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Summary. The countable state space of a Markov chain whose stationary transition proba-
bilities satisfy the continuity econdition (1.5) is compactified to get a state space on which the
corresponding processes can be made right continuous with left limits, and strongly Markovian.
There is a form of quasi left continuity, modified by the possible presence of branch points. Ex-
cessive functions are investigated.

1. Introduction

Let (pi;(.)) be a stationary Markov chain transition function and let p(.,.)
be a corresponding absolute probability function, both on the parameter interval
(0, o). That is

pit) 20, Dpyt)=1, pyls+it)= szk Prs ( (L1)
)

and

p(,) =0, Z ¢ =1, pls+1), ZPS@pu() (1.2)

z
Here the indices 7, j range through the set of integers and s, ¢ are strictly positive
real numbers. Then there is a Markov process {x(t), ¢ > 0} with state space the
set of integers, for which

(13) Pla(t) =i} =p(ti)
and, if p(s,7) > 0,
(1.4) Plx(s 4 1) = j|2(s) = ¢} = pi (t)
In the following we shall always accept the standard continuity condition
(1.5) lim p; () =1
>0

for all ¢, which implies that the functions py(.) and p(.,4) are continuous for
all 7, 7 and that
(1.6) plimz(t)=2(s), s>0.
i—s

In order to discuss sample function continuity and related properties of the
process the standard procedure is to apply the notion of separability (relative
to the closed sets). In the present context this means the following. Let K be a
compact Hausdorff space with a countable topological basis and suppose that
some countable dense subset is identified with the set of integers. That is, the new
state space K is a compactification of the set of integers. Then the x(f) process
described above is a process with state space K and there is accordingly a separable
standard modification of the process. The new process is a Markov process with
the same absolute probability and transition functions as the old process, as
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far as integral states are concerned. The most commonly used compactification
is the Alexandrov one (see [1] for example) in which the set of integers is given
the discrete topology and K is constructed by adjoining a single point co with the
usual conventions.

To get the chains under discussion into the context of modern Markov process
theory K should be chosen so that almost all sample functions of the separable
process can be made right continuous with left limits. In addition the process
should have the strong Markov property. To achieve the latter one must have
an extended version of the given transition matrix function, adapted to K. That
is one must have a transition probability p(t, &, dn) for ¢t > 0 (probability of a
transition from & into d# in time £) on K or at least on some subset Ky so large
that it supports the sample functions and their left limits, satisfying the Chapman
Kolmogorov equations, with p(t, 4, j) = py;(t) for ¢, j integers. It will be shown
how to define a state space K with the stated properties, and p(., ., j) (j an integer)
will be continuous on (0, co) X K. The process need not be a “Hunt process’, one
satisfying ‘hypothesis 4’, because of the possible existence of branch points. Note
also that one cannot expect to have p(., ., §) defined and continuous on (0, o) X K.

In fact if the transition functions were that smooth the series Z p(., .,7) would
j
converge uniformly to 1 on [1, 2] X K, by Dini’s theorem, whereas there is not

uniform convergence when the matrix (py(¢)) is the identity matrix for all ¢.

In discussing any theorem involving process separability the compactification
must be specified and for a given process quite different compactifications may
be appropriate for different purposes. Ray [6] treated a certain compactification.
His treatment was corrected and developed further by Kuxira and Watavasz [2]
and generalized by MEYER [4]. These authors studied more general state spaces
than countable ones and used semigroup methods. Their campactifications, like
that of NEVEU [5], who had a more specialized purpose, are essentially the same
and reduce to very nearly that of the present paper when the state space is
countable. WiLL1AMS [7] uses what is apparently an essentially different compactifi-
cation in which the sample functions do not have left limits. Caune [1] has the
most detailed treatment for countable state spaces using the Alexandrov one
point compactification of the state space (considered discrete). In the present
paper probabilistic rather than semigroup methods are used. The final process
on K is not obtained by first finding a transition function on K and using it to
define a process but by defining the process on K as a separable standard modifi-
cation of the given process whose state space has been identified with a dense
subset of K. Only countable state spaces are considered here but the method
is applicable more generally.

In the following sections if u, and y are measures of Borel subsets of a metric
space, lim g, = u will always mean that lim f fdpn = J' fdu for every bounded

n—> o0 n—>oo

continuous function on the space. We shall use the fact that if K, is a Borel
subset of a metric space K and if u, and y are supported by Ko then lim Un = @

. N—>r oo

in the sense of convergence of measures on Ky if and only if the limit relation
is true in the sense of convergence of measures on K. The ‘if’ follows from the
fact that if f is a bounded continuous function on Ky, f has both an upper semi-
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continuous and a lower semicontinuous bounded extension to K; the ‘only if’
is trivial.
Let Z ai; be a convergent series of positive terms and suppose that im a;; = a;

—>c0

and lim Z ayy = Z @;. Then we shall frequently use the fact (with a justification
t>00 §

containing the Words ‘uniform summability’) that Z ay; converges uniformly as ¢

varies and therefore that if sup |b;| < co then lim Z“W ;= Za, b;.
t—>00 §
For any func‘mon ¢(.) from the integers to the posmve reals we define

z q(7) for any set 4 of integers (or, if the set of integers is immersed in
jed
a metric space, for any Borel set 4). If f is a function on the integers (or on the

larger metric space) we define

= [im gldn) = 2,¢(5) 1)
7

2. Compactification of the Set of Integers
Define ry (o) for o> 0 by

(2.1) role) = o [ e py (8) dt = o [ e dm (t, 1, j)
0 0

where

(2.2) 7 (t,4,9) fpu

Let U be the class of functions ¢ ~ r;;(«) for fixed j, o with « rational and
strictly positive. Then ¢ ~ { (i), € U} maps the set of integers into the product
space K: [0,1] x [0,1] X -+-. This product space in one of the usual metrics
is compact. Let K be the closure in K of the image of the set of integers. If 7, k
go into the same point of kK,

[ et iy () dt = [ e~ pyy (t) dit
0 0

for all § and for every strictly positive rational .. There is therefore equality for
strictly positive real « and py;(f) = pgs(t) for all ¢ > 0. Hence ¢ = k because of
(1.5). That is we have mapped the set of integers univalently onto a dense subset
of the compact metric space K. The space K is the desired compactification and
the integers will be identified with their images in K. Since the coordinate functions
on K separate this space their restrictions to K separate K. Each such restriction
£~ rg(e) (4, o fixed, « rational) is a continuous extension of the corresponding
function ¢ ~rye). If §e K

23) |29 _ %@‘ - 11m/ e~ — ¢=t) pyy (1) d1 <+ — FO0<a<p)
—£p
for rational « and 8. Hence ¢ ~ ry(x) has a continuous extension to K for all
real strictly positive o.
Cruna [1] introduced a “fine’ topology on the integers. MEYER [4] introduced
a compactification of the integers (closely related to the one used in this paper)
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involving a topology whose restriction to the integers he showed to be CHUNG's
fine topology. We shall show that the restriction to the integers of of our K topology
is also CHUNG's fine topology. MEYER showed that for fixed j and strictly positive
t the function ¢ ~ py; (¢) is continuous in CHUNG’S fine topology. Our corresponding
result (see Theorem 5.3) is that if p(¥, ., §) is the extension to Ky of p.;(f), the
function (¢, &) ~ p(t, &, ) (fixed §) is continuous at each point (£, &) with ¢ > 0
and £ in K.

3. Sample Function Properties

Suppose that {x(t), t > 0} is an integer valued Markov process determined by
the given transition matrix function and some absolute probability function.
Then a trivial calculation derives the well known fact that for any integer § and
strictly positive o the process

(3.1) {em @ ram (), t> 0}

is a positive not necessarily separable supermartingale. We shall suppose frem
now on that the x(t) process, considered as a process with the state space K, has
been made separable by a standard modification. Since f(.) = r.;{(«) is continuous
on K, the supermartingale (3.1) is now separable. Therefore almost no sample
function of this supermartingale has an oscillatory discontinuity and almost every
sample function has a limit at 0. Since the countable class of functions f with «
rational separates K, almost every sample function of the x(t) process has right
limits on [0, oo) and left limits on (0, oo). In view of (1.6)

(3.2) Pa(t+)=z(@)=x(t—)} =1

for all ¢t > 0. Defining x(0) as 2(0+) and replacing x(t) by «(t-+) we have now
proved the following theorem, in which we use the standard convention that a
stochastic process is said to be right continuous [have left limits] if almost every
sample function has this property at all points.

Theorem 3.1. There is @ Markov process {x(t), ¢ = 0} with state space K, right
continuous with left limits, having the given lransition probability function and a
specified absolute probability function.

Note that z (0), unlike the other random variables of the process, is not necessar-
ily almost surely integer valued.

Define p(#, .) for t = 0 as the distribution on K of x(f), so that p(t, .) is
supported by the integers if ¢ > 0. If f is an arbitrary bounded function on K
the function p(., f):

b~ 220G = [f)pt.dy) (>0
7

is continuous (by a uniform summability argument). In particular this means
that the function ¢~ p(¢f, .) from (0, oo) into Borel measures on K is conti-
nuous. Actually in view of (3.2) and the definition of z(0) as z(0+),t~ p(t,.) is
even continuous on [0, co).

Throughout this paper we shall consider processes as given by Theorem 3.1.
For any such process, defined on a complete measure space by hypothesis, & (f)
will denote the smallest o-algebra of sets of the measure space containing the null
sets with respect to which z(s) is measurable for s = ¢ Going to a standard
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modification of the process does not change & (t). Hence CHUNG's theorem [I,
p. 166] that Z (f) = & (¢ 1) is applicable. A positive extended real valued random
variable 7 is called a stopping time if {z < ¢} is in F (f) for every ¢ and & (7) is
the ¢-algebra of sets whose intersection with {r <t} is in  (t) for all ¢.

4, The Support of Paths

If r(.), ®(.) are functions on (0, oo), [0, co), with #(0}) = 0 and 0 = 7(f)
— 7(s) <t — s for s < t, the transformation z ~ r defined by
(4.1) ri) =« [edtdn(l), a>0,

0

is a transformation with a single valued inverse, and in fact the inverse is contin-
uous in the sense that if n, ~ r, and if 7, — r pointwise then some 7z exists such
that 7z ~ r and 7, — 7 pointwise. We conclude that z(¢, ., j) defined by (2.2)
has a continuous extension (also denoted by 7 (L, ., §)) to K for every ¢, j because
7.;(2) has such an extension for every j, o. Moreover

4.2) reglo) = o [edm(t,£,7), £cK.
0
Define the lower semicontinuous function . (x) on K by
(4.3) re(o) = D regle) = o fe®d > a(t,&,9) .
7 0 i

Then 0 < re(e) =1 and re(a) = 1 if & is an integer.

Theorem 4.1, For eack & the function re(.) is monotone decreasing and is identi-
cally 1 if it is ever 1. In the latter case, and only then, Z wlt, & j)=tfor allt = 0.

The resolvent equation 1
(4.4) B—a) Z%‘j(ﬁ) Ty () = Bruc(e) — ara(B)
implies that ]
(4.5) (B — oD re () rie(0) < Prex(a) —arge(f) if o <p
and therefore that ?
(4.6) (B —a)re(B) = Bre(@) —ars(f) if a<p.

Hence r¢(.) is monotone decreasing. If this function is ever 1 it is clear from (4.3)
that zn(t, & j) =t for t = 0 which in turn implies that r¢(x) = 1 for « > 0,

i .
as was to be proved.
Define K as the set of those £ with r¢(.) = 1. Then if £ is in K, Z (¢, & )=t

7
for all . The set Ky includes the integers; it is a G subset of K because r.(a) is
lower semicontinuous. If (¢, £, .) is the Borel measure defined by j ~ z(t, £, §),
(see Section 1) we shall use the fact, which follows from a uniform summability
argument, that if f is a bounded function on the integers the restriction to Ko
of the function & ~ z 7(t, &, 9) f(j) (¢ fixed) is continuous. This fact implies that

7
the map & ~ n(, &, .) is continuous from K to the set of Borel measures on K.
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Lemma 4.2, Let {yj ), 0 < t << oo} be a positive right continuous supernmrtmgale
for i =1 and let y(t zy, L If ZE{yj (0)} < oo, the process {y(t), t = 0} is

a right continuous supermam‘mgale tmd the series of sample functions ZyJ

almost surely converges uniformly on [0, oo). d

k3
If m < » the process {Zy, ), t = 0} is a positive right continuous super-

martingale so by a standard inequality

k(3
(4.7) P{supzyj( >1/k}<kE{Zy,(O}<kZE{yj 0)}.
t m m
Then if m = my, is chosen so large that the last term in this inequality is < k-2
(4.8) P {sup Sut) = l/k} < k2
t mx

and, applying the Borel Cantelli lemma the asserted uniform convergence is
verified. The rest of the lemma follows trivially.

Theorem 4.3. Almost every path, together with its left Limits, of a process as
described in Theorem 3.1 lies in K.

The process
(4.9) {e=%ryp (@), t =0} = { > e trygia), £ =0

7

is the sum of positive right continuous supermartingales. According to Lemma 4.2
the sum process is then itself right continuous and for almost every sample
function, in view of the uniform convergence, any left limit at a point is the sum
of the corresponding left limits. Now the sum is e~** if and only if #(¢) has its
value in Kg. Since for fixed ¢ > 0 z(f) is almost surely an integer, the sum super-
martingale is almost surely identically et for strictly positive rational parameter
values and therefore almost surely identically e~«¢ for all { = 0. The left limits
of the sum, equal to the sums of the left limits for almost all sample functions,
are almost surely e~ simultaneously for all £. That is, z(¢) and x(¢—) are almost
surely in Ky simultaneously for all ¢, as was to be proved.

5. Extension of the Transition Funetions
If A is a Borel subset of K, the functions
nlt, . A), wt,  K—Ay=t—zn{t, ., A)
are both lower semicontinuous on Ko. Hence n(t, ., A) is continuous on K. Since
{m(., ), £€ K} is equicontinuous, the functlon 7(., ., 4) is continuous on
[0, oo) >< KO In particular the function (¢, &) ~ = (t, &, .) from [0, oo) X K into
Borel measures on K {or Ky) is continunous.
Theorem 5.1. For each & in Ko and integer §, 72(., &, j) has a continuous deriv-
ative (., &, 7) on (0, oo). If & is an integer, p(., &, j) = peg;i(t). Moreover

(5.1) p(é&,9) =0, Zpt&'“ ,
(5.2) p(s+1t &9 Zpsf Pt i,9) .

17 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd, 10
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If &1, &0 are points of Ko and if p(., &1, .) = p(., &2, .) then & = &;.

It will be shown that z(., &, j) even has a continuous derivative on [0, oo)
but we shall define p (0, &, §) not as 7' (0, &, 7) but as the value of a certain measure
p(0,&, ) for the singleton {j}. These two values will be shown to be equal
(Theorem 6.2).

We shall need an integrated version of the Chapman-Kolmogorov equations:

(5.3) a(s+1,E7) —at,&q) Zn Wypi(t), EeKo.

This equation is obviously true if £ is an integer, and is therefore true for any &
in K¢ by a continuity argument using uniform summability. Since (5.3) is satisfied,
it is known ([1], p. 204) from a general theorem on functional equations of this
form that n(., &, i) has a continuous derivative on [0, oo) and we denote this
derivative on (0, o0) by p(., &, ). According to the same reference (5.2) is true.
Since > m(t, &, j) = tfor £in Ko, > p(t, &, §) = 1 on (0, o), with equality (fixed £)

i i
for almost every ¢ (Lebesgue measure). There is equality everywhere because by
(5.2) the sum in question defines a monotone function. The last assertion of the
theorem is a consequence of the fact that if £ and & are points of K and if

7.} = 7g,.(.) then & = &s.

Theorem 5.2. The sequence {£,, n = 1} in Ko converges to the integer i if and
only if either of the following equivalent conditions is satisfied.

{a) There is a sequence {0n, n = 1} of strictly positive numbers such that

n—>o00 n—> o0

(b) For all t > 0 (equivalently for arbitrarily small strictly positive values of t)
and every integer j,

(5.5) limp(t, &n,j) = p(t.4,7) -
If (a) is satisfied,
(5.6) lim p(t, &n, §) = lim > p(dn, En, k) Pt — Ou, b, §) = p (L4, 1)
n—>00 n—so0 k

for t > 0 and every integer j. Hence lim 7, ;(«) == ry5(x) for all @ > 0, which

n—>00

implies that lim &, = ¢. Thus condition (a) implies the stronger of conditions (b)

n— 00
which in turn implies that lim &, == 7. Conversely lim &, = ¢ implies that
NnN—r 0

n—oo
for t = 0. Choose integers a; << ag <C -+ in such a way that

1/m
(5.7) ma(lfm, En, i) = m [ p(s, &n,4) ds = ma(lm,i,8) — lm = cp,
0

if n = a4, - Then lim ¢, = 1. For # satisfying a, < n <C ap+1 choose d, satisfying
n—>o0

0 < 8y < 1m, p(On, &n, 1) = cm to get a sequence satisfying (5.4). Finally (5.5)
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for t = #p and all § implies (5.5) for ¢ > ¢, and all j. Hence the weaker form of
(b) implies the stronger.

Theorem 5.2 implies that the restriction of the K topology to the integers is
CrHUNG’s fine topology referred to in Section 1. (See also MEYER [4].)

Theorem 5.3. The funciion p(., ., j) is continuous on (0, o) X K.
Integrating in (5.2) after interchanging s and ¢t we obtain
(58) T (8 + t’: §7 7) -7 (t,: E? 7) = p (tlﬂ 5: 7) T (81 j} 7)
I (', & — (t, ), (5.8) becomes
(5.9) (s -+t m, ) — 7, n,§) =limsap p (,§,7) 7 (s, 7, 7)
and therefore
(5.10) p(t,7,7) = lim sup p(', &, 7).

Applying (5.2), if s < ¢, p(s, &, /) <p (t',&,5) | p (' —s,7,7), 50 that if § < ¢
(5.11) [ (¢, &9) — (' — 6,& )]/ 0<p(t' & 7) sup, . s[p (s, 7.9) I
When (t',£) — (£, ) and then § — 0 this inequality yields

(5.12) Pt 5, 7)< him inf p (¢, &, 9),

and this inequality combined with (5.10) yields the theorem.

Note added in page proof. The proofs in the following sections do not use this theorem,
whose conclusion was strengthened from upper semicontinuity to continuity (following [5])
in page proof. Some proofs, for example that of Theorem 7.1, can now be simplified, using
p instead of 7.

6. Transition and Absolute Probability Funetions Near t = 0

An absolute probability function on K, is defined as a function ¢~ p(¢,.)
from (0, oo) into the space of probability measures on Ky such that

(6.1) pls+tA4)= [p(t.& A)p(s,dE), 0<s,t.

But according to (6.1) each of these measures is supported by the set of integers
and we have therefore not effectively enlarged the class of absolute probability
functions over that considered in Section 1. As explained in Sections 3 and 4 the
measure p(0, .) is defined by lim p(f, .) (convergence of measures on K) and is

>
supported by Ko. If & is in Ko, p(., &, .) is an absolute probability function and

it follows that lim p(f, £, .) exists in the sense of convergence of measures on K
>0

and is supported by Ko. We define p(0, &, .) as the limit measure. Then applying
the remarks in Section 3 on absolute probability functions, if f is a bounded
[bounded continuous] function on Ky the function t ~ f f)y o, & dy)=pEEf)
is continuous on (0, o) [[0, co)]. In particular for each £in Kq the mapt ~ p{t, £, .)
from [0, oo) into Borel measures on Ky is continuous.

Theorem 6.1. If & is in Ky, if p(., .) is an absolute probability function, and if
§ =0, t =0 then

(6.2) pls+4& )= [t ) pls. & dn)

17*
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and,
(6.3) pls+t )= [ptn .)plsdny).

If &1, &2 are points of Ko and if p(0,&1, .) = p(0, &2, .) then &1 =&o.

Since (6.2) is a special case of (6.3) we only consider the latter, which is already
known to be true when s and ¢ are strictly positive. If f is continuous on K, %(., f)
is continuous on [0, o). Eq. (6.3) can be written in the equivalent form

(6.4) p(s+t,7)= [pt,n,f)p(s, dn)
with f continuous on K. When ¢ —> 0 in (6.4) with s > 0 the resulting equation is
equivalent to (6.3) with s > 0, f = 0. We now use an integrated version of (6.4):

t
defining @ (s, ) = [p(s. ) ds,
0

(6.5) w(s+4f) —nls, i = [at,n ) dy).
When ¢ >0 and s —0 (6.5) yields

(6.6) n(t,f) =[xt nHp0Ody)),
which implies that

(6.7) pt.f)= [pt.n,HpO,dn),
and this equation is equivalent to (6.3) with s = 0, t > 0. When { — 0 in (6.7) the
equation becomes equivalent to (6.3) with s = ¢ = 0. Finally if p (¢, &1, .) = p (¢, &2,.)
when ¢t = 0 this equation will be true for all ¢ by (6.2); hence &; = &3 by Theorem
5.1.
For s =0, (6.3) states that every absolute probability function is an integral
average of those determined by the transition function.

If £ Ky and if p(0, £, &) < 1, & will be called a branch point. The set of
branch points will be denoted by K.

Theorem 6.2. Suppose that (t, ') € [0, 00) X K¢ and that (¢, (') — (0, ).

(a) If Le Ko — Kp then im p(t,{’, .) = p(0,{, .) in the sense of convergence
of measures on K.

(b) If (e Ko then

(6.8) lim p(t, ¢, §) = p(0, 4, j) = limsup p(¢, ', ) .

0

Suppose that (¢4, {x) — (0, ) with ¢, = 0 and £, { in K¢ and suppose also
that im p(¢,, {n, .) = p exists in the sense of convergence of measures on K.

n—o0

Integrating in (5.2) after interchanging s and ¢ we obtain

(6.9) n(s+ 660 —wt&9) = [alsn, ) p(,& dn).
Replacing (¢, &) by (tn, {s) we obtain, when # — oo,

(6.10) (5,8, 9) = [a(s,n,7) u(dn)

Summing over § we find that z 7 (s, 1, j) = s for u almost every  and therefore
that the sum is identically s for u almost every #. That is, u is supported by K.
Then (6.10) implies

(6.11) p:60) = o) pdy), s>0,
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and therefore, since lim p(s,n, .) = p(0, 5, .) in the sense of convergence of
>0
measures on K whenever # is in Ko,

(6.12) p(0,, A) = [p(0,n, 4) u(dn)

for every Borel set 4. To prove (a) suppose that { is in Ky — K} and choose
A = {{}. The left side of (6.12) becomes 1 and we conclude that p(o,#,{) = 1,
u almost everywhere. This is impossible unless u(l) = 1 according to the last
assertion of Theorem 6.1. Thus every limit measure p is supported by {{} and
therefore (a) is true. To prove (b) choose (¢, {,) with the additional condition
that lim p(¢y, {xn, ) exists and is the maximum of p(0,Z,7) and the superior

n—roo

limit in (6.8). (This may require that (¢,, {,) = (0, {) for large #.) The fact that
a singleton is a closed set implies that

(6.13) w(j) Zlim p(ta, Ln, g),
(6.12) implies that o

(6.14) 2(0,4,9) = p(j)
and (6.11) implies that

(6.15) limtint;p( ) =2 w().

According to these three relations

(6.16) 2(0,8,9) = p(j) 2 imsup p(t, ', 5) v p(0,4,9) >hmstu13p(t ,9)
= liminfp(t, £, 7) = p(j)
t—0

from which (6.8) follows at once.

7. The Strong Markov Property and Discontinuities at Stopping Times

Let {x(t), # (¢), ¢ = 0} be defined as in Sec‘mon 3. If #, is a o-algebra, V ,F,
denotes the smallest g-algebra containing every &

Theorem 7.1. The process {z(f), F (I), t = 0} has the strong Markov property
in the sense that if T is a stopping time, if A is a Borel subset of Ky, and if t = 0,

(7.1) P{r <oo,x(t+ 8 eA|F (1)} =p(t z(r), A)
almost everywhere where T << co. Moreover if {zn, % = 1} is an increasing sequence
of stopping times with limit v and if A and ¢ are as above,

(7.2) P{r<oo,z(v41)ed| VaF (ta)} =p(t,x(r —), 4)

almost everywhere on the set where T, << T < oo for all n.

Since the proof of the strong Markov property is standard except that p(., ., .)
is replaced by 7 (., ., .) in a few places, the proof is only sketched. We can assume
that 7 is bounded. Let {7, » = 1} be a decreasing sequence of discrete bounded
stopping times with limit v and let f be continuous on K. The usual argument
shows that if s > 0

(7.3) E{flz(r, + 9| F (1)} = p(s,2(z,) . )
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with probability 1 and it follows that

(7.4) B{f[x(v, + )| F (©)} = E{p(s,2(z,), ) | F (v)}
with probability 1. Then

(7.5) E{ff[x(r,’,+s)]ds|g—“<r} E{n(t,z(t,),f)| F (v
0
with probability 1. When » — oo this equation becomes
4
(7.6) E{ff[w(f + 8)]ds | 5"(7)} = E{n(t,2(x), )| F (1)} = =(t, z(v), f)
0

with probability 1, and on taking the derivative with respect to ¢ we obtain an
equation equivalent to (7.1), valid for ¢ = 0. To prove (7.2) we remark first that
(8.1) with ¢ = 0 is a right continuous supermartingale relative to the family of
o-algebras {&F (i), t = 0}. By a standard supermartingale stopping time theorem

(7.7) E{e0 1505 () | F (Ta)} S e79n1500,)5(@)

almost everywhere where 7, is finite. Here the obvious interpretation is to be
made when an exponent is — co. When n — oo we deduce

(7.8) E{e=%% 1,0 (@) | VaF (ta)} = €% 1,0, _y;()
almost everywhere on the set A where 1, << 7 < oo for all », that is
(79) E{11<oo7'x(1)9 [ \/n Tn } = To(z— )7( )

almost everywhere on /. Summing over § yields 1 on both sides because both
x(7) and x(tv —) have their values in Ky. There is therefore equality almost
everywhere on / in (7.9). The exceptional null set can be chosen to be independent
of « and j. Hence if { is bounded and continuous on K

(7.10) E{l,<°oocre—°‘sp(s,x dsl \ p F Tn)}-—ocfe*‘“p(s z(t—),f)ds
0

almost everywhere on /. When o — oo in (7.10) we obtain
(7.11) E{licp©0,2(x), /)| VaF (va)} = p(0,x(r —), /)

almost everywhere on /. Since this equation is true for f continuous and bounded
on Ky it is true for f Borel measurable and bounded on Ky. If £ = 0 is fixed and
f is replaced by p(t, ., f) (7.11) becomes the same equation with O replaced by ¢.
Finally if in this modification of (7.11) f is replaced by the indicator function of
a Borel set 4 and if (7.1) is applied we obtain the desired (7.2).

Eq. (7.1) implies that z(z -+ #) is almost surely integral valued when ¢ > 0,
and under this restriction on # the set 4 in (7.1) and (7.2) can be taken as an
integer singleton without loss of force.

According to the next theorem we can write () instead of x(v —) in (7.2)
when the value of z(t —) is not a branch point.

Theorem 7.2. (Quasi left continuity). If {Tn, n = 1} is an increasing sequence
of stopping times with limit v, (1) = x (v —) almost everywhere where T, << v < 00
for oll n and x(v —) is not & branch point.
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We can assume that 7 is finite valued (or replace 7 by 7 A ¢ and let ¢ — oo
later). Let A be the set of points where 7, < 7 for all » and where z(v—) is
not a branch point. According to (7.2) if f is continuous on K

(7.12) E{f[z()]| VaF (va)} = f[x(r —)]

almost everywhere on Ag. Then [f[x(7)] — f[z(r —)]]2 has integral 0 over Ay
for every f, and this fact implies that z(7) = z (v —) almost everywhere on A,
as was to be proved.

8. Branch Points
Lemma 8.1. The set Ky, of branch points is a Borel set and
(8.1) p(s, & Ky =0

for s 20, & in K.

The set Ky — Kp is the set of those points & in Ko for which f(£) = lim p(¢, &, f)
—0
for every function f continuous on K or equivalently for every fin a countable

dense subset of C'(K) (supremum norm). Hence K3 is a Borel set. If f is continuous
on K and if {z(t), ¢ = 0} is a process as in Theorem 3.1,

(8.2) flz(0)] = }mg E{flz®)]|x(0)} = thn(f)l p(tx(0), 1)

with probability 1. Thus if the absolute probability function of the process is
p(., &, .) for some & in Ky, f(n) = p(0, 7, f) (0, &, dn) almost everywhere. If
this result is applied to a sequence of functions f dense in C'(K) we find that
20, n,n) =1 for p(0, &, dn) almost every %, that is, (8.1) is true for s = 0.
Eq. (6.2) with ¢{ = 0 yields (8.1) for s > 0.

Lemma 8.2. If {x(t), Z (), t = 0} is a process as described in Section 3 and if
T 18 a stopping time, x(T) (on the set where T < oo ) is almost never in Ky.

This fact follows at once from (7.1) with ¢ = 0 and 4 = Kj, since the left side
has the value 1 almost everywhere where 7 <C oo and #(7) is in K, whereas the
right side is 0 when 7 <C oo according to the preceding lemma.

Theorem 8.3. If {x(f), F (), t = 0} is a process as described in Section 3,
almost no path meets Kp.

Let 0 be the probability that a path meets Kp. In the terminology of MEYER
[3, p. 157] the process is well measurable (since it is right continuous with left
limits). Hence according to a theorem of MEYER [3, p. 162] there is a stopping
time 7 such that x(7) lies in Kp when 7 < co, and P{7 < oo} = §/2. But then
according to Lemma 8.2, 7 = oo almost everywhere and it follows that § = 0,
as was to be proved.

9. Excessive Funetions

If f is a positive extended real valued function on the integers and if « = 0
the function « on Ky defined by

7

9.1) W) = [esp,& i =S res(e) ()l
0
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will be called the a-potential of f. The function u is lower semicontinuous. (The
second expression for u is of course valid only if « > 0.) Let u be a positive
extended real valued function defined either on the set of integers or on K,
satisfying

(9.2) u(@) 2 u(§) =e*p(t & u)

on its domain for some o = 0 and all £ > 0. Such a function will be called «-super-
median. If u is a-supermedian u; is also a-supermedian, that is for fixed &, u, ()

is monotone decreasing. Let ug = lim u;. Then u¢ < u, and if the two functions
—0
are identical u will be called a-excessive. If « is supermedian on either domain

and ¢ = 0, u; is x-excessive. If u is a-supermedian and if the domain is the set of
integers, u is necessarily «-excessive; if the domain is Ko, %9 = u on the integers.
In fact in either case if ¢ is an integer
(9.3) wp(2) = lim u(s) p(t, ¢, 49) = u (7).
t—0

If 4 is a-supermedian on K the restriction of u to the set of integers is a-excessive.
If two s-excessive functions on Ky are equal on the integers the functions are
identical. The limit of an increasing sequence of a-supermedian [x-excessive]
functions is «-supermedian [e-excessive].

If u is a-supermedian and ¢ > 0, define #@; on the domain of u by

(9.4) G (&) = fe—“sp s, &, u)dsft = 27‘57 () — e~ p(t, 7, u)jut,
0

where the last expression is valid if J'e-“sp (s,&,u)ds < oo, and where rg;(«)/a
0

is to be replaced by its defining integral if & = 0. Then 4; is «-excessive and
increases fo 19 when ¢ decreases to 0. Moreover m(f, ., j) is continuous on K
!

and it follows from integration by parts that J.e—“s p(s, ., j) ds is continuous on
0

K. It is now clear that 4; is lower semicontinuous for fixed ¢ and that therefore
ug, and accordingly every a-excessive function, is lower semicontinuous.

Theorem 9.1. If u is an a-supermedian functton on Ko and is lower semicontinuous
then uw = up on Ko — Kp.
Since u is lower semicontinuous

(9.5) ug (£) = 1111310 (t & u) =2 p(0,6,%).
I

If £ is not a branch point this inequality reduces to wg(£) = % (£€) and since the
reverse inequality is true the theorem is proved.

Theorem 9.2. If u and v are a-excessive functions on the integers, u A v is also.
If u and v are a-excessive functions on Ko, w A v is a-supermedian and coincides on
Ko — Ky with the a-excessive function (u A v)g.

If % and v are a-supermedian, 4 A v is also. Thus the first assertion of the
theorem is true. If the domain is Ko, % A v is a-supermedian and lower semi-
continuous. Hence u A v = (u A v)p on Ko — Kj by the preceding theorem.



Compactification of the Discrete State Space of a Markov Process 249

According to their definition «-excessive functions on Ky are determined by
their values on the integers. The following theorem exhibits this fact explicitly
and sharpens the lower semicontinuity property of these functions.

Theorem 9.3. Let u be an x-excessive function on K.

(a) For every & in Ko, u(&) = p(0, &, u).

(b) The restriction of u to Ko — Kp is continuous at each integer.

(€) If £ Ko — Ky, w{§) = lim inf u (i) (where 7 is restricted fo the integers).

i—>&

Note that (a) is trivial unless & is a branch point and that (c) is weaker than
(b) if £ is an integer.

The truth of (a) follows from
(9.6) p(0,&,u) =lim [e~*p(t, 5, u) p(0, &, dn) = lim p(t, £, u) = u(é).

—0 t—0

To prove (b) suppose first that « is bounded. Let ¢ be an integer and choose &,
in Ky in such a way that lim £, = 4, lim u(£,) = lim sup «(£). There is then a

n—oco n—>00 &1

sequence {0y, n = 1} satisfying (5.4) Moreover, as a glance at the proof of Theo-
rem 5.2 shows, d, can be chosen to make the sequence converge to 0 arbitrarily
fast. We can therefore suppose that d, is so small that

(9.7) u(En) < e p(On,&n,u) + 1n.

We conclude, using the boundedness of u, that

9.8) Jim sup w (£) = lim u () < (),
&1 n—>0c0

and therefore that u is upper semicontinuous at . Since w is lower semicontinuous,
u must be continuous at ¢. If « is not bounded and if m is a positive integer the
restrictions to Ko — Kp of u A m and of the bounded «-excessive function (u A m)g
are identical, according to Theorem 9.2. Hence the restriction to Ky — Kj of
u A m and therefore also that of u are continuous at each integer. In proving (c)
we can suppose that & is not an integer, because otherwise (c) is weaker than (b),
and let m4 be the infimum of  on the set of integers in an open set A containing &.
Then

(9.9) u(§) = th%l u(§) = ltiI%MAp(t, £, 4)=my

and this inequality combined with the lower semicontinuity of # implies the
truth of (e).

Theorem 9.4. An a-excessive function on the integers is continuous.

The proof of Theorem 9.3 (b) is applicable, with a simplification in the un-
bounded case made possible by the fact that if u is x-excessive on the integers
% A m is also, for m a positive constant.

If » is an «-excessive function on the integers, and if %’ is defined as u on the
integers, as oo elsewhere on Ky, u’ is a-supermedian and ug is therefore a function
which is an «-excessive extension of u to Kp. Such an extension is trivially unique.

If 4 is an a-excessive function on the integers, {u A m, m = 1} is an increasing
sequence of bounded «-excessive functions with limit «. If % is an «-excessive
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function on Ko, {(u A m)o, m = 1} is an increasing sequence of a-excessive
functions, with limit » because the limit is equal to % on the integers. When ¢ > 0
the next theorem strengthens this remark because the a-potential of a positive
function f is a-excessive, and is bounded if f is bounded and if & > 0.

Theorem 9.5. If o« > 0 an a-excessive funciion is the limit of an increasing
sequence of o-potentials of positive bounded functions.

We treat only the case when the domain of the given function is Ky. The
truth of the theorem when the domain is the set of integers then follows trivially.
If u is a bounded and «-supermedian function on Kg, 4; is the a-potential of the
bounded function [u — e~*tp(t, ., u)]/t, and if u is a-excessive #; increases to «
when ¢ —> 0. If  is not bounded let m be a positive integer and define u (" as the
«-supermedian function u A m. Then 4{7) is an «-excessive function,

1/m
(9.10) W (€) =m [e®5p(s, &, u nm)ds,
0

and the sequence {z‘cm, m = 1} is a monotone increasing sequence of potentials
of bounded functions. The limit of the sequence is at most % and at least

1jn
(9.11) ]imnfe—“é'p(s, E u nm)ds = d1/n(£)
m—>oo 0
for every positive integer n. The limit is therefore u and the proof of the theorem
is complete.

Theorem 9.6. If u is an a-excessive function on Ky, the ul[x(f)] process is right
continuous with left limits for any x(t) process as described in Theorem 3.1.

t
Suppose first that u is bounded. The sum > [esp(s, ., ) ds is a sum of
70

continuous functions on Ky (for fixed ¢) with a continuous limit. Hence (uniform
summability) 4 is continuous as well as a-excessive on K. For such a function u,
{e~ot gs[x(f)], ¢ =0} is therefore a right continuous supermartingale which in-
creases when s — 0 to {e~*u[z(f)], ¢ = 0} and, by a theorem of MEYER [3] the
latter process must therefore also be right continuous. This process is therefore a
separable supermartingale and as such has left limits. If » is not bounded, {(u A m}o
is bounded, o-excessive and equal to « A m on Ko — Kp, for m a positive integer.
Since the (w A m)g [z (f)] process is right continuous with left limits and since
almost no x(¢) process sample path meets a branch point, the (v A m) [x(f)]
process must also be right continuous with left limits, for every m, and therefore
the u[x ()] process is also right continuous with left limits, as was to be proved.

This section, which does not pretend to completeness, shows that the compli-
cations in the study of «-excessive functions created by the possible presence of
branch points are not serious.

10. Example
Under the hypothesis (1.5), p;;(0) = g < oo (if i = §) and p;;(0) = —g; = —oo
exist. Define ¢;; = 0. Suppose that, for all 7, ¢; = Z qii << oo, and to avoid trivi-

i
alities suppose that, for all 4, ¢; is strictly positive. Then (g4/g;) is a stochastic



Compactification of the Discrete State Space of a Markov Provess 251

matrix. If some initial distribution on the integers is specified and a corresponding
stochastic process is defined, using the given transition function, separable for
the Alexandrov compactification, the sample functions almost all have successive
jumps, the transitions at the jumps being governed by the above stochastic
matrix, at times i, 72, ... . Let 7 = lim 7, and suppose that 7 is almost surely

H—> 0o
finite, to make the sample function analysis more interesting. Then x (v —) need
not exist. If however the compactification studied in this paper is used, z (7 —)
exists almost surely for a process as described in Theorem 3.1, and the distribution
of z(t) relative to \/ ,% (14) is p(0, x(r—), .). If the value of (v —) is not a
branch point, xz(7) and x(r —) are almost surely equal. Suppose that there is a
distribution x4 on the integers such that, regardless of the past before time 7,
x(7) has the distribution g. Then almost surely p(0, z(z —), .) = u(.). According
to the last assertion of Theorem 6.1 two different values of & in K, give different
measures p(0, &, .). Hence the distribution of z(r —) must be supported by a
singleton {£}. In other words the limit x(7 —) is the same point & for almost all
paths, no matter what the jump matrix (¢;;/g;) is. If £ is not a branch point, 2 (1)
and z(z —) are almost surely equal, from which we conclude that & is an integer
and p (&) = 1. Thus unless u is supported by a singleton the unique limit & must
be a branch point. In the Martin compactification of the set of integers, as deter-
mined by the jump matrix, it is still true that the limit x = lim x(t,) exists almost

B> CO

surely, as a point of the Martin boundary in this context, but this compactification
and therefore the properties of # depend only on the jump matrix and not on the
character of the process after time 7. If in the preceding discussion y is allowed
to depend on the value of x on the Martin boundary and is never supported by
a singleton, a process is obtained for which, roughly, to each possible value of «
corresponds a branch point of K, and different points of the Martin boundary
correspond to different branch points if and only if the corresponding choices of
w are different.

References
1. Couwe, K. L.: Markov chains with stationary transition probabilities. 2nd ed. Berlin-
Heidelberg-New York: Springer 1967.
. Kunira, H., and T. WATANABE: Some theorems concerning resolvents over locally compact
spaces. Proc. Fifth Berkeley Sympos. math. Statist. Probability IT Part 2, 131—164,

o

1967.
3. MevYER, P. A.: Probability and potentials. Waltham: Blaisdell Publishing Co. 1966.
4. — Compactifications associées & une résolvante. Séminaire de Probabilités II in Lecture

Notes in Math. Vol. 51, 175—199. Berlin-Heidelberg-New York: Springer 1968.
5. NEvEv, J.: Sur les états d’entrée et les états fictifs d’un processus de Markov. Ann. Inst.
Henri Poincaré 17, 323—337 (1961/2).
6. Ray, D.: Resolvents, transition functions, and strongly Markovian processes. Ann. of.
Math., IT. Ser. 70, 43—72 (1959).
7. WiLriams, Davip: Local time at fictitious states. Bull. Amer. math. Soc. 73, 542544
(1967).
Prof. J. L. Doos
University of Illinois
Dept. of Mathematics
Urbana, Illinois 61801, USA



