, ,,,ty) completes the proof.
Lemma 3. Let #z,k(VJA)=£IIf(X(t= $)) AN=X(dss). Then (16) is equivalent to

b <@ for Jae.  teTH
and
a(y, 1, {s})=0 VseT"~* ¢ xikae. (17)

where
Beldy; ds)=a(y, t,ds) $(dy).

Proof. By Lemma 1, if either g or « exists, then so does the other, in which case
we find from

pV; Bx Ay=[ u, (V; A) J4dr)

that, for any AeB"~XT), g(y, 1, A) and «(y, t, A) have the same integrals against ¢
x A* over rectangles V x B in % ® %*(T). Since «(y,t,*) and g(y,t,+) are measures
on #Y~XT), which is separable, the results follows. Here, of course, we have
assumed that g and « are kernels on Y x T* x #~ ~X(T).

Remark. In the proof of Lemma 4 and after that of Theorem A many of the
arguments about the measurability of various derivatives will be left aside. As
for Lemma 4, these can be readily found in [3] in the section on “Derivates”. As
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for the integrals later on involving dP, etc, more or less all that is needed
(beyond what is in [3]) is to remark that the joint measurability of p(y, z) in (y, z)
implies that of Iy , .,(X(t,7, ) in (¢, 1, @, y, 2).

Lemma 4. Let ¥ be a finite measure on %. Then
F(B,y,8)
ew P(B, (¥, )
exists finite or infinite Y-a.e. and ¥ < ¢ if and only if V' <0 ¥-ae.
Proof. Set L={yeY: ¥'(y)=0}, F={yeY: ¥'(y)< oo}. The assumptions in (3} in

conjunction with [3, 2.9.15, p. 160] imply that Y(-nI) is the ¢-absolutely
continuous component of ¥. Hence

Y=¥ + P, Y()=P(nL), Y ()=P(nL)

is the Lebesgue decomposition of ¥ with respect to ¢. Moreover, ¢(F)=0 (see
3, 2.9.5, p. 154]) implies ¥ (F}=0, and hence ¥’ cxists finite ¥ -a.c. and exists
at+oo Y-ae Finally, if ¥"<co P-ae., then ¥, lives on both L and I, and
hence vanishes.

Y(y=

Proof of Theorem A. As with Theorem B, we arc going to omit the case k=0,
the proof there being obvious from —and easier than —the proof for 0 <k <N.
Defining u(V; D, w), y(y, D, ), p, ,(V,w), etc. all relative X(-,w), we can and
do assume these are appropriately measurable in w, i.e. y(y, D, w) is a kernel on
Y x BY(T) x @, etc.
According to Lemma 4, for each teT* weQ,

.ty Bos )
=%

p; -ae. and g, < ¢ if and only if the limit is finite p, ,-a.e. In other words,

exists (finite or infinite)

hm = é( f Ti0,a(p(X (2,1, 0), X (1,5, 0)) AN=Hdr) (18)
€]0

exists for /1” ~kae. s, and p, ,<¢ if and only if (18) is finite 2¥~*-a.e. Using
Fatou’s lemma and Fubini’s theorem,

E lim 7 1_1) [ I[On 3(p(X(, r,0), X(1, 5, 0))) AV~ H(dr)
<lim ! I Plo(X(t, 7, 0), X(t,5,0) <n '} AV ~Kdr)

e C(MTY) gk

< | sup [ P{o(X(tr, ), X6, s w))<s}] AN-Hdr).
TN-k ¢>0 6( )
By (5), this is finite for A¥-a.e. (t, s)e T* x T¥~* and hence for each se ;e " ~*(T),
te AcBX(T), where AN XI)=0 Vied, A4 =0.
Now fix a ted. For each sel] there is an w null set off which (18) is finite,
and consequently (using Fubini’s theorem) p, , €¢ with probability 1, say for
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wey, P(Q,)=1. Moreover, since {(y, B,(y, g)), yeY, >0} is a ¢-Vitali relation,
for any Ae#B"~XT),

ay, t, A, ) =lm BB (n,n™ 1) 4,0)  ¢-ae. (19)

1

n-w E(n~1)
for weQ,. Since the u, , measure of the exceptional y-set in (19) is zero for each
we Qy, we find that

U X (1,5, w), 1, 4, 0)=lim é( ) M KB (X(t5,0),n71); 4, 0) (20)
for AN"¥x P-a.e. (s, ). As a result, there are sets e " ~X(T), AN ~XI}")=0, such
that for each sel}, (20) holds simultaneously for all open rectangles A< TN-*
with rational vertices with probability 1.

For ted and sel;nI;, choose a sequence A, of such rectangles, 4, | {s}.
Then

E OC(X(I, S, (,0), L, {S}a (,O) =Elim OC(X(t, S, (U), L, Am7 Cl))

—Ehmllm R 1 1) j Lo, - 5(p(X (1, 5, ), X(t, 7, ) AN =K (dr)

<limlim | — P{p(X(t,s,0), X(t,r,@)) Sn~ '} ¥ ¥(dr)
m n A, ¢nY)

stim | sup [5 P{p(X(t,s,0), X(t,r, w)§g}] Nk

_o.

Finally, then, for each te4,
(X, s,w),t, {s},w)=0 AN"*xP-ae.
from which it follows with probability 1,

0= | a(X(t,s,0),t,{sh,w) AN ds)=[ Y o*(y,t,{s}, ) p(dy).
TN-k Yy seTN -k
The second equality is achieved via (15) just as in [4, p. 321].
In summary: for A-a.e. teT¥ pu, (-, w)<¢ and a(y,t, {s},w)=0 VseT"* ¢-
a.e., both with probability 1. Interchanging null sets one last time, we obtain (17)
with probability 1. In view of Theorem B and Lemma 3 this concludes the proof.

Remark. Certainly (5) holds if

{ AMdty | sup 1 P{op(X(t,... 1, 8), X(1)) L&} AN ¥(ds) < 0. (5)
™~ TN-ke>0 f( )
Now (5) implies that g(y,z, TY =% w)e*(¢ x ¥) with probability one, which in
turn implies that for Y =1R% ¢ =1 etc. we can substitute a well-known result of
Zygmund [8] for Lemma 2.
First, here is why (5') implies g is a.s. square-integrable. We know from the
proof that the conditions of Lemma 3 are in force with probability one, and for
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such w:

[ody) | g, s, TV ¥, w) A4(ds)
Y =
= [ ¢(dy) Tfkg(y, s, TN, w)p(y,dsdt,w)  (by (13))
= [ g Xt o)ty ... 5, TV 0) AV(dD) (u(dy,dt)=y(y, dt) $(dy))
TN

= [ AMdt) | a(X(t,5w),t TV ¥ w) AN ds)

TN-

= [ Adp) {limanlfl) | Io w-n(p(X(t, s, @), X (1,7, @) AN—k(dr)}
Tk T TN-k

N-k n

- AN-K(ds),
from (20) with 4=T""* Tt follows that
E{ ¢(dy) | g(v,5, TV ", ) A(ds)
¥ T*

< (ado) | AN-Hds) [ sup 1 P{p(X(t,s), X(t,1) <&} AN *dr)< 0.
Tk TN-k TN-kg>0 5(3)

As for Lemma 2, Zygmund [8] showed that the theorem of Lebesgue that
lim(au(m)~*e™™ | f(s) A™(ds)=f(t) "-a.e.
el 0

Bp(t, €)
for any feI(IR™) could be extended by replacing the (closed) balls B, (t,&) by
any family of rectangles in R™ with sides parallel to the axes and contracting to ¢,
provided feI?(R™) for some 1<p<co. Since the By's in Theorem B can be
enclosed in such a family of rectangles in IR*¥ the proof there works if
ge?(R**%) without Lemma 2.

§3

First, we will mention some general sufficient conditions for (5), then proceed to
specific examples for the case Y=R? and X Gaussian.

When Y is a normed linear space, p(y, z)= ||y —z|, and when the distribution
of X(s)—X (), s=+¢, is absolutely continuous with respect to ¢, say

P(X(s)— X()edy)=¢(y; 5,1) p(dy),
then a sufficient condition for (5) is

[ supd(;(ty,.... b, 9), DAY Hds)< oo MN-ae.
TN-k yeY
This can be readily applied in the Gaussian case with Y=R" Let X=
(X, ..., X,) be Gaussian, E X;(1)=0, and suppose that for each s#¢ (or just
IN-ae. (s,1) will do), {X,(t)— X,(s)}%_, has a Lebesgue density ¢(y;s,1), yeRY,
ie. |A(s, 1) %0 where |A(s, )| is the determinant of the covariance matrix A(s, t) of
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{X{()—X{(9)}i_ ;- Then
sup(y; s, 1) =(2m) =42 |A(s, )] =172,

yelR4

Consequently, a sufficient condition for (5) is

J oA, 9,072 AN ds)< oo AM-ae. (21)

TN'k
In fact, (21) is also necessary for (5): since ¢(y;s,t) is continuous at y=0, for
RE A

supe ™ P(| X(s)— X (1) Se)2lime™ [ ¢(y;s,1)2%(dy)

£>0 £l 0 Ba(0,¢)

=a(d) $(0; s, 1) =ald)2m)~* |A(s, 1)| ~ 12,

When the components X, ..., X, are independent, a7(s, t) = E(X (5) — X (£))%,
i=1,...,d, then (21) reduces to

d -1
| [ 6i(t1s sty 5), t)] Nk <oo N, (22)
TN-k Lji=1
Example 1. Suppose N 2d and o,(s,8)= ¥ (lls—t||), i=1, ...,d, where
vd g ¥
—< d ——=c < 0.
Lwg== ™ 9, 5=

Y

(If ¥ is monotone and 1/¥ is integrable, then 0 80 c< oo.)
Then with k=N —d, reT*, teT%:
d -1
[ [TTotemsntan] 2 | els—em=s4as)
Td Li=1 T4

VT d—1 71
<const. | T A ddn

o (P@)
va gy
Sconst.c® ' [ ——<oo
o P
(Of course, when d=1, we need only assume jg(tt—)< oo.) Thus
X(is)—X
ap lim %@ﬂ: Mae., as. (23)

Example 2. Here, 6}(s,t)=|s—t||*, 0<a<2, the components again being inde-
pendent. Changing to polar coordinates in (22), it is easy to check that (22) holds

. d
if and only if 0Zk<N —%. (Naturally, we then want to choose the largest

possible k.)
For example, for d-dimensional (“isotropic”) Brownian motion, we have «
=1 so that if N>d/2, the largest integer smaller than N—d/2 is N—1—d/2 if d
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is even and N —d/2—1/2 if d is odd, which yields (8) with r=1/2+1/d for d even
and r=1/2+1/2d for d odd.

Similarly, for index a=3/2, we obtain (8) for r=1—u/d where u is the
greatest integer smaller than d/4. (Here, of course, we must assume N >3d.)

Example 3 (“ N-parameter Wiener process”). X =(X,,...,X,) has independent,
identically distributed components,

Xi(H=0, EXi(t)Xi(s)zl—N[(ti/\si), t=(ty, .. osty),  S=(S4,...,Sn)

i=1

The incremental variance is

N N N
S t)"__nti"'nsi_zn(ti/\si)s
1 1 1

and (22) holds if and only if

) [Hs I —2H s, /\tl+k)]~d/2/1N_"(ds)<oo,

k+1

k
(provided I1 ti#0>. Thus we wish to determine those values of m=1 and >0
1

for which
m m m -8
f [H si+[]ri=2]]A si)] JmMds)< oo, AM-ae. (25)
Tm Ly 1 1

Now the integral in (25) splits into 2™ pieces, and by symmetry a “typical”
term is

rf' ri } f [Hr+]_[s—2]_[ lH ] dsy ... ds,, (26)

0 O rjs1  Fm j+1

0<j<m. Since the only singularity of the integral in (25) occurs when s=r, the
integral in (26) will converge if and only if

rj 2rj+a 2¥m i m
R 1 ES Ry Y e @)
Pit1 Ym 1 j+1

converges. When j=m, a change of variables transforms (27) into

(ﬁ r) o | [1 —ﬁ Si] B Am(ds). 28)

1 ™ 1
In fact, for any 0<j<m, (27) will converge A™-a.e. if and only if the integral in
(28) converges. For 0<j<m, make the change of variables u,=s,, k=1,....j,

U, =27, — S5 k=1,...,m—J, s0 (26) becomes

-7
g= ﬁuﬁ—ﬁulﬁ(%f—u Hulnrl

i1 1 j+1

¥,

—B
(]—[r.—]_[u+gr1,. ,m,ul,...,um)> du, ...du,, (29)
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But g=0 for 0Zu,<r, i=1,...,m, and hence the integral in (28) dominates the
integral in (29), which shows that (25) holds if and only if the integral in (28), call
it Q(m, ), is finite.

Finally, notice that Q(m,f)<Q(m—1,5), m=2, and an easy computation
shows that Q(m, f) < oo if and only if Q(m+ 1, f+ 1)< co. Let [a] be the greatest
integer less than or equal to a. We are interested in the case m=N —k, f=d/2.

d
For 0§k<N—§,

ot h<o=02Y<w==0([5]+1.[5]+1) <0

d d d
1 Tl _ > ——
s1nce2:2+[2].For k=N >

2

|
-ofy ]
( .

0, == 0(2,2)=w= =0 [d], [ ])=OO

51

Hence, the conclusions here concerning (8) are the same as for the d-dimensional
isotropic Brownian motion.
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