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Summary. Let X, be a transient Hunt process having a potential density
u{x, y) chosen in the usual way. No duality hypotheses are assumed. Let K
be a closed set with M =sup {i: X,eK} < o0 almost surely. For f a bounded
Borel function,

P*(f(X30); M>0)=[u(x, ) (L f () k(@dy)+ [ (2) vc(dy, d2)),

where x is a measure on E, and v is a measure on E X E so that v.(E—K)
x E)=0. If X, is simply a right process and K is closed,

P (1 f(Xp); M>0)=[u(x, y) 1 f (1) x(d).

If X, is a right process and K < E is closed in the Ray topology of X, then

PY(f(Xpg); M >0)=[u(x, y) (L f() k(dy) + £ (2) v(dy, d2)).

If X, is a diffusion, we obtain the representation of equilibrium potentials
{for closed sets) due to Chung, Getoor-Sharpe, and Meyer without duality
hypotheses.

0. Introduction

Let X, be a transient Hunt process having a potential density u{x,y). No
duality hypotheses are assumed in this paper. Our main purpose is to show
that if u(x, y) is chosen in the “usual” way, then the following result is true.

Theorem. Let K be a closed set so that M=sup {t: X,eK} <co almost surely.
For any positive bounded Borel function f on the state space E,

(+) PX(f(Xa); M>0)=fulx, ) (1x f ) k(@) + [ (2) ve(dy, d2)),
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where x is a measure on E and v, is a measure on E x E. Moreover, v-((E ~K)
x E)=0.

In order to put this result into historical perspective, recall the evolution of
representations such as (). The left hand side is a bounded potential of an
additive functional, and Hunt was the first to give general conditions implying
that all such bounded potentials (and more!) can be represented as potentials
of measures. (See Chap. VI of [1] for an exposition slightly different from
Hunt’s. In [1], it is assumed that X, is a standard process in strong duality
with a Feller process.) Subsequently, many weakenings and generalizations of
Hunt’s hypotheses have been given by various authors. These have all taken
two general forms. First, regularity hypotheses have been given on X to insure
that the bounded potentials of additive functionals can be represented as
potentials of measures. For example, Sharpe [16] assumes that X, is a stan-
dard process in strong duality with another standard process X (see also
Sect. V of Revuz [15]). Chung [2] and Rao [14] assume the potentlal density
u(x, y) satisfies certain regularity hypotheses.

Meyer [12] assumes a condition which is a little bit weaker than duality.
Second, various authors have obtained representations of bounded potentials
of additive functionals and excessive functions by enlarging the original state
space E and constructing a strong dual process for X on the enlarged state
space E. It must be emphasized that the representing measures so obtained
charge E—E in general, so the potential kernel in (x) must be extended to
ExE and the 1ntegra1 must be interpreted as being over E. This approach
probably first arose in the study of the Martin boundary (Doob, Dynkin,
Hunt, Kunita-Watanabe, Meyer...) and was originally intended to obtain
representations of extremal harmonic functions. Work of Garcia-Alvarez and
Meyer [4] and Glover [9] followed, using Ray-type compactifications. As
mentioned above, all of these approaches are designed to insure that essentially
all potentials of additive functionals can be represented as potentials of mea-
sures, and, of course, a price is paid for this generality. Simple examples show
that one needs some sort of duality hypotheses or an enlargement of the state
space or some other auxiliary procedure.

Our point of view here is the following. We are given the process X
without duality hypotheses, we do not extend u(x, y) or the state space, and we
single out an interesting class of potentials which can always be represented as
potentials of measures on E. Notice that if f is identically 1, then the left hand
side of (%) is the equilibrium potential of the closed set K. Moreover, if X is
assumed to be a diffusion with infinite lifetime, then X, =X, and v.=0, so
that (*) is an extension of the equilibrium formula of Chung [2], Getoor-
Sharpe [7], and Meyer [12]. These authors prove (under various duality and
regularity hypotheses) that

P(f(Xp ) M>0)=Ju(x, y).f () p(d),

where g is the equilibrium measure of K. They permit K to be any Borel set.
Simple examples show that if X is a Hunt process with jumps, then
P*(f(X,,_); M>0) cannot always be represented as the potential of a measure,
even if K is chosen to be compact.
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We can even say something if we assume X is simply a transient process
satisfying the hypothéses droites (right hypotheses): if K is closed, then

P*(1g f (X y); M>0)=[u(x, y) 1g f (1)x(dy).
Also, if K is any totally thin set (which need not be closed), then

PX(f(X,0); M >0)={u(x, y) f(») x(dy).

If X is simply a right process, the representation theorem (*) given in the first
paragraph is true if K is chosen to be a set in the state-space which is closed in
a Ray-topology of X (see the end of Sect. 4 for a precise statement).

In brief, the plan of action is the following. In Sects. 1, 2 and 3, we construct
a strong Markov dual X for X on an enlarged state space E, Then
P*(f(X,); M>0) can be represented as the potential of a measure y on the
enlarged space. In Sect. 4, we show that there is a measure v on E so that y
and v have the same potentials on E. The computations in Sect. 4 are actually
rather delicate (the “most important” being the fact that P*(e~*)=a/(b+a)
almost surely - see (17) and (18)), and call for some careful preparation. As
some partial justification for this statement, we remark that (x) is false if K is
taken to be either open or finely closed (or both), in general, and we leave the
construction of an example to the interested reader (try that well-known
counterexample in duality and time-reversal arguments - the “crotch”).

We rely heavily on the theories of right processes and Ray processes; a
good general reference is Getoor’s set of notes [5]. We also rely heavily on a
compactification procedure we developed in [9], which was based on the work
of many people: we refer the reader to the bibliography of [9].

1. Moderate Duality

Let X=(Q, F, F,, X,, 0,, P*) be a right process on a Lusin topological space
E, together with its Borel field E, [5]. We let B be the semigroup of X, and
we let (U9),, be the resolvent of X. As usual, we assume that 4 acts as a trap
for X, and we define the lifetime of X to be {(w)=inf{t: X,(w)=4}. When we
refer to a “Borel function f on E,,” f is assumed to be zero at 4, and the
resolvent is not considered to charge A.

We make two other assumptions which will be in force throughout the
paper. First, X is transient: there exists a Borel function & bounded by 1 which
is strictly positive on E=E,—{4} so that Uh<1. Second, we assume u is a
reference probability measure on E so that U%(x,*)<pu for all x in E and for all
a=0. We assume that F, is Borel measurable. In Sect. 4, we shall occasionally
assume that X is a Hunt process. This means that X is quasi-left continuous: if
(T)) is a sequence of (F)-optional times increasing to a limit 7, then
X(T,)—X(T) almost surely on {T'<oo}. We shall indicate explicitly when this
hypothesis is being used.

Throughout this paper, we shall work with an extension of X which we
now describe. Let (I}) be a countable sequence of points not in E, which we
adjoin as isolated points to E,: E,=E AUU{F 3. Let (S,) be a sequence of
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independent random variables which are independent of X and which are
exponentially distributed with parameter 1. Set

X, =X, ift<(

j-1 J
=L i+ Y SSe<{+ Y S, Gz
k=1 k=1

Then X, (together with the appropriate completion of its natural filtration) is a
right process which enjoys most of the properties of X. That is, there is a
function A<1 so that if U? is the resolvent of X, then UA=Z1. There is a
reference probability measure j on E. It will be left to the reader later to check
that if #(x, y) is the “appropriately regularized” potential density of X, then the
restriction of #i(x, y) to E X E is the “appropriately regularized” potential densi-
ty for X. If X is a Hunt process, then X is a Hunt process. If K is any set in E
with L=sup {t: X,eK}, then L=sup {t: XteK}. Thus we may use X, instead of
X,. The main advantage in using X, is that it has infinite lifetime. Thus we
replace X with X, although we conserve the notation of X, so that { = co almost
surely, and the I, are now points in E ,.
t

Let 4,={h(X,)ds, and let T,=inf{s: A, >1}. If we set ¥,=X,,, G=F, G,
0

=F ), and @,=04,, then it is a standard fact that Y=(Q, G, G,, Y, @, P*) is
a Borel right process on (E,, E,). We let (V9),., be its resolvent and note that
V1=Uh<1 on E. Thus, if we let z(w)=inf {t: Y(w)=4}, z< oo almost surely.
Define the reverse of Y by setting

T(@) =Y, (@) if 0<rZ2(®)
=4 if t>z(w).

Then (¥, P¥) is a left-continuous moderate Markov process with a Borel
semigroup (Q) .o and resolvent (V“)a>0 ([3], [13]). Set p=uV, and let p( f)
={f(x)p(dx) for all positive Borel functions f on E. For each a0, V* and V*
satisfy p(f-Veg)=p(fV?-g) for all positive Borel functions f and g on E.
Here, we shall use the convention that coresolvents and cosemigroups such as
V¢ and Qt act on functions on the left (see, for example, Chap. VI of [1]).

Thus Yis a right process in weak duality with a left continuous moderate
Markov process Y with respect to a finite excessive reference measure p. The
dual Y has two defects (which we “remedy” in the next section): ¥ may not
have a right continuous strong Markov version on E,, and 7%(-, x) may not
be absolutely continuous with respect to p for some x in E.

2. The Double-Ray Compactification
We developed in [9] a procedure to produce a “strong dual” process for Y

starting from Y by enlarging the space E,. We shall need those results and
some complements to those results, which we describe below.
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We can construct a compact metric space E, with Borel field E, and two

Ray resolvents (V%),_, and (V),. , on E so that:

() E,cE, E,E, and E, is dense in E,.

(2) For each x in E, V%(x,*)=V?(x, ) and V°(-,x)=V"(*,x).

(Note: (2) is not stated explicitly in [9], but follows quickly from the con-
truction of V* and V. Using the notation in [9], ¥* is defined by setting V*f
=V7f, where f=f], and f is an element of R, the double Ray cone. For x in
E, this says that Vof(x)=V*(f1,)(x). Since R—R is uniformly dense in the
continuous functions on E, and V“(x,) is carried by E, we have V*(x,-)
=V*(x,*). The argument for V'* is the same.)

Let (Q,)t>0 and (0 =0 be the right-continuous Ray semigroups with re-
solvents Va0 and Vs 00 _respectively. Let Q" =vague- hmltst and let

" =vague- hmltst then (Q™,. , and (Q;")t>0 are left-continuous (moderate
Markov) Ray semigroups with resolvents (V°),_, and (V“)a>0 [19].

Let Q={®:R*—>E, so that @(t) is right continuous and has Ieft limits in
the topology of E,, and so that 4 is a trap}. Let Y(@)= Y(@)=a(), I°
—a(Y s=<t), and let O, be the shift on Q. Given a probability measure K on

E,, let P* (resp. P") be the measure on (Q 19 so that Y, (resp. Y) is a strong

Markov process with semigroup Q, (resp. Q,) and initial distribution kQ,, (resp.
Qo k).
(3) There is a set N<E which is polar for the process Y so that if x is any
probability measure on E—N, then P*(Y, is right continuous with left limits in
the topology of E,)=1. Let P* (resp. ) be the measure constructed on (£, 1%
so that Y, is Markov with semigroup Q, (resp. Q,) and initial distribution x (see
Theorem 11.8 in [4]). Then P*=2*.

(4) PF'(I?(I) is left continuous with right limits in the topology of E,)=p(E).
Let ¥, be the right limit of ¥, taken in the topology of E,, and let x be the
P*- dlstrlbuuon of ¥,.. Let v, be the Pr-distribution of ¥: (v) is an entrance
law for Qt Let P (resp #) be the measure constructed on (2, I°) so that Y is
moderate Markov with semigroup 0, (resp. Q;”) and entrance law v, (resp.
initial distribution ). Then P=2. ~

In view of (3) and (4), we shall be content to work with Y and Y instead of
Yand Y The exceptional polar set N in (3) will cause no problems. By (2), we
have p(f-Veg)=p(f ja. g) for all positive Borel functions f and g on E,. To
achieve duality, we simply need V*(x,-)<p and V”( x) < p. But first, we recall
an important property of Y, which every Ray process has [5].

(3) Fix an initial measure x on E,, and let (T)) be an increasing sequence of
(I})-optional times. Let T=1im T, and let A={T<co; T,<T for all n}. If fis a

n—

bounded Borel function on E ,, then
PF (V) L < VI = () gy Laet S QolFy ) Ly

(6) Let J={xeE,: V%(-,x)<p}. Then p(E,~J)=0 and P*(YeE,—J for some
t=0)=0 for every x in J. What is also true (although not mentioned in [9]) is
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that P"(Y eE J for some t>0)=0 for every x in J. To see this, let A
={t>0: Y eE —J}: A is a predictable set. Fix x in J. If A is not P
evanescent, let Tbe a predictable time with [T]<A and P"(T< 00)>0. Then
YT_eE —J and Y eJ on {T < w}. By (5),

PX(T < 00)=P*(YyeJ; T< 00)=P*(1;0,(¥,_); T < o0).

-~

Therefore, Y. _e{y:1; Q )= 1} on {T<oo} almost surely (P") We claim that
J={y: 1; Qo(y) 13. For if yeJ Py(YeE —J for some t>0)=0 as mentioned

above, so 1; Qo(y) LI 1; Qo(y) 1, then
V(s 9)= 7200 3) = 7(-, %) 150 Ooldx, ») <.

Thus we conclude that in fact )Q’Tf eJ on {T< oo} almost surely (1%").
For each a=0, we define

Wef(x)=Vif(x) if xeE

=0 if xeE,~E.
fWe)=f7x)  if xef
=0 if xeE,~J.

(By the observations made in (6), (W9),., and (W*),,, are resolvents on E,.)
This corresponds to replacing the measure P* with ¢, if x is in E,—E and
replacing P* with ¢, if x is in E,—J. With this modification made, note that (5)
remgins true if we restrict our attention to measures x which are concentrated
on J.

We now have (W*) and (VT/") the resolvents of two strong Markov processes
on E, (which may have branch points - even degenerate branch points!) and
which are in duality with respect to p: p(f- W*g)=p(fW*-g), W*(x,*)<p, and
We(+, x)<p. By the procedure given in Chap. VI of [1], we may construct for
each a=0 an g-potential density #w*(x, y) so that:

(i) x—>Ww(x, y) is a-excessive for (W), q.

(ii) y—Ww*(x, ) is a-excessive for (W?), 4.

(i) W)= 5 01 0) (@), feES.
(iv) fV(y) :é #(x, y) (x) p(dx), feE;.

Since p is concentrated on E, these integrals may be interpreted as being on E.
If we let w%(x,y) be the restriction of w*(x,y) to EXxE, then w(x,y) is the
potential density for Y on E with respect to the resolvents Vb(x,+) and
Vo, 1) 150500

(7) One of the main objectives of [9] was to obtain the representation theory
of Revuz [15] as extended by Sharpe [16] by considering the process Y on the
enlarged space E,. Let 4, be an additive functional of the process Y so that
P*(4,)< oo almost surely (p). For f a bounded continuous function on E,
x E ,, we define v (f)=1lim aP* {e~* f(Y,_, Y,)dA,. The limit exists, and v, is a

a—
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measure. Moreover,

P*fem f(Y,_, Y)dA,=[[%(x, ») f (0, 2) v.4(dy, d2).

Notice that v, will charge B x E, in general, where B={x€E,: Q,(x, ) +¢&.(*)},
the set of branch points of Y.

3. Undoing the Time Change

t
Set A,;=[(h=*+15,_; )(Y)ds. Since Y has the same law as Y if we start the
¢}

two processes from any point in E—N, we have that 4, is continuous and
strictly increasing on [0, inf{t: ¥,=4}), almost surely (P*) for any measure x
on E,—N. Let S,=inf{s: 4, >1}: S, is strictly increasing and continuous on
[o, 1nf {t: Y,=4}) almost surely (P*) for K on E,~N. As a _process on E,—N,
we may time-change Y, by setting Z, =Yy, H,=Ig,, 6,= 8, P*=P~ If K is
any probability measure on E—N, (Zt,P") has the same law as our original
process (X,, P¥). We shall find it convenient to work with (Z,, P¥) most of the
time. In particular, if we let {=inf{t: Z,=A4}, then {=co almost surely (P¥) for
all x in E—N. It is worth emphasizing that we always consider Z, as a process
on the enlarged space E,. Of course, Z, is in E,, but Z,_ may be in E,~E,.
From (2), it is immediate that the resolvent of Z, is an extension to E, of the
resolvent of X,, so we use the same notation (U?%), ., to denote the extension.
Notice that Uf(x)= Wfh~'(x). Let A(dx)=h"'(x) p(dx).

We would like to time-change Y by the inverse of jh 1(Y)ds We verify

directly that this process does not jump to infinity before the death time of Y
We may assume that h is of the form U' U'k, where k is a strictly positive
bounded Borel function on E (see p. 401 of [6]), and we may assume that
U*U'k and U'k were put into the double Ray cone R, so that h and U'k
may be extended to continuous functions on E, (which extensions we denote
by h and U'k again). Let G={x: h(x) O} this set is closed in E,. Since GNE
—(Z) we have by time-reversal that P”(Y €G for some t>0)=0. Since g(x)
~P"(Y eG for some t>0) is excessive, g(x) is zero everywhere. Again, by
time-reversal, the set I'={t: O<r<, YeG} is PP-evanescent if and only if the

set I'={1r:0<t<{, Y,_eG} is PP-evanescent. Suppose T is a predictable time
with [T]<TI" and P?(T < c0)>0. By (5),

0=B(h(Y;_); T<o0)=P?(@y U' U K)(¥;_); T< )

=PP(U' U k(Yy); T<o0)=P* (j Utk(Y,)ds; T< oo).
T

Since U'k>0 on E, T={ almost:sujely (P?). Therefore, I%p(ieG for some
0<t<{)=0, and this implies that P*(Y,eG for some 0<t<{)=0 for all x. Let
&={weQ: Y, ¢G for all t>0 and Y¢G for 0<t<{}. Then P*(@)=1 for all x

in (E,—{x:150,(x)>0}). For we®, consider h~*(Y,(w)) as a function from a
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compact subinterval [0,¢] of [0,{(w)): this function is bounded and right
continuous. For the only way it can be unbounded is if either Y(co)eG for
some s<tor Y _eG for some s<t, and this cannot happen. Therefore, if we set

A fh 1(Y)ds A is strictly increasing and continuous on [0, inf{z: Y 43})

almost surely (P") for all x in (E,—{x:1 Q (x)>0}). (We can henceforth
ignore the set {x:1 Qo(x >03}: if you like you can adjust Y by replacing P>
with g, for every x in {x:1 Qo(x)>0}) Set S,=inf{s: A, >t} and set Z,=Y(S),
A, I(S) 0,= 6(S), P*= P" Let (U“)a>0 denote the resolvent of Z. Then z
and Z are in duality with respect to the measure 4: this follows as in Revuz
[15].

Now (=oo almost surely (P¥) for all x in E—N. Therefore, if we set

g=inf{t: Y,= 4}, A, = almost surely. By time reversal, we have that

P"(A <o0)=0. Iff(x) x(1+x)~! and f(w0)=1, then g(x)= EX(f(4,)) is ex-
cessive for Yt, and pix g(x)=+1}=0. Therefore, g(x) is 1 everywhere on the
non-branch points of Y;, and it follows that C—mf {t:Z,=A} = o0 almost surely
(P*) for all x in the non -branch points of Z,. Thus, aU*1=1 and alU=1
almost surely (1) for a>0. By duality, MagU%= A(g) and /l(aU“ g)=A(g), so 4 is
an invariant measure for the resolvents (U%) and (U9). This is extremely impor-
tant for this section and the next.

For each a=0, we may construct an a-potential density as in [1] having
the following properties:

(i) x—u(x, ) is a-excessive for (U?),-,
(il) y—u(x,y) is a-excessive for (U"),s o
(i) U*f(x)=fu"(x, y)f(y) A(dy), feE;
(iv) fU°()=[ f(X)u(x, y) Adx), fe EJ.

The integrals in (iii) and (iv) may be taken over E, or E, since A(E,—E )=0.
It follows from (2) that the restriction of u’(x,y) to ExXE is exactly the
regularized potential density of the resolvents (U?) and U?) restricted to be
resolvents on E: this is the “good” version of the potential density of X, and
the representation theory holds here. That is, if 4, is any additive functional of
Z so that P*(4_) < oo almost surely (1), then

v (f)=lim aP*fe~*f(Z,_,Z)dA, ‘ )

defines a measure on E,x E,, and
P*{e~*f(Z,_,Z)dA,=[[u"(x,y) [ (v, 2)V4(dy, d2). ©®

Call the sem1groups of Z, and Z,, Pand P B, respectively. Note that Py, %)
—QO( x) for all x in J. Tt is simple to check that the analogue of (5) holds for
Z That is, let (T,) be an increasing sequence of (H,)-optional times, let

=lim T, and let A={T <0, T,<T for all n}. If x is a measure on Jand fis a

n-— oo

bounded Borel fanction on E,, then

P ey V)= Z ) g ey Lae + [R(Z 1) 1 (10)
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We shall use another time-reversal argument as a key step in Sect. 4, and
we now prepare for this. If Z and Z were standard processes, then the result
we now prove would be a special case of Nagasawa’s theorem [18]. However,
Z and Z are not standard, and it is not difficult to prove what we need directly
since 4 is invariant. If we set F"=vague-limit,,, P, and Pm=vague- 11m1tswP

5°

then P™ and P™ are left continuous moderate Markov semigroups (they are the
“time- changes” of the semigroups Q™ and Q™). Since Y, _ and Y,_ are moderate

Markov with semigroups ;" and Q' [19], Z,_ and Z,_ are moderate Markov
with semigroups P™ and P™ Let R be a random time which is exponentially
distributed with parameter ¢ >0 and which is independent of Z. Define Z, by
setting

2=Zx_,_ if 0Zt<R,
=4 if t=R.

We claim that (%, P%) is strong Markov with semigroup e~% P.
To see this, Iet fis---»f, be positive continuous functlons on E,, let
t, <t,<...<t,, and compute

pi (n1 5(2,)) =P’ (H fiZi 1y )it =<R)

:Pl j‘ae—au H f;(Zu—tiA) 1(t“<u} du

“jae—au}“(Pu wn Bty Sum o B S D g, g du (11)
If g is a continuous function on E,, AP"g=4 ((vague-limit )g)—hm APg

=i(g), 50 AP™=). Also, A(f-bU®g)=i(bfU"-g) for all continuous functlonsf
and g 1mphes that A(fP™g)=A(fP™g) for almost all ¢. Since both sides are left
continuous functions of ¢, they are equal for all t. Using these two facts, (11)
becomes

I _au’l(Pmtn 1(f Pm~tn 1)fn 1 tn 1—th-2" r;nﬁtlfl)l{tmu}du

-1
_Pljae*au n t“—zn 1];:_1)(2144“_1—) Hj;(zu‘ti_) l{tn<u}d”
i=1

If we let u=v+t,—t,_; and if we let c=exp(—a(s,—1,_,)), we obtain
A —a
P fae u C n tn—tn 1) U—tn | — Hf(Zu ti— {tn_1<u}du

=P*(c nPtm—rn (Z Hf(ff tn_ 1 <R (12)

Now let t, decrease to s>t, ,. Then (11) converges to PA( H HZ, )
while (12) converges to P’l(cf P Z, ) H fi(Z,)) since P vague-

limit, ,, B" This proves that (%, P*) is simple Markov with with semigroup

—In-1
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e~ P. Then (Z,,P% is strong Markov since %, is right continuous and e~ P
is a strong Markov semigroup. Notice that the initial distribution of & is 4:

PHS(Z) =P (f(Z ) =P*[ae™" f(Z, )dt=A(f).

4. Equilibrium Formulae

Let K be a Borel set contained in E, and let M =sup {t: X,eK}. We assume
always that K is transient: PA(M =o0)=0. Since P*(M =c0) is an invariant
function for X, P*(M=00)=0 for all x in E if K is transient. Let L
=sup {t: Z,eK}. If K is transient, then P*(L=00)=0, and so P*(L=o0)=0 for
all x in E ,.

For the purposes of time-reversal, we shall need the a-subprocesses of Z, so
we fix (R(a)),., a decreasing collection of random variables independent of X
and Z, and so that R(a) is exponentially distributed with parameter a. We set
R(0)=oc0. Let Hi=0{Hn{t<R(a)}: HeH,}, and define Z¢ by setting

Z'=Z7, if t<R(a)
=4 if t=R(a).

Then Z? is Markov with respect to the filtration (HJ).

Let L(g)=sup{t<R(a): Z,eK}, M(a)=sup {t<R(a): X,eK}. We let A?
denote the (Hf)-dual optional projection of Bf=1,_1m<qlpcray: Since
B? is a raw additive functional of Z¢, A? is an (adapted) additive functional of

Z; ([10], [17]).

We shall need two auxiliary results, which we discuss now.

(13) Lemma. There is a Borel function j on E, so that 0<j<1 and jO(x) is
bounded on E ;.

Proof. The process Z restricted to its set of non-branch points D is a right
process, and A(Uh)=A(1U-h)< oo implies that 10U (x)< oo except perhaps on
some polar set I Therefore, Z restricted to D —I" has 1U < co. By Proposition
(2.2) of [6], there is a positive bounded Borel function j on D—TI so that jU is
bounded. Therefore, jU is bounded on D. Extend j to be 1 on E A—(ﬁ—f ) (j(4)
=0). Then jU(x) is bounded for all x in E,. Q.E.D.

(14) Proposition. Let F be a bounded positive H -measurable random variable.
There is a positive Borel-measurable function ® on E , so that for every positive
(H?)-optional process W,,

P*(Wyoy F o 0y 1p(Z7 )5 La) < o0)=P* (W, Q)F(Zi(a)); L(a)< o0)
for all x in E .

Remarks on the Proof. This was proved in an only slightly-more restrictive
setting by Getoor and Sharpe [8]. Note that L(a) is a coterminal time for the
process Z° Their proof applies here without change.
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(15) Theorem. Let K be closed in E. Then for all positive bounded Borel
functions f on E,, P*(1gf(Xy); M>0)={u(x,y) 1f(0)x(dy), where « is a
measure on E.

Proof. Fix a>0, and let R=R(a). Let g=gj, where g 1s chosen to be any
positive bounded Borel function on E, so that i g(x)P*(L>0)A(dx)< 0. Let f

be any positive bounded Borel function on E,, and let v, be the Revuz
measure of 4%; thus

§§§ 20w (x, y) £(2) va(dy, d2) A(dx)
=lim bP* [~ gUYZ, ) f(Z)dA?

b—

=lim bP* (e =" g U(Z 10y ) [ (Z 1) 0<L(@)<R). (16)

b— 0

Now we obtain the right continuous process %, as in Sect. 3 by reversing at R.
Let T=inf{t>0: Z,_eK}. We rewrite (16) as

lim bP*(e~PR-1) g Us(%,) f(%,_); 0< T< o0). (17)

b— o

Let #, be o{Z,: s<t} augmented with the P*-null sets in H” Let P> be the
measure on (Q, 1% constructed from the semigroup e~* E. Let

{(@)=inf{t: (1) =4}.

We leave it to the reader to check (using the fact that (%,, P%) is strong Markov
with semigroup e~ PB) that PHe >®~D|#)=PZD(e~%) almost surely (P*).
But A{x: 1P(x)£1}=0 for all ¢, so P*(e~"*)=a/(b+a) almost surely (4). Since
PX(e=?Y) is b-excessive, t—PZ®(e~%Y) is right continuous almost surely (P*), so
PZD(e~")=a/(b+ a) almost surely (P*). Thus (17) becomes

aPHgU(Z) f(Z;_); 0<T< ). (18)

Let T,=inf{t>0:d(Z,_, K)<1/n}, where d is the original metric on E (recall
that &, _eE). Since K is closed, T, increases to 7. On {Z,_eK}n{0<T< w0},
T, <T, and on{%,_¢K}n{0<T<w}, T,=T for n sufficiently large. Applying
(10), (18) becomes
aPX(g (ja("me)f(gT—); Zr ¢K, 0<T<o0)
+aPHgU Py (% ) [(%r_); Zr_eK,0<T<0). (19)
Replacing f with f1; and observing that gU*B,=gU¢ we obtain from the
representation theorem (9), (16) and (19) that
[8(x)P* (1 f(Z10); 0<L(a) < R(a)) Mdx)
=aPH(gUNZ )1k f(Z10); 0< L(&) <R(a)). (20)

In Proposition (14), let F=1,_,, and replace f in (20) with ®*f. If we apply
the result of (14), then (20) becomes
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[8C)P* (1 f(Z1); 0< L <R(a), L=L(a)) A(dx)
=aPH(gU4(Z,) 14 f(Z,); 0< L<R(a), L=L(a)). (1)
Now the right hand side of (21) is
aPHgUZ) 1, f(Z); 0<L<R(a)=aP*gU*Z )1 f(Z,)e *F; L>0)
=aP*fe~"gUNZ) 1, f(Z)dA?
=af2(dx) [fu(x,y) gU%(2) 1 f (2) vo(dy, d2)
=[{gU"(2) 1xf(2) voldy, d2)

Define k by setting | ¢(z) k(dz)={ ¢(2) vo(dy,dz): k is a measure concentrated
on E, and we now have

8 P*(1xf(Z1); 0<L <R(a)) Mdx)=[ g(x)u"(x, z) L f (2) x(dz) Adx).

The monotone convergence theorem applies, and we let a decrease to 0 to
obtain

§ g P (1 f(Z1); 0<L) Mdx) =] g(x) u(x, 2) 1 f (2) (dz) Md).
for all functions g as described at the beginning of the proof. Therefore,
P (1 f(Z,); O<L)=[u(x,2) 1 f(2) k(dz)

almost everywhere (1) and hence everywhere since both functions are excessive.
Since P*(1,f(Z.);0<L)=P* (1 f(Xy);0<M) for all x in E—N, we have
P (1 f(X,); 0<M)=[u(x,2) 1 f(z) k(dz) for all x in E. Q.E.D.

(22) Theorem. Let K be a totally thin set for X,. Then for all positive bounded
Borel functions f on E 5, PX(f(X,); M >0)=[u(x,y) f(y) x(dy), where k is a mea-
sure on E.

Proof. Following the proof of the preceding theorem through (18), we then let
I'={t>0:%,_eK}; I is an (s£)-predictable set. Since K is totally thin, I' is
discrete, so the début of I', T, is in I" on {T< o0}, and is therefore a predictable
time. Therefore, (19) becornes PHgUP. (Zr V(&7 _); T>0), and the rest of the
proof follows as before. Q.E.D.

(23) Theorem. Let X be a Hunt process, and let K be closed. There is a
measure v on Ex E  so that for all positive bounded Borel functions f on E,

PX(f(X50); M>0)=[u(x,y) (1 f () (d)) + 1 (2) vc(dy, d2)).
Moreover, vo((E,—K) x E =0, and « is a measure concentrated on E.

Proof. From (15), we have that P*(1 f(X,); M >0)={u(x, y) 1. f(y) x(dy). Thus
we need only consider P*(f(X,)); X,,#K,M>0). Since K is closed, X, ¢K
only if X,, +X, on {M>0}. Therefore, the dual predictable projection of
Lixonex Lo<m=y is @ continuous additive functional of X. So if we let C, be
the dual predictable projection of 1{Z(L)¢K}1{O< Ly then C, is a continuous
additive functional of Z,. If e(y) is any positive bounded Borel function on E,,
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then
P e(Z, ) f(Z,); Z,¢K, L>0)=[u(x,y)e(y) f(2) vc(dy,d2), 24)

where v, is the Revuz measure of C,. Let ¢ be a continuous function on E (in
the original topology of E), and extend ¢ to be 1 on E,—E. Then {t: $(Z,_)
+¢(Z,)} is countable, so

Vel x 1)=3im bP* e ¢(Z)dC,

since C, is continuous. Also, {t: $(Z,) does not exist or is not equal to ¢(Z,)}
is countable. Therefore,

vel x 1)= lim bP* Jem §(2)_dC,=lim bPX e~ $(Z;) 3 L>0)

Now if the support of ¢ is contained in K¢, we see that v.(¢ x 1)=0. Therefore,
ve((E,—K) x E )=0. Combining (15) and (24), we have

PX(f(X3); M>0)=Ju(x, y) U f (") k(dy) + [ (2) vcldy,dz)). QE.D.

It is worth observing the following corollary, which extends the results of
Chung, Getoor-Sharpe and Meyer.

(25) Corollary. Let X be a diffusion with infinite lifetime. If K is closed in the
original topology of E, then P*(f(X,;_); M >0)={u(x, y) f() x(dy).

Proof. Since X=X, _, v.=0. Q.ED.

Thus in the case of a diffusion, x is the equilibrium measure of the set K.
(The reader is referred to Theorem (2.1) of [11]. Corollary (25) allows us to
drop the duality hypothesis there if X and Y are diffusions.)

(26) Definition. Let X, be a right process. We say that X is locally Hunt if we
can find a sequence (E,) of open sets with compact closures increasing to E so
that the following is true: whenever (T;) is an increasing sequence of (F)-
optional times with limit T so that for some m, X(T,)eE,w{4} for all k, then
X(T,) converges to X(T) on {T<0}.

We leave it to the reader to check that Theorem (23) remains true if X is
assumed to be a locally Hunt process and K is assumed to be compact.

Now, is there an analogue of Theorem (23) if X, is simply a transient right
process? The usual Ray-Knight procedure [5] produces a compact metric
space F with metric ¢ so that E« F. Thus we may consider E as a metric space
with new metric §, and X is a right process on (E, 8). We say that a set K< E is
Ray-closed if K is closed in F.

(27) Theorem. Let X be a right process, and let K = E be Ray-closed. There is a
measure v on E , x E ; so that for all positive bounded functions f on E ,,

PX(f(Xy); M>0)=u(x, y) (1xf () k(dY) + [ (2) vc(dy, d2)).

Moreover, vo((E,—K) x E)=0, and x is a measure concentrated on E.
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Proof. Theorem (15) clearly applies here. We may recopy the proof of Theorem
(23) word for word once we verify that the dual predictable projection of
Lixanexy lo<m=y 18 @ continuous additive functional. Since K is Ray-closed,
this amounts to checking that P(O<M =T, X;_+X,)=0 for all predictable
times T. But X, =X, (the left limit taken in F, of course} at a predictable
time T if and only if X,_ is in the branch points of X,. Since K<E is Ray-
closed, this cannot happen. Q.E.D.
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