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1. Introduction 

Let X 1 . . . . .  XN... be an i.i.d, sequence of random variables, with continuous 
distribution function F(x), and let Y1, -.., YN be another sequence of independent 
random variables with right continuous distribution functions 
Gl(x ) . . . . .  GN(x ) .... We suppose that {Xi} and {Yi} are mutually independent. 

Let 

Z~ = min {X i, Y~} and ~i = [X~ < Y~J i = 1, 2 . . . .  

([AJ denotes the indicator of the event A). 

As it is well known, for this problem the F*(x) product limit estimator of Kap- 
lan Meier [6J is maximum likelihood estimator. For i.i.d. Y/-s it was recently 
proved [3J, that if F(x) is continuous and G(TF)<I where TF= {sup x; F(x)<l}  
then 

Pt sup 111  
\ - o o  <x<+oo 

The case of variable censoring (i.e. Y/'s have different distributions) was dis- 
cussed in [2]. 

Let P(Zi<x)=Hi(x),  F ( x ) = l - F ( x )  and define CJi(x ), Hi(x)(=F(x)Gi(x)) 
similarly. Denote 

N N 

MN(0 = ~ [Zk>tJ ,  m,v(t)=E(MN(t))=F(O ~, Gk(t), 
k=l  k--1 

N 

G(N, t)= ~ Gk(t ). 
k=l  
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96 A. F61des 

Recently Gill [5] proved that sup [F*(u)-F(u)[~+O if M,v(t)~-*+co and 
c~ <u<=t 

F(t-)< 1 (where v '  denotes stochastic convergence). 

We shall prove the following 

Theorem 1. Suppose that F is continuous and 

7hen 

log N 
G(N, TF) -" O. . (1.2) 

( ( /jog  (1.3) 
e -~sup+~olS*(u)-f(u)l=~ \V G(N, T y !  " 

Remark. To get a better insight into the meaning of the theorem, denote by 
1 N 

~=lGi(t) the average of the censoring distributions. Then condition 

(1.2) implies that TF< TG( m for all but finitely many N (in particular Tv< oe). 
Theorem 1 can also be stated as 

lim ]/1 - G(m(TF) 
N ~ o o  

]~ lo~N sup [Fff (u) - F(u)l < K 
- o o  < u < + o o  

a . s . .  

Consequently if lim G(m(TF)<I then the rate is O ( ~ g N / N ) ,  if not, then the 
N ~ c o  

] / 1 -  G(N)(TF) factor worsen this rate. 

Corollary l, Suppose that F(t) is continuous in ( - co ,  t], and logN/G(N,t)-*O, 
then 

P (  sup IFff(u)-F(u)l=O(]~ OgN ] ] = 1 .  

Corollary 2, If  F(t) is continuous and lim(G(N, TF)/N~)=a>O, for any 0<c~__<l, 

then 

P (  sup IF~*(u)-f(u)l=O logN =1. 

Our technic is similar to the paper [3]. Theorem 1 gives a much stronger 
result under less restrictive conditions than the above mentioned theorem in 
[2]. It is important to emphasize that in course of proving Theorem 1 we need 
some theorems on strong uniform behaviour of empirical distributions of non- 
identically distributed random variables, which seems to be new. 
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2. Definitions, notations 

In what follows we list some more  notations. 

fi,(t)=[Zr 6~=l] i = 1 , 2  . . . . .  (2.1) 
N N 

Bs(t  ) = ~ fl~(t), bN(t) =E(BN(t))= ~, i G~(u-) dF(u), (2.2) 
i = 1  i = 1  - - c o  

zN(co ) = max {Zj(co)}. (2.3) 
j_<N 

The definition of the product  limit est imator F~*(t) (in case of cont inuous F), 
and its' modification F~ ~ (t) are the following 

if* (t) = \MN(Zj) + 1 ) 

J ~ ( M N ( Z J ) + I ~  ~J(t) eo(t):[;_, w.(z,);> 

if t_-< rN(co) 

if t >zN(o)), 

if t <L~(co) 

if t >zN(o).  

3. Uniform Properties of Empirical Distribution 
of Nonidentically Distributed Random Variables 

Our basic tool is the following exponential bound (see Petrov [7] p. 52). 

Lemma 3.1. Let 41 . . . . .  IN be a sequence of independent random variables. S u 
u 

= ~ ~. Suppose that there exist 2> 22 . . . . .  ),N and U positive real numbers such 
i = i  

that 

E(e.r 
N 

Let A = ~ 2 k. Then 
k = l  

k = l , 2  . . . . .  N for O<uGU.  

P(S N > x) < exp - ~ -  

P ( l S N ] > x ) < - _ 2 e x p { - 7 }  if 

if O < x < A U ,  

if x> AU, 

if O<_x<AU, 

x > A U .  

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 
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Remark 3.2. Let {0(i}~~ be a sequence of independent Bernoulli variables P(cq 
N 

= 1) = a~, P(cq = 0) = 1 - a~. Let A N ~ a~. Denote ~ = E({i) = 0, i = 1, 2, = i ~  " "  
i=1  

E(eUr (3.6) 
if only 

] u ~il = ]u(~ ai)l <�89 

As Io~i-ail<<_l and E(r E(eUr if 0<u=<�89 Using 
the notations of Lemma 3.1 we got 

U - z  -2 ,  )~i~2ai i = 1 , 2  . . . .  A>2A N. (3.7) 

In what follows we prove some uniform properties of M,v(u ). (Though we 
use the same MN(u ) notation here as in the rest of the paper for the empirical 
of Z~=min(X,  Y~), in these 2 theorems we do not suppose anything about the 
minimum structure of Z, {Z~} are independent but non-identically distributed.) 

Theorem2. (i) / f  _ _ 2  <e<l/~N(t) ,  and mN(t)>l then 
]/~N(t) 

P (  sup MN(u)--mN(u) >e)__<4Nexp{-2 7e2}. (3.81 
\ -  oo < u  <__t m ~ N ( U )  

log N 
(ii) If  - - - , 0 ,  then 

raN(t) 
/ = O(lo]/io~)) 1. (3.9) P / sup I - - =  = 
\-oo <u =<t I ]/mTN(u) 

Proof. For fixed N and t let --O0=Uo<Ul<...<Uk(N)=t be a partition of 
(-- 0% t] such that 

6N(i)=mN(u i 1)--mN(uF)<l i=1 ,2  . . . . .  k(N), and k ( N ) < N - 1  (3.10) 

(mN(u) is right continuous, hence mN(u )=raN(u+)). 

Since m~(u) is monotone decreasing and raN(-oo)=N, such partition always 
exists. 

�9 sup 

k(N)( / ~ ~ - 6 , v ( i )  ) 
<i~=,~P( IMN(ui ')--mN(ui 1)[> 2 

/ 

In the last line of (3.11) we used the monotonicity of Ms(u ) and ms(u ). 
(3.11) 
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2 
Let = < ~ <  ml/~N(t ). Under condition (i) on 

VmN(t) 

o < ~ ~  )-~N(i) <-~N(2u~ )<m~(u~ 1). 
We estimate both terms of (3.11) by Lemma 3.1. Using (3.7) and condition (i) 

P(IMN(ui-1)-mN(ui-1)l>~~)-~N(i) 

+ P([MN(uF)-mN(uF)I>~~-~ ' ( i )  

 4ex { 
4"4'mN(Ui ~) J -  2~,,~Nwi_~)j ' 

From mN(t)>l follows that 2mn(uF)>mN(ui_l) hence mN(ui- ) > 1  Con- 
sequently mN(ui 1) =2" 

P /  sup i - -  >5 <k(N).4.exp{-2-7~2}+2exp - ~  

_<_4N exp{-  2-  7 e 2} 

which proves (i). 

Leting eN=291/2Vi~gN , we obtain, that if (log N/mN(t))~O, then (3.9) holds 
by Borel-Cantelli. [] 

Theorem 3. Suppose that for the point t, raN(t)>2. Then for an arbitrary 2>2,  

P(\ . . . .  sup <=t MN(U)mN(U)>2t-<N e x p { - 2 - 4  ( 1 - 2 ) ]  _ raN(t)}. (3.12) 

Proof For fixed N and t let - ~ = U o < U  1 <. . .  <uaN)=t be the same partition 
of ( -  oo, t] as in Theorem 2. As both mN(u ) and MN(U ) are monotone decreas- 
ing 

P( _ 

--<E P > 2  +P( mN(t)>2~ 
i= 1 \ MN(U:~) \MN(t) "]' 

p (m~(~_ 1) > ~) ~(u~_ 

-P(~(~-') mN(u~-)>M~(u/-)-m~(~-)) 
=p(mN(uF)_MN(uF)>mN(u~ ) mN(ui 1)) 

2 " 
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By condition raN(t)>2 and (3.10) we get that 2mN(ui_O<3mN(U~). Hence as 
2>2,  

m~(uF) ms(Ui-1) >m,j(uF) (1--3)> rns(uF)()~-l) 
2 = 22 " 

Consequently 

(mt,,(ui 1) > 2) <-P / mu(u[) (2 -1 )  
P \ ~  - t mN(uc)-MN(ui-)> 22 

{ { } m2(u/ - ) (2-1)2-exp  - 2  -4 1 - ~  m~(uF) 
< exp 422.4mN(u7) 

<exp - 2  -~ 1 - ~  m~(t) 

where we applied again Lemma 3.1 and (3.7). It is easy to see by a similar but 
somewhat simpler argument, that 

P(~>)~)<=exp{-2-2(1-~)2mN(t)} �9 

Being k(N)<N-1, (3.12) follows. [] 
This theorem is a generalization of Lemma 1 of Wellner [10], which deals 

with i.i.d.r.v.-s. 

4. L e m m a s  

Suppose throughout the rest that F is continuous. 

L e m m a  4.1. 

1 
sup lF~(u)-F~ S +l)2dBN(u) �9 (4.1) . . . .  <=3 - ~o ( M N ( u )  

Proof. The same as Lemma 2.2. in [3]. Let 

u 1 
Ru(u )=_~u( s )dBN(s ) ,  and R(u)=_i~o l~dbs(S)mN(s) . (4.2) 

Observe that for u < T F 

" 1 
R(u)-=- 2 ~(s) dbN(s) = _i~o uUv,'G'}N'S;!s) rts ) dF(s)= - log F(u). (4.3) 

By Taylor expansion, as in [3] (formulae (2.1)-(2.3), (2.9)-(2.10)) we get that 

I/~ (u) - f ( u ) l  _-< IP~ (u) - f ~  + Ilog F~ + RN(U)I 

+ F ( u ) I R N ( u )  - R(u)l + �89 F(u) exp IRN(u ) -- R(u) l- I RN(u) -- R(u)l 2. 
(4.4) 
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Observe that 

-i RN(u)-R(u)- 1 dBN(s) i 1 
0o MN(s) - co ~ dbN(s) 

= _ ~  MN(S ) m~(s) dBN(s)+_ m~v(s) d(BN(S)--bN(S)). (4.5) 

Suppose that = l ~  +0 (hence T F is finite), and consider the following se- 
G(N, Tr) 

quence of points: T 1, T 2 . . . . .  TN... defined by the equation 

_ 1 /  l ogN 
F(TN) = V G ( N ,  TF)' (4.6) 

(This sequence is well-defined if N > N* by the above condition.) 

Lemma 4.2. I f  T N is defined by (4.6) and (1.2) holds then for almost all co there 
exists an No(o ) such that if N > No(cO ) then 

1 2 
-< for all u<-_T N. (4.7) 

MN(U)=mN(~ 

Proof We apply Theorem 3 for the points T s (N < N*). 
By condition (1.2) we may choose an N 1 (independent from co) such that for 

N > N  1 G(N, TF)>2161ogN. Then for N > N  1 

F 1 /  log N mN(TN)=G(N, TN) (TN)= V - G ~  ' G(N, TN)>-I]/iogNG(N, TF)>281ogN - = 

hence the condition of Theorem 3 is satisfied. Leting 2--2, the result follows by 
standard Borel-Cantelli argument. [] 

Lemma 4.3. I f  T s is defined by (4.6) and (1.2) holds then for almost all co there 
exists an No(o) ) such that, if N >= No(co ) then 

sup Ms(U)----raN(U) < < - ~ N .  (4.8) 
- - e ~  ~ - -  

Proof Apply Theorem2 with e N = ~ N .  (As in Lemma4.2 it's easy to 
check that the conditions of Theorem 2 holds if N is big enough.) [] 

Lemma 4.4. Suppose that (1.2) holds, T s is defined by (4.6) and let 1 <-~ <-2 ar- 
bitrary. 

Then for almost all o) there exists an No(co ) such that, for N > No(o) ), 

~- ~ ~  (4.9) sup d(BN(U) - bN(u)) = (mN(y)).(2~- 1) 
-- oo <= t <~ T oo 

for any T< T N. 
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Proof. We prove  the s ta tement  in two steps. At first we give an exponent ia l  
bound  for fix t and then est imate the sup in ( -  or, T]. First  observe, that  

Moreove r  

u 1 ,v 
(4.10) 

" 1 N Gr(s-) d f (s)  = E dbN(S)= .~ N ~ ~ �9 
, = ~  _oo F, ~q~(s) i= ,  u k ( z )  

k = l  k = l  

Hence  in t roducing the nota t ions  

fij(u) and ~*(u):~j(u)-E(~j(u)) ,  (4.11) 
N a 

u 1 N 
j~m~N(s) d(BN(s)-bN(s)) = Z ~*(u) (4.12) 

j = l  

where ~ * ( u ) j = l  . . . . .  N are independent  nonidentical ly distr ibuted zero mean  
/ \ N 

r a n d o m  variables.  At first we est imate the probabi l i ty  P [ [ ~ * ( t ) ] > e }  by L e m -  
\ 1  ! 

m a  3.1 and then we est imate P sup I ~*( t ) l>e  . Using the e lementary  
inequali ty - o~ <~=<, 

x 2 1 
e X < - l + x + ~  if ] x [ < -  

- = 2 '  

E(e "r < E(1 + u ~* (t) + u 2 ~* 2 (t)) = 1 + u 2 E(~* 2 (t)) __< e "2 E(r ) 

if 
lu ~*(t)[ <�89 (4.13) 

Observe  that  for t__< T 

/~j(t) < /~(T) 
0 < ~ ( t ) =  N ~ =  N ~' 

k - 1  k 1 

(4.14) 

Moreover ,  if Zj<=T then f i j ( T ) < l  and I~k(Zj)>I~k(T ). On the other  hand  if 
Z~ > T then flj(T)= 0. Consequent ly  

1 1 O<=~j(t)~= ( ~_ lqk(T))~ (mN(T))~ for any t < T .  

k - 1  

Hence  (4.13) valid if 0 <_ u < ( ( ~'mN'T"~. 
2 
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For any t < T we have 

N N 
E(~*2(t))~ ~ E(~(t)) 

j= i  j= i  

=jEIE ((k~=l~Zj))2a)-- ((k~l~k(Zj)) 2~] 
N 

1 8j(s-) 
< 

k - 1  k = l  

1 =< _ } G(N, s-) 
dF(s) 

(G(N, T)) 2~-~ _ co f 2 ~  G ~ ,  s) 

dF(s) 

= ( 2 ~ - I ) ( G ( N ,  T)) 2= i a--1  1 

1 1 
-(G(N, T) F(T)) 2~ 1 (mv(T))2~-l' 

Hence using the notations of Lemma 3.1, with 

b (mN(T)y iv 2 
- , A =  ~, 2j-  U A = I  

2 j= 1 (mN(T))2~- i ,  

we have for any 0<e_<l  and any t<T 

P(j~I ~ef(t) > e ) < 2 e x p {  82(mN(g))2~ 1}. 

To estimate the supremum in ( -  oo, T) observe that 

~/s(t)= ~ {j(t)= dBN(u), lN(t) = E E({j(t))= dbN(u ) 
j = 1 - -  oo r a N ( U )  j = 1 

are both monotone nondecreasing functions of t. Suppose that mN(T )> 1 then 

1N(t)<llogF(t)[. (As by mN(T)>I, 1<c(<2,  /v(t)= i 

+ 

1 t 1 

db~v(t)=llogF(t)].} For  a fix 0 < e < l  consider a partition of the interval 
% 

/ 

( -  0% T) - oo = u o < u 1 ... < uL(~) = T such that 

l 8 N(U~)--IN(u,_I)<~ i = 1 , 2  . . . . .  L(0 and L(O< 3Jl~ ~-1 (4.14) 
g 
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Since/N(t) is continuous such a partition easily can be constructed. If 

< e  e 
]riN(ui_l)--lN(Ui_l)l= 3 and IrlN(uF)--lN(uz)l<- 

~ 3 '  

then by the monotonicity of nN(t ) and/iv(t) and (4.14) for any u~ < t <ui+ ~, 

It/N(t ) - IN(t)l = ~ + 2~ = e. 

Consequently, if sup ]rlN(t)-(-logff(t))[>e then for some O<_i<L(O 
--oo <t<= T 

8 8 
I r I N ( u i ) - - l N ( u i ) l  > 3  or  ]r/N(U/- ) --IN(Ui) [ > 7 "  

Thus we have 1 that if mN(T ) > 1 

P sup Lm~N(s)dBN(s)-i ~ d b N ( s ) > e  
- oo <t< T - oo raNtS )  I 

_-< 2 .2L(0  exp 4.32 J 

_-<4( -3ll~ 4-1) exp{ 82m~-1'T';36 J" (4.15, 

Consider now the sequence T N defined by (4.6). Observe that 

T " /  l ogN > ms(TN)=d(N ' T~)ff(TN)=d(N , lv)V-d~,~)=1/logN d(N , Te)>I (4.16) 

if N>NI(>N*) by (1.2). 
Consequently for any T<T s, mN(T)>I,  if N>N1. Thus (4.15) is valid for 

any T< TN, if N > N~. 

] /4 .36  log N 
Let eS=(mN(r))~(2~_l). Then for any T< T N 

22- 1 

\ eN = \ eN 1/4-361ogN 

ifN>N2(>N1) (as mu(t)<=N for any t, G(N, T)<N, for any T, ~<2,  and by the 
definition of T N ]log ff(TN)l < log N, if N is big enough). Consequently for any 
T=< T N we have 

N>N2 \ - o o < t < T  _ 

< ~ N e e x p { - 4 1 o g N } < +  ~ 
N>=N2 

which proves our statement. [] 

1 A similar but weaker inequality is proved in [4] 
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Lemma 4.5. /f  T~ is defined by (4.6), 1 < r  arbitrary, and (1.2) holds, then for 
almost all ~o there exists an N*(co) such that for N >  N*(co) 

Proof. 

i 1 2 - - d B x ( u ) < _  for any T<- T N. 
co m~(u) - ( ~ -  1) m~- I(T) 

_ ~ mN(u ) _ ~ m~N(U) _ co m)(u) 
(4.17) 

i 1 . . . . .  12 I ~ N  1 
_ ~ m~x(u} a.Ntu ) ~ m - - ( ~ l )  F (~_ 1) m)- I(T) 

< 1 (1412 I ~ N ~  
=(cr 1) m)- l ( r)  m~T)  4 ]" 

By condition (1.2) there exists an N6 ~ (>No) such that if N > N *  then 

1 2 ~  
< 1, which proves the Lemma. [] 

mN(r)~ = 

Proof of Theorem 1. First observe that 

sup ]F~*(u)-F(u)]< sup ]f~(u)-F(u)l+ sup IF*(u)-F(u)] 
- - m  < u  < - -  oO - -o0 < U ~ T N  T N < U < + O O  

__< sup ]F~*(u)-F(u)l+ sup ]/e*(u)-F(u)]< sup ]G~(u)-F(u)] 
-- oO <u<= T N  T N  <--u < + oO ~ <u<= T N  

+]Y~(TN)--f(TN)t+F(TN)<2 sup I f*(u)-- f (u)[+f(ru)  
co <u<= T N  

as both /~* and F are monotone nonincreasing. By the definition of T N it's 
enough to consider 

sup IF2(u)-f(u)l. 
co < u ~  T N  

Using Lemma 4.1 and applying the same argument for (4.4) which was used in 
[-3J (Lemma 2.2, (2.7) in Lemma 2.3, and Lemma 2.5) we get that under con- 
ditions (1.2) if, 

sup IRN(u)--R(u)I<} a.s., (5.1) 
- -o0 <u<-- T N  

The first term of (4.17) can be estimated by Lemma 4.4. On the other hand 

7" 1 dbN(u) = i - ~ u ) )  m}(u) (F d e ( u )  
- o o  c~ 

1 T 1 

< _ [ dF(u) 
=(G(N, r )y  -1 J~o F~'(u) 

1 1 
=(G(N,T))~_,(c~_I)F~_I(T ) (c~_l)m}_l(T). (4.18) 

From (4.17), (4.18) and Lemma 4.4 for almost all co there exists an N0(m ) 
(>N*) such that for N>No(o~ ), for any T<T~ 



1 0 6  A .  F 6 1 d e s  

then 
T~, 1 

sup IF*(u)-F(u)[<=4 L ~N(s) dBN(s) 
v~ < u <  T;v 

+2 sup F(u) IRN(u)-R(u)l 
- o a < u < T N  

From Lemma 4.2 and Lemma 4.5 follows that 

a.s.. (5.2) 

~(s )  dBw(s)~22 ~ dBN(s)=O <O - a.s. 
. . . .  raN(s) = logN~(N,  TF) 

(5.3) 
as by (4.16) 

m~(T~)>/IogNC~(N, TF), if N>NI(>=N*). 

Considering the difference IRN(u)--R(u)I apply Lemma 4.2, 4.3 and 4.5 with 
-23- for the first term of (4.5) and for the second term apply Lemma 4.4 with c~ 
= 1. Then for any u < T N 

IRN(u)-e(u)l < i 2 IMN(s)--mu(s)) I dBN(s) + 
= _ ~ m~(~) sup 

- ~ < t < u  
_Lm~d(BN(s)-bN(S)) 

" 1  )~o&d(BN(s)_bN(s)) < 2 ~  ~ ~ d B N ( s ) +  sup 
_ co < t < U  

<23 1/29 l o ~  1 1 2 ~ = O  ( ] f i o g N  ~ (5.4) - l/mN~) I- ]~N(u) \1/ ms(u)/ a.s.. 
Hence by (4.16) 

sup IRN(u)-R(u)I=O(]/l~ l<_O((-l~ /+t 
. . . .  <=r~ \V mN(TN)/-- \\G(N, Tv)] ] a.s.. (5.5) 

Hence (5.1) holds if N>N 1. 
From (5.2), (5.3), (5.5) 

sup IF~(u)-F(u)l<_O( 1 ) (]fi~gN 
. . . .  <_r~ -- ]/logN-~(N, TF) +_oo<.<=r~sup F(u) O ~V ~N(u)]I 

(~1 1 ) ( ] /  log N (~/ 1 ) 
<0 ogNG(N, Tv) + sup F(u)O ~<0 logNG(N, Tr) . . . .  <r,~ \F F(u)G(N,u)! = 

t ( , ) + sup F ] / ~ O  <O + 0  
~<,<=TN \V G(N,u)! = ]~ogN~(N,T~ \P G(N, TF)! 

i]/log  
=0 \1/ G(N, Tr)/ a.s. 

and the theorem follows. [] 
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Remark i. From our proof it is clear that we may give a concrete bound in- 
stead of using the O symbol. But this bound would be very crude. 

Remark2. Corollary 1 easily follows from Theorem 1. For this it's enough to 
observe that all of the lemmas and statements are valid for ( -  o% t] using con- 
ditions of the corollary instead of the conditions of Theorem 1. 

Remark 3. Corollary2 covers the i.i.d, censoring case (c~= 1) and gives slightly 
weaker result then (1.1). 
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