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Existence of Optimal Stochastic Controls
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Institut fiir Okonometrie und Operations Research, Adenauer Allee 24-42, D-5300 Bonn

Summary. This paper treats the problem of existence of optimal controls in
partially observable systems whose dynamics are described by a nonlinear
stochastic differential equation. The technique applied is based on weak
convergence of probability measures and on the construction of stochasti-
cally equivalent processes.

1. Introduction

This paper concerns the control of a system whose dynamics are governed by
the nonlinear stochastic differential equation

dx=f(t,x,u(t,x))dt+a(t,x)dw, O0Zt=T, (1.1
with initial condition
x(0)=x,. (1.2)

Here w is an r-dimensional Brownian motion, f and ¢ are r-vector valued and
r x r-matrix valued nonanticipating functions, respectively, and the control u is a
function whose value at time ¢t may depend at most on specified information
about the past of x(*) up to time t. The control is to be chosen so as to
minimize the expected cost

J(x, u)=E{?l(t, x, u(t, x))dt}—i—E{g(x)}. (1.3)

Existence results for this type of problems involve heavily the information
pattern available to the controller. The techniques based on the Girsanov
measure transformation method (cf. [1, 5]) seem to work only in the case of
complete information about the past.

Here we use a method applied by Kushner (cf. [6]), which is based on weak
convergence of probability measures, and extend it to the case of partial
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observation. The underlying concept of solution to (1.1), (1.2) is that of weak
solutions (cf. [7]), which takes into account only the distributions of the
processes involved.

The results that will be obtained in this paper require only mild regularity
assumptions about the drift f(t, x,u). In particular, Roxin’s condition (which
requires the convexity of the velocity sets f (¢, x, %), % being the space of control
points) is not needed here. Moreover, a fairly large class of information patterns
is covered. However, this is at the price of a more restrictive class of control laws
to be admitted.

2. Assumptions and Formulation of the Problem

The following notations and assumptions will be used throughout.

Ck =space of R*valued continuous functions on [0, T] with the sup-norm
topology.

% = g-algebra on C% induced by the continuous functions on (0,¢] for 0<t < T;
ie. @ is the c-algebra generated by all sets of the form {&: &(s)el’}, where
0<s=t, I' is an arbitrary Borel set in IR* and ¢ denotes the generic element of
Ct.

In the sequel, r, [ and m are positive integers, and ¢, # and { denote the generic
elements of C%, C' and C%, respectively.

(Al) Let ¢: Ch— C% be a continuous function satisfying ¢~ (%)=%; for all
te[0, T.

@ is the ‘observation function’, which means that ¢(x) (s), 0 <s =t, represents the

information available on the process x at time z. The measurability condition

expresses that this information comprises at most the past of x(+) prior to . It is

equivalent to requiring that the process @(&)(f), 0=t<T in C% be adapted to

(%/). Let us give some examples of information patterns fitting our assumption.
1) Only certain components of the system process x can be observed:

@({)=¢;,  where {=(&), &)

2) Delayed observation:

(&) (t)=£¢(t—1), where t is some fixed delay time and the convention &(s)
=£(0) for negative values of s is adapted.

3) @) (t)=6f &(s)ds.

The choice of C%. as sample space for the observed process is not crucial. For
instance, one might alternatively take the space of piecewise constant functions
with jumps occuring at specified times ¢,,¢,,.... This would allow for obser-
vation taking place only at discrete times.

(A2) Let #%:[0,T]x C,—R™ be a continuous point-to-set mapping (with
respect to the Hausdorff metric) assigning to each pair (¢,#) a closed set %(t,n)
in R™
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Denote by %, some measurable set containing all the sets %(t, 1), and by %, and
B4, the Borel g-algebras on [0, T] and %,, respectively.

(A3) Let f:[0,T]x Cyx%,—R" be measurable with respect to the g-algebra
BrRCrQ By, For each pair (t,u)e[0, T] x %, let the function f(t, -, u) be E;-
measurable, and for each te[0, T] let f(z, -, ) be continuous.

(A4) Leto:[0,T]x C% —rxr-matrices be measurable with respect to # Q€.
For each te[0, T, let o(t,*) be continuous and %;-measurable.

{AS) Let I: [0, T]x Cyx%,—~IR be a nonnegative function measurable with
respect to B, @6 ® AB,,. For each pair (,u)e[0, T] x %, let I(t, *,u) be 4 -
measurable, and for each t€[0, T let I(z, «, ) be continuous.

(A6) g: C;—IR is continuous and bounded.

Let us now make precise what we understand by an admissible control law.
To make clear the principal ideas, we shall first deal with the case where only
controls with continuous trajectories are admitted. The general case of measur-
able controls is postponed to Sect. 4.

A function u: [0, T]x C;, —IR™ is called an admissible control if it satisfies
the following set of assumptions (i)~(vi).

(i) u(-,meCq for all neCh.
There exists a process x(t), 0=t < T, defined on some probability space (Q, #, P),
with continuous trajectories, such that the following conditions are fulfilled.

(i) x(0) has the prescribed distribution Fj,.

(iii) For every p>0 there is a continuous function r,: [0, p1—>R*, r,(0)=0,
such that for all 0Zt<T

Nl my—ul-, ) =l —n'll)

for all n,n'eZ=cl(p(x(Q)) satisfying ||#—#'|,<p. Here |+], denotes the sup-
norm on [0, t].

Example. r,(z)=K ,|z|*, >0 (local Holder condition). In particular, (iii) means
that u(s, n)=u(s,n’) for all 0<s=<t if 5, =#; (with , denoting the restriction of
to [0, 7]). As a consequence, the process u(z, 1), 0=t < T, defined on % is adapted
to (), the g-algebra induced on # by (fg’) Since the trajectories are continuous,
it follows that u(-, -): [0, T] x #Z —R™ is measurable with respect to B, ® %~

(iv) ult,n)ed(t,ny for all yek, te0, T1.
(v) There exists an r-dimensional Brownian motion (w(t), %), 0<t<T, on

(@, #,P) such that x(t) is nonanticipative with respect to (%) and the Ito
equation

x(H)=x,+ jt f(5, %, uls, p(x)) ds + f o (s, x) dw(s) (2.1
0 0

holds with probability one for all 0t < T,
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Remark. It is easily seen that the process u(t, ¢(x)), 0<t< T is adapted to (Z,).
The process x will be called a solution of (2.1) corresponding to the control u.

(vi) There is a constant K such that, uniformly in 0Lt <t+A<T,

1+ 4

a) E [ [f(s,xu(s, o(x))lds* <K4%,
; ‘
E(J; LS (s, %, u(s, p(x)|* ds < K;

T
b) E | [Z(s, x)|*ds<K,
4]
where 2 =00;
T
¢) E [ |I(s, x, u(s, p(x))I* ds < K;
o]

d) Elu0,o(x)*<K, Elu(t+4, ¢(x)—u(t, p(x)I> <K4%

Note that the functions 7, in (iii) as well as the constant K in (vi) are assumed to
be the same for all admissible w.

Let .o/ denote the class of admissible controls. A rigorous formulation of the
control problem can now be given:

minimize

P) J{x,u)=E {f I, x, u(t, p(x)) dt}—f—E{g(x)}

in the class o/ of admissible controls u and
corresponding solutions X.

By virtue of (A5) and (A6) J=inf{J(x, u): ue.oZ, x solution corresponding to u}

is finite.

3. Existence of Optimal Controls

Every ue/ defines a function U: C\.— C% by setting U{n) (t)=u(t,#). If x is a
solution corresponding to u, then the mapping V=U(p(x(+))): Q- C} is
measurable with respect to % by virtue of (iii).

Define functions

F@)={ f(s,x,u(s, p(x)))ds, B()=] a(s, x)dw(s), (3.1

and

B(1)=(x(1), F(1), B(1), V(1)- (3.2)
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The process @ is adapted to (£,) with paths in S=C3" x C7. It induces on the
Borel field of S a probability measure Q by

QA)=Fy(A)=P[PeA].

Let & denote the class of all probability measures generated in this way with u
ranging in /. Then condition (vi) implies that & is tight (cf. [2], p.95), hence
every sequence in # contains a weakly convergent subsequence. The verification
of the moment condition (12.51) in [2] is non-trivial only for the B-component
of @. By Satz1.3.6 in [5]

t+4 4

[ ols,x)dw(s)

t

E{B(t+4)—B@)|*=E

t+4

<6r74-Y E | of(s,x)ds,
ix
and by Holder’s inequality
t+ 4 1/2

T 12 T
E | ahdss4'? [Efaigkds] <42 [Ele]“ds] ,
t o] 0

whence
E|B(t+A)—B(0)|*<6r* K¥? 4312, (3.3)
The following lemma shows that £ is weakly closed.

Lemmal. Let u,, n=1,2,..., be a sequence of admissible controls with cor-
responding solutions x, defined on probability spaces (Q,, Z,, E). Let Q, denote the
probability measures induced on S, i.e. Q,=(R),, , where @, is defined by (3.1), (3.2)
with x=x,, u=u,, and suppose that Q, —Q, weakly, where Q, is a probability
measure on S. Then there exists a sequence 1, n=0,1,2, ..., of admissible controls
with corresponding solutions X,, all defined on the same probability space (Q, &, P),
such that

0, n=0,12,..,

©
I

P

i

and
&, —»b, P-ae
in the topology of S (&, is defined analogously to ).

Proof. In the first step, we shall use a modification of Skorokod’s proof of his
lemma ([9], p.10) to construct processes @, in such a way that the fourth
(= control-) component can be factorized via the first (=state-) component (cf.
(3.9)).

Since S is a complete separable metric space, we can find Borel sets S; ;.
in S as well as subintervals A, . if [0,1], left open and right closed, for all
natural numbers k,i,,i,,...,4, n=1,2, ..., with the properties required in [9]. For
the reader’s convenience, we repeat them here.



206 N. Christopeit

Assumptions about S,

102,000 K"

LS, 5 .nand S, ;. . are disjoint for i =i,.
a o0
2. U Sl'uiz,---,ik—nik:Siuiz,---,ik-1; U SL:S
ir=1 i=1
3. The diameter of S, , does not exceed 27%.

i1,12,
4. For every i,,1i,, ...,ik,

QO(aSil,iz,u.,ik)zoa
where 04 denotes the topological boundary of A.

Assumptions about Aﬁ'l‘)u Lo =12,

LAP, . and Af’:)lz . are disjoint for i, =#1i.

2. The 1nterva1 A, s 18 to the left of the interval AL, . ifi;=i; for j<r
and i, <i, for some r.

3. The length of the interval 4%, . is equal to Q,(S; ., . ;).

Note that the intervals 4{"”; , satisfy the same relation as is required form
the §;, ;, . ; in condition 2.

Next, choose points

ZET?iz,,..,i =P, (0, . DS, i (3.4)
(with o, . eQ), if possible, and set

Fe(@)=z", . for ded™ .. (3.5)

Since the choice (3.4) is possible whenever Q,(S;, ;, ;) is positive, and Aﬁf)lz i
=0 when Q,(S;, ;, . ;)=0, & is defined on the whole interval [0,1]=0 and is
obviously Borel measurable

Now consider the random functions @* obtained by direct application of

Skorokhod’s technique, which differ from the above functions by the fact that in

(3.4) points z; ; €S, . . are chosen independently of n:
@)=z, ;, ;. for a)eAf’f)u "

Then, as is shown in [9], the limits
&, (®)=lim dY®), n=1,2,...,
and
(@)= lim &, (®) (3.6)

exist a.e.; moreover,
Q,=5, n=012... (3.7

But since, for ®ed®,; both &5(&) and (&) lie in S, it is easily

(1502, ey i?
established that

1502, 00y iK?

&, (@)= lim §¥(@) ae, n=1,2,.... (3.8)

k— o
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To proceed, write

SE=(xk, B B, VF, &, =(%,,F,B,, V)

By construction ((3.4) and (3.5)) and by the continuity properties of U, and ¢
V(@)= lim V(@)

k=

= lim U, (¢ (%())) (3:9)

k—

=U(o(X, (@)

for almost every @. Morevoer,

@(%,(Q) =cl(p(x,(2,).

Now proceed in the same way as in [6]. The mapping

G(&O=] f(s,&L(s)ds

being measurable on its domain in C% x C7. for each t, F,(t)=G,(x,, U,(¢(x,), n
=1,2, ..., together with (3.7) implies

E (0= ff(s, X,s (5, 9(X,))) ds (3.10)

a.e. for each ¢, and by continuity this holds for all ¢ with probability one.
Further, B,(t), 0t <7, is a continuous vector-valued martingal with respect to
(Z,(t) = (a{x (s), B,(s), 0=s<t}) with quadratic variation

t
=[Z(s,%,) ds
0

for all n=0,1,2,.... Hence there exist Brownian motions (W,(t), Z(1)) on the
(possibly augmented) probability space (Q, #, P) such that both ¥ (1) and B, (1),
0=t <T, are adapted to (#,(t)) and
t
B, ()= o(s, %,) dW,(s). (.11)
0

Now it is easy to see that for n=1,2, ...

£,(0)=%,(0)+F,(t)+ B,(¢)
i ' (3.12)
=X,(0)+ g 18, %, u,(s, (X)) ds+ g o(s, X,) AW, (s)

holds for all ¢ with probability one. This means that %, is a solution of (2.1)
corresponding to the admissible control 4,=u,, n=1,2,... (the tightness con-
dition (vi) is easily verified by measurability arguments in connection with (3.7)).
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It remains to show that we can find a function &,: [0, T] x C}—R™ such
that

Vo(@)=Up((Zo(@)) = o, 9(%,(@) (3.13)

holds for almost every & and i, is an admissible control with X, as a
corresponding solution.
To this end, define a function U, on ¢(%,(€)) by setting

Uo=7o(@) for o(Z(®)=n. (3.14)

We have to make sure that the definition is unambiguous. This will follow from
a more general result. For n=¢(X,(w)), ' = @(X,(®')) and arbitrary re[0, T we
obtain the estimate

100 ()= T ()= V(@) — Vo (@),
< Po(@) = V@), + 1 Un(1,) — Ul
+ V(@) = V(@)
=2e+7,(Im =l

where p is any positive number such that ||y —#'||,<p as well as |ln,— 7|, <p for
all n large enough, with 5,= @ (X, (®)), n,= @(X,(&")). (To account for those & for
which @, (®)+®,(®), suppose that the &,, n=0, 1, ..., have been redefined on
this nuliset to ensure convergence.) Now, since |y,—#,l,—~ln—1"|,, it follows
from the continuity of r, that

IUo() = Uo) =26+ 1, (In—1'11);

since this estimate holds for arbitrary £>0, we find that

0o = Usmll =, (I —1'll2)

for all n, '€ p(X,(2)) such that |y —7'll,<p. In particular this means that U, is
uniquely defined by (3.14) and #,(¢, )= U, (n) (t) satisfies the admissibility con-

dition (iii) if extended to cl(¢(%,(£2))) by continuity. Furthermore, with  and #,
as above,

flo(t, )= V(@) (1)
= lim 7,(@) (1)
= lim U,(n,) (1)-
Since U,(n,) (t)e%(t,n,) and n,—n, i,(t, n)e(t, ) follows from (A2).
Next let us show that (vi) is satisfied. Writing f,(s, ®)=f (s, X (D),
i, (s, (X, (@), n=0,1,2, ..., it follows from (3.6) and (A3) that

fa= oo LP=1f17 Pxigae (3.15)
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(A7 =Lebesgue measure on [0, T]), hence the second relation in (vi) a) follows
from Fatow’s lemma. To show the first relation, observe that the f, are uniformly
integrable and thus

t+4 t+4 - - .
§Aflds— [ folds in L(Q &, P).
t t

Then, for a subsequence (n') (),

(T 11| ds)2—> (}A ol ds) Poac.

Fatouw’s lemma completes the proof. The proof of the other conditions b)-d)
follows the same arguments. Furthermore, it follows from

1 t
E@={f,ds—{ fods in L(Q %,P)
¢} [
for all ¢ and (3.6) that
=] fods P-ae. (3.16)
4]

for all ¢, and by continuity (3.16) holds for all ¢ with probability one. Hence, by
(3.12), (3.6), (3.11) and (3.16),

xo(t):io(o)“'ﬁo(t) +§o(f)
=%,(0) +Cj) S5, %o, ig(s, @(R))) ds+ § (s, %o) dW(s)

holds for all 0<¢< T with probability one.

This completes the proof of the Lemma.

The following theorem gives the existence result for the case of continuous
controls.

Theorem 1. Assume that conditions (A1)~(A6) are satisfied and that the class o/ of
admissible controls is nonvoid. Then there exists an optimal admissible control in
o

Proof. Consider a minimizing sequence (4,, x,) of admissible controls u, and
corresponding solutions x,, i.e. J(x,,u,) —J. Then, in the notation of Lemmal
the sequence Q,=(R), of measures induced on § is tight, and we can extract a
subsequence - indexed equally by n in the sequel - converging to some Q,e2.
Passing to the equivalent processes &,

E, jl(s, Xy (S, @ (X)) Xos (5, (X)) ds

O‘-—;H

T
since the mapping (&, {) —>j I(s, &, {(s)) ds from C"x C™ to R is measurable. Since

the sequence (-, %,,4,(", (p(x ))) is uniformly integrable and converges P x A,-
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a.c. to I(, %y, iy(*, (X)),
g 5, %, i, ( (x,,)))ds—>E£l(s,io,ﬁo(s,tp(fco))) ds

Finally, since g is continuous and bounded,

E,{g(x,)} =E{g(%,)} - E{g(%,)}-
Hence,

J(xn: un):J(im an) _-)J('%07 ﬁO):f

4. The Case of Measurable Controls

The situation becomes more complex when the admissible controls are allowed
to have paths in I{[0, T] instead of C7%. Let us first look at the obvious changes
to be made in the definition of admissibility. T'o begin with, (i) has to be replaced
by

(@) u(+,m)eln[0,T] forall neCi.

(iii) can be overtaken in the above form if the symbol | - |, on the left hand
side of the inequality is interpreted as the restriction of the I [0 TJ-norm to
[0, 1], ie.

Ioll= [ lv(s)l ds.
0

Let us refer to this modification of (iii) as condition (iii’). To see what measur-
ability properties are implied by (iii") consider the functions

uy(t, 1) % j" u(s,n) ds (4.1)

defined for all neC%, te[0,T] and h>0 (put u(s,n)=0 for s<0). Then
uh( " ’7)6 Crln"
Lemma 2. If u satisfies (iii'), then u, satisfies (iii) (with r,/h).
Proof. For 0=s=t, n,n'eR, In—n'|l,<p,
fu (s, 1) —uay (s, 77') é ¥ luGr,my—u(r, )l dr
s—h

= ”u(.a 1’])—11(‘, n/)Ht

sorln—11)

o= I
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It~ follows that the restriction of the process u,(t,*), 0=t<T to # is adapted to
(%)) and measurable for every h>0. Take a sequence A, \.0. Then

u(t,n)=1lim u, (t,7)
for every n and for almost every t (cf. [8]). The exceptional set E={(t, n)e[0, T]
X R u, (t,n)+u(t, )} is measurable with respect to %’T®‘§’T, and its t-sections
are measurable with respect to €, since they are just those sets where u, (*,*)
and u, (t, ), respectively, do not converge. Hence, by redefining u on E, we can
find a modification of u which is %, ® %;-measurable and adapted to (%).

(iv) has to be changed in that the relation u(f, 7)e U(t, #) is required to hold
only a.e. in t.

Finally, we have to replace (vi) by a suitable tightness criterion in L,. To
this end, define the Steklow functions

t+h

vh(t)=ﬂ _jh v(s)ds

for vel’}, h>0 (put v(s)=0 for s<0 and s> T). Then a sufficient condition for a
subset 4 of Li[0, T'] to be relatively compact is the following:

a) sup o] <oo;
veA

b) lim sup |Jv, —v| =0,

hN\O ved

where || - || =]l || denotes the I} [0, T]-norm (cf. [107). This yields the following
condition for tightness in I%:

Lemma 3. A sequence (B) of probability measures on (the Borel field of ) I [0, T]
is tight if the following conditions are fulfilled:
a) For every ¢>0 there exists a number M such that

P{v: |v|>M}<e  for all n;
b) For every ¢>0, 6>0, there exists an h>0 such that
B{v: v, —v] 26} <
for all n and all 0<h' <h.

Lemma 3 simply transforms the concept of tightness in L7 by substituting for
relative compactness the above characterization. Its proof is analogous to the if-
part of the proof of Theorem 8.2 in [2].

For a sequence of random functions V,: Q— %' tightness means tightness of
the measures induced on L7 ; hence a) and b) take on the form

a) PL|V,|>M]=e (ie. the sequence (||V,]|) is tight on the line);
b) PLI(V) =Vl 28] =e.

! The ¥, may be defined on different probability spaces. For simplicity we omitt the index n
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By Cebysev’s inequality we obtain the following tightness condition to be
required from an admissible L7-control u and its corresponding solution x:

(vi) d) There exist a constant K and a positive function r(h), decreasing
monotonically to 0 as A\0, such that, uniformly in u and x,

Ellu(-, o(x))| =K and
Eflu, (-, o(x)—u(+, o(x)| £r(h) for h>0.

This is to be substituted for (v1) d), a)-c) remaining unchanged. The class &/’ of
admissible controls now consists of all functions u satisfying the modified set of
assumptions (i)~(vi).

Now, proceeding as in Chap. 3, we can define functions U: C4,— I [0, T] by
Um(Hy=Tu(-,n] (the -equivalence class of u(-,%), V=Ulex{(*)):
Q—I7[0,T] and a measurable function &: @—>S=C3 L3[0,T] as in (3.2).
Then the proof of Lemma 1 carries over to the L, -case in its essential parts.
Only the verification of conditions (vi) and (v) for the equivalent processes
(@,%,), n=0,1,2, ..., turns out to be somewhat more involved. In principle,
however, it runs along the same lines as the corresponding part in the proof of
Lemma 1, making use of certain measurability and continuity properties of
mappings of the type

(x, ) —>f h(z, x,v(1))dt

defined on some domain in C,x %, and whose application to the functions f
and [ require the additional assumption of joint continuity. For the technical
details cf. [3].

With the help of the properties just mentioned, the proof of Theorem 1, too,
carries over to the case of L,-controls.

Theorem 2. Suppose that conditions (A1)~(A6) are satisfied and that, in addition,
f(t, x,u) and 1(t, x, u) are jointly continuous in (t, x, u). I the class o/’ of admissible
controls is nonvoid, then there exists an optimal control in .

Remark. It should be clear that the proof of the weak compactness of 2’ (or &)
remains valid if the tightness criterion (vi’}d) {or (vi)d)) is replaced by some
other condition (C) which is sufficient for tightness, provided the resulting class
2, of admissible controls has the following closedness properties:

1) If uess. with corresponding solution x, then, for any distributionally
equivalent pair (%, ), ii( -, ¢(%)) satisfies (C).

2) If u,es/, with corresponding solutions x, and x,—-x in Cg,
u, (> e(x,)—u(*, p(x)) in L, a.e, then u(-, ¢(x)) satisfies (C).

Finally, let us remark that the methods used here are easily extended to
include control of the diffusion term (cf. [3]).
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