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w  

We are concerned with a simple random walk Sn, n >= O, on the lattice R 
in 3-dimensional space E, 

R ~ {x ~EIx  has integer coordinates xl ,  x~., xa}. 

The random walk starts at  x ~ R, so tha t  

So=x; Sn=Sn- l~Xn ,  n > l ,  

where Xn are independent identically distributed random variables such tha t  

P x { X n = y } = l / 6  for y + R w i t h  i y i = l ,  Vx+R,  
(1.1) 

P ~ { X n = y } = O  for y ~ R w i t h  lY[ +l ,  V x e R ,  

where Px {" } means P {" I So = x) .  
I f  A is the subset of R 

A = { x e R I x l  = 0, x2 = 0} 

i t  is known tha t  the random walk is almost certain to hit A, i.e. 

Px{SneA  for some n > 0 } = l ,  V x e R .  

We can therefore define a random variable, F(x, A), whose value is the position 
at  which the first hit on A occurs. I f  F(x, A) = (0, O, x8 + Dx), Dx measures 
the displacement of the random walk parallel to A up to the time of the first hit. 
Our object is the s tudy of the random variables D~ as ]I x ]l, the perpendicular 
distance from x onto A, tends to infinity. 

We begin by  calculating the characteristic function of Dx (Theorem I) and 
finding an asymptot ic  estimate for it, (Lemma 2.11). Whereas in the analogous 
2-dimensional situation Dx/ll x ll has a non-degenerate limiting distribution as 
11 x H -+ A- ~ ,  i t  follows from this estimate tha t  in 3 dimensions Dx/d (ll x [l) cannot 
have such a limit, whatever  norming function d(llxll) is chosen (Theorem II) .  
A limiting distribution for log I Dx]/log I1 xII is found, however, in Theorem I I I .  

w 
Plainly we may  assume tha t  the starting point x of tile random walk lies 

in the zl x2 plane, and it is convenient to denote it  by  ( - -a ,  - -b ,  0), and D ,  by 
Dab. I f  Dab has characteristic function crab(O), then for all real 0 

o o  

(2.1) ~Vab(0) - -  A,/ab~ , 
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where 

f~ab -~ P (Dab = k) = P.~ {Sn = (0, O, k) for some n >= 1, S~- r  ~ A for  1 ~ r < n} .  

I t  is easy to  calctflate Cpab(O) in t e rms  of the  characterist ic  funct ion r (0) of 
Xn,  which, b y  (1.1) is given for 0 = (01,02, Oa) b y  

(2.2) q~ (0) = ~ P (Xn -~ y) eiy" 0 __ �89 (cos 01 + cos 02 + cos Oa), 

the  result  being 

Theorem I.  Provided that one of a, b is non.zero, 

 oo(0)=f o (0)/goo(O) for O*O(mod2 ), 
l 1 for 0 ~ 0  ( m o d 2 u ) ,  

where 

3 f ~  e-i(aa+b~)dedfl 
ga~ (0) - -  (2 ~)~ -~  a - (cos ~ + cos ~ + cos 0) ' 

3 f f  d~ dfl 
goo (0) - -  (2~)~ -=  3 - (cos ~ + cos fl + cos O) " 

Proof of Theorem I.  Write  Po{Sn -~ (i, i, k)} ~-- Pi~, note  t h a t  P~{Sn = (0 ,0 ,c )}= 
--Pabc a n d  def ine  flabcn b y  

q'~bc = P .  {Sn = (0, O, e), Sn-r ~A for 1 ~ r < n} for n >~ 1. (2.3) q%o = o, 

Then  plainly 

(2.4) 

o o 
Pabc ~ qabc, 

n i i r n - r  ~3abc ~ ~[abk PO0 c---k for n > l .  

Wri t ing  for all real 0 and real s with [ 81 < 1 

~O a b  c e , 

c ~  - o o  

oo  

Pub (8, O) = ~ P~b (0) s n, 
~ t ~ O  

i t  follows f rom (2.4) t h a t  

(2.5) Pab (8, O) = Qab (s, O) Poo (s, 0). 

N o w  

n ~ n icO Q~b(O) = qat,~e , 

Q.o(s, O) Q's 

P~b (8, 0) = pab~- ] 8~ 
n = 0 ( c = - ~  

the  interchange of order of summat ion  being justified for 181 < 1 by  the absolute 

convergence of the  sum, since ~ n < Pab~= 1. Recalling the  definition (2.2) of  
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q~ (0), a straightfol~vard argument  shows tha t  for [s l <  1 

P~c sn - -  1 f ~ f e -  ~(aO~ TbO~+oO~) d01 dO2 dos.  

I f  we now write 

1 i ]  e-i(a~176 dO2 ~Vab(S,08) - -  (2z) ~ - ,  1--sqa(0) 

w e  h a v e  

(2.s) 

and as s ~ 1 

c o  ~ t  

(2.6) pa~(s ,O)= ~ei~o 1 i ~ a b ( s ,  O3)e_ico~d03. 
c ~ - - c o  - - ~  

For each s with ] s I < 1, ~0ab (s, 08) is everywhere differentiable with respect to 
08, so tha t  DI~I 'S convergence theorem applies to (2.6) to yield 

(2.7) Pab (8, O) : ~ab (8, 0 ) .  

From (2.7) and (2.5) we have an explicit expression for Qab(s, 0). Moreover, 
c o  

since ~ n < qabe = 1, 
c ~  - - o o  

~" n eiCO eicO n n Q a b ( 8 , 0 ) =  8n ff_.qabc = ~qabc  8 , 

c o  c o  

~ . n  8 n , ~  n e / ~ b ~  ~ q~b~= /ab <= l" 

O O  O 7 - -  Since ~ ]ab P {particle starting at  x hits A} = 1, we can let 8 increase to one 

in (2.8) and apply the theorem of dominated convergence to get 

c o  

(2.9) lim Qab (s, O) = ~ d c~ [3b = ~va~ (0). 
s t1  c =  - ~  

But  if 03 �9 0 (rood 2 ~) 

lim~Oab (S, OS) --  1 ~f e--i(aOl+bOz) 
st1 (2:~) 2 J_~ i =~TO) d01d02 

= g ~  (08)  

so that ,  by virtue of (2.5), (2.7), and (2.9), 

(2.10) q~ab(O) = I gab(O)/g~176 if  0 ~= 0 (mod2~) ,  
( 1  if 0 = 0  (mod27~). 

Thus the behaviour of the characteristic functions ~ab(O) is completely 
determined by  the behaviour of the functions gab (0), some of whose properties 
are the content of: 

Lemma 2.11. For all (a, b) and 0 4:0 (rood 2~) 

(2.12) 0 ~gab(O) <:goo(O) ~ @ c~. 
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There exist constants kl and k2 independent o/O, a, b such that 

(2.13) gab(O)-- 3-Ko(riOI)[<k~~ /or 0 < [ 0  I<~= and (a ,b) . (O,O) ,  

g00 ~- ~1 (2.14) ( 0 ) -  l o g ~  <k2  /or o<101  <__.~, 

where Ko is the Bessel coe/ficient of zero order and imaginary argument and 
r = (a 2 -~ b 2 )  ~ . 

Corollary to Lemma 2.11. For all (a, b) and all 0 4= 0 (rood 27c) 

(2.15) 0 < Fab(O) < 1. 

Proo/o] Lemma 2.11. I f  we write, for 0 * 0 (rood 2Jr), 

3 = e_i(a~+bp) e_t(s_coso_cos,_cos~)dtd~d[~ gab(0) = Y v 

- - x ~  0 

the fact tha t  

fs .[ e-t(a-c~176176176162 dt d~ dfl < + c~ 
- - 7 ~ 0  

allows us to interchange the order of integration to get, 

(2.16) gab(O)=3fe -t(3-c~176 1 j-e_ia%tco~d~. 1 j-e_ibt~et~O~dfidt ' 

~ o  

= 3 ~ e -t(a-c~ 0) Ia  (t) Ib (t) dt ,  
o 

where Ia (t) is the modified Bessel coefficient of order a, and the first assertion 
follows. 

Noting that  gab (0) is an even function of O, take 0 < 0 < 7r and write 

3 ff~ cosa~cosbfi d~dfi (0) gab 2 ~  ~ :0 ~ sin 2 �89 ~ + sin 2 �89 fi + sin 2 �89 0 

_ 6 ~ eosa~eosb3 d~dfi+hab(O) 
~ ~d ~ + 3~ + 0~ 

The inequalities 

0/:r =< sin�89 0 ~ � 8 9  

0 <~ (�89 0) 2 -- sin 2 �89 0 = �89 (cos 0 -- 1 + �89 02) <= 04j~8, 

both hold in the range 0 <~ 0 ~< ~ and lead to 

1 Zr ~4+f14+0a d -~~ ~2 

I f  we now note that  for r > 0 

(2.18) 2 .[.~ cosa~.eosbfi d~dfi = Ko(r I 01) 
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we see t h a t  (2.14) will follow f rom (2.17) ff we can show t h a t  the error involved 
in replacing the  region of integrat ion,  (0 ~< a ~< ~z, 0 < fl ~ a) ,  b y  the  region 
(0 < g, 0 ~ fi) is bounded  for all 0 < 0 ~ ~ uni formly  in a and  b. Since ga~ (0) 
is symmet r i c  in a and  b and  a z + b 2 > 0, we can take  l a] > 1  and app ly  the  
second m e a n  value t heo rem for double integrals  [4, p. 572], to show t h a t  for each 
R > ~ there  exists A ~(~r, R>, B e<0, ~r> such t h a t  

R n  .B 

(2.19) j - f  cosa~cosbfl dc td f i - -  1 .~Acosaocdg[cosbfidfi. 
n 0  ~ 0 

Now 

~o COS b fl d fl < 7~ , cos < 2 ,  

and  as 1/(~ z -? flz _? 02) is integrable  in (~ < ~, 0 < fl < ~), 

ff  co   oo bZ 

exists. Using the  fact  [2, p. 7] t h a t  

cos a~ d~ 1 e-a([3~+o~)~ 

0 

we can therefore let  R - + ~ -  oo in (2.19) to get  

(2.20) ~ (f12 + 0~)~ fl dfl - -  ~ + fl~ + 0. z 

where ka is a finite cons tan t  independent  of  0, a, and  b. Since, [2, p. 17], 

and  

y e-a(~+0~)~ cos b fl dfl  = K0 (r ] 0[) 

I 
(2.13) follows f rom (2.17) and  (2.20) 

I t  is easily seen t h a t  

3 ~ .  d~ dfl 
goo(O) - -  (2~)~ -~JJ 3 - cos0 ~ c o s ~  - cosfl 

where  

F dt 

k = 1/(1 -~ sin2 �89 0) 

and  k 2 -~ k '2 = 1. Thus  we have  

(2.21) g00 (0) = 3 k  K(k)  7g 
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K denoting the complete  elliptic integral  of the first kind. Now 

k ' ~ -  sin�89 0 (2 zc sin2�89 0)~ 0 
1 -k sin~ �89 ~ ~ -  as 0 -~" 0 ,  

and it  is not  difficult  to see t h a t  Ilog 1/k'-- log 1/0[ is bounded  for 0~<0--_<m 
Since i t  is known [3, p. 318] t h a t  ]K(k) -- log 1/k' I is bounded  for all k, this is 
sufficient to establish (2.14). 

w  

An obvious question to ask abou t  the r andom variables Dab is whether  or 
not  there  exists a norming funct ion d (r) (where r 2 = a 2 @ b e = 11 x II 2 in the  no ta t ion  
of w 1) such t h a t  David (r) has a nomdegenera te  l imiting dis tr ibut ion as r-->-~ c~. 
According to the  cont inui ty  theorem for characterist ic functions (see e.g. [5, p. 54]) 
Dab/d(r) has a limiting dis tr ibut ion if and only if  9~ao(O/d(r)) converges for each 
0 to a funct ion which is continuous a t  0 = 0. This fact ,  together  wi th  the  results  
of  L e m m a  2.11 leads to 

Theorem II.  I/the sequence o/ random variables Dab/d (r ) converges in distribution 
as r--> q- ~ , then its limit is degenerate and has distribution ]unction Go (y) given by 

1, y ~ 0 ,  
G 0 ( y ) =  0, y < 0 .  

Proo[ o/ Theorem l I .  Suppose t h a t  @(0)=limq~ab(O/d(r))  exists for all 

real O, assume, with no loss of generali ty,  t h a t  d (r) is posit ive for all r and note  
t h a t  @ (0) - -  1. I f  lira inf  d (r) < @ c~ it  is easy to  check t h a t  @ (0) = 0 for all 

r---> ~- e o  

0 =~0, so t h a t  @(0) is discontinuous a t  0. I f  l i m d ( r ) =  ~ ~ i t  follows f rom 
(2.13) and  (2.14) t ha t  for all 0 > 0 r-*+~o 

e (0) = l im {K0 (r O/d (r))/log d (r)}. 

I n  order t h a t  @(0) be non zero for 0 > O, it  is therefore necessary t ha t  
l im{d(r) /r}~-+ oo. But  in t h a t  case, since Ko(z) ,.~ log z -1 as z - +  O, we have,  

~'---> ~- r  

for all 0 > O, 

(0) = l im {log (d (r)/r O)/log d (r)} = l im {1 - -  log r/log d (r)} = ~,  
r - - > +  oo r c~ 

where y e (0, 1), and  is independent  of  0. When  y < 1, @ (0) is again discontinuous 
a t  0; when y = 1, @ (0) ~ 1. Since this is the characterist ic  funct ion of Go (y), 
the theorem is established. 

I n  par t icular ,  when d (r) = re this a rgumen t  

(3.1) ~ ~a~(O/r')--IO for 0 > 0  
~-++~ [ 1 - -  1/fi for 

shows t h a t  

and  0 < f l ~ < l ,  

0 > 0  and f i ) l .  

This suggests t h a t  the  dis tr ibut ion of Dab is too spread out  to lie complete ly  
wi thin  the in terval  ( - -  re, re) for large values of  r however  large fi is. Moreover,  
ff g~ab : P ([ Dab l < r~} and we write Nr  for [r~] ~- �89 where [r~] denotes the  integral  
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part of r~, 

L ~ ~ ~k ~. 1 ~b = ~/~b = 2, 2~- j'Tab (0) cos k 0 dO 
Ikl <re I~l <r; -~ 

zv 

(3.2) - 1- f~ab(O) si.~VrO dO 
0 sin�89 - -  

__ 2 ~j~ sin(NrO/rS) dO. 
q)ab(O/rfl) 2rZsin(O/2r~) 

According to (3.1) the integrand in (3.2) tends, as r-+ + co, for each 0 > 0 to 0 or 
1--fi sin0 / ~ 1  o r / 3 > l .  /~ 0 according as 

~ s i n  0 1 Since ~ - - d O  = ~-~, the obvious conjecture is 
0 

(3.3) r~+~limP{]Dabl<r~}={1--O1/~ if if ~ 1 ,  ~ > 1 '  

which is equivalent to 

Theorem IlL I / the random variables Dab are defined by 

, IloglDabl when Dab*O, 
Dab ~- ( 0 when Dab ~- O, 

then 

~'-~+~lim P{Dab/logr < fi} : {1 --01//~ ifif f i ~ l .  fi > 1, 

t 
Since the characteristic function of Dab is not readily accessible, the usual 

methods of proving such a theorem do not apply. A straightforward, but laborious 
argument is therefore used to establish Theorem III ,  via (3.3), in the next section. 

w 

We will assume throughout this section that  a _~ b ~ 0; we can do this 
without loss of generality, since C;ab(O)-~ q~AB(O), where A = m a x ( l a  ], lb]), 
B = rain (1 a ], ]b I). Two prehminary lemmas are required. 

Lemma 4.1. A/unction ~ (r) exists such that, when r-1 log r ~ 0 ~ Jr, 

O<Tab(O)~(r ) ,  and 5(r)logr-->0 ws t ->d -co .  

Proo/. The relation [1, p. 207], 

1 [c~  for z > l  
2 ~  - -~J  ~ ~ Z  - -  c o s  0'. 

gives 

g a b ( O ) = 3 [ ( ~ - - l ) - ~ {  ~ _ ( ~ _ l ) ~ } a c o s b ~ d f i  for O*O(mod2~r), 
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where  ~ = 3 - -  cos fi - -  cos 0, so t h a t  

o O _ ~ N a  

= gee(0) {2 - -  cos0  - ((2 - cos 0)2 - -  1)~}~. 

Since a ~ �89 r > 0, i t  follows t h a t  

sup ~ b ( 0 )  --<_ {2 - -  cos0  - -  ((2 - -  cos 0)2 - -  1)~}~=~-~1o~, = ~(r) 
r - l l o g r < O < =  

a n d  (3(r) ,,~ r-} as r - ~ - k  oo. 

L e m m a  4.2. If  the total variation of crab(O) in the interval (r-~, r-X log r) is 
V~ab, then 

l i m s u p Y ~ g 2 1 o g f i  /or f l> l .  
r--+-k co 

Proo]. F o r  0 ~: 0 (rood 2z~) 

' 0 --  3 sin 0 j-~ cos a ~ cos b fl d~ dfl 
gab( )--  (2z~)~ _ ( a - c o s ~ - c o s f l - c o s O ) ~  ' 

" 0  - - ' 0  so for  0 e <0, ~r) ] gab ( ) ] g gee () .  I n  this  range  we also have ,  f r o m  (2.12), 
0 < gab(O) ~goo(O), a n d  therefore  

, 1 0 ' ' 0 
= - ~ 0 o ( 0 ) ~ (  )l =< ~0o(0) [~a~(O)l ~[~oo()~o~(0) --~o(0) 

Thus  
r logr t 

Va~b = r -~ [ ~~ (0)[ d 0 =< 2 log {g00 (r-~)/goo (r -1 log r)} 

a n d  the  l e m m a  follows f r o m  (2.14). 
Proo] o/Theorem I I I .  Take  fi > 1 and  consider,  in the  n o t a t i o n  of  w 3, 

7t 
(4.3) Lamb = __1 S ~ a b ( 0 ) ~ a 0 . ~ i n  N~ 0 

~ 0  

Iqow sin N r 0/sin �89 0 for  0 
b y  L e m m a  4.1 

(4.4) 1 ~-uog~ ~vab(O)sinN~0~i~d0 < ~(r ) log  l o ~ r - - + 0  as r - + - F o o .  

Since ]Nr - -  r e / <  1 for  all r, 

] s in(Nr 0/re) - sin 0] = 2 [ co~ �89 (~,/r~ + 1) 0 ~in ~ ( ~ / r ~  --  1) 0[ 

<=2sin(O/2r~) for  0e(0 ,z~) ,  

a n d  in this  range  we also h a v e  

1 1 z 0  
0 ~< 2 ra sin (0 /2  r~) O- --< 48 r 2~ " 

I f f l = - l + ~  

~.~1 log ~ s in  N r  0 d ~ ~'~ log r 
o f ~ab(O)~__~---r-B o ~ qPab(O/ra) sin(NrO/ra)sin(O/2r~) dO 

e (0, 7~) is less in absolu te  va lue  t h a n  z~/O. Therefore ,  

Z, Wahrscheinlichkeitstheorie verw. Geb., Bd. 5 l 1 
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and  if  we write 

sin (~'r O/r~) __ sinO sin (Nr O/r~)- sinO 0 { 1 1~  
sin (0/2 r~) 0 -]- 2 r~ sin (0/2 r~) ~- sin . ~  (O/2r~) 

the  above  es t imates  show t h a t  

{ r - i l ~  �9 } 
(4.5) l im qOab(O) sin�89 - - -  2 f smO = O. ~ + ~  o cf~(O/r~) ~ 6 - d O  

Now take  any  R > 1 and recall t h a t  0 ~ ~ab(O) ~ 1 for all 0 (Corollary to 
L e m m a 2 . 1 1 )  and  t h a t  lira g)ab(O/r~) is 1 -  l /~  for fl > 1 and  0 > 0 [(3.1)]. 

r - - > +  oo 

Then,  b y  the theorem of  domina ted  convergence, 

/~ sin 0 l im f ~ a b ( O / r ~ ) ~ d O  = (1 - -  1 / f i )~  sinO dO 
~---> + oo 0 0 

and  since 

sin 0 j ' ~ d 0  1 
0 

7 ' } 
sm 0 1 (4.6) l im lim ~Oab(O/r~) - ~ - d 0  - -  ~ - ~ ( 1  - -  1/fi) 

R - - + +  co  r - ->  + co  

Since 

= 0 .  

sin 0 d 0 

i t  follows f rom the second mean  value t heo rem for funct ions of bounded  variat ion,  
[4, p. 570], t h a t  for  each R and all large enough r 

i~ 
cr l o g  r 

.[ q~ab(O/r~) dO <=2/R{~oa~(R/r~)+ V~ab} 

SO tha t ,  b y  L e m m a  4.],  
[ r e  l o g  r . 

Rf s i n  o (4.7) l im l im sup ~ab (O/r~) ~ d 0 = 9. 

I t  follows f rom (4.6) and  (4.7) t h a t  

r e log r sin 0 1 I 
(4.8) R~+~lim l im sup~_~+~ of q~ab(O/r~)~dO -- ~ a ( 1  - -  1/fi)l = O. 

Since the left  hand  side of  (4.8) is independent  of  R, (4.8) implies 

r e l o g  r sin 0 1 
(4.9) l im f q)ab(O/r~) ~ d 0  = ~ - ~ ( 1  - -  lift). 

r---> + oo 0 

This, toge ther  with (4.4) and (4.5), says t h a t  l im L~ab = 1 - -  1/fi so t h a t  (3.3) 
r - - > +  co  

holds for fl > 1. 
However ,  i f  fi =< 1 and s > O, O ='Q Lfl~ao = < Ll"Tao ~, whence 0 =< ]im inf  Lflab _~< 

r - + +  eo 

l im sup La~0 ~ e/(1 @ e) for  every  e > O, so t h a t  l im L~b = O, (3.3) holds for  
r - - ~ +  c~ r---z-+ co  

fl ~ 1, and  Theorem I I I  is established. 
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w 

A n  a l t e rna t ive  approach  to  th is  p rob lem is to  inves t iga te  the  t ime  a t  which 
the  r a n d o m  walk  first  h i t s  the  axis,  and  then  make  deduct ions  abou t  the  pos i t ion  
of the  first  hi t .  This  p r o g r a m m e  has  been  carr ied  out  b y  R I D L ~ - R o w ~  [6], and  
he shows t h a t  Theorem I I I  ac tua l ly  holds for a wide class of 3-dimensional  
r a n d o m  walks.  

I a m  gra teful  to  Professor  G. E. t I .  R~uT~R, who b rough t  th is  p rob l e m to  
m y  a t t en t i on  and  gave me  much  helpful  advice.  My thanks  are also due to  the  
D e p a r t m e n t  of  Scientific and  Indus t r i a l  Research  for the i r  f inancial  suppor t .  
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