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Summary. A non-commutative analogue of the central limit theorem and the
weak law of large numbers has been derived, the analogues of integrable
functions being non-commutative polynomials. Without the assumption of
positivity higher central limit theorems hold which have no analogy in the
classical probabilistic case. The treatment includes this classical case and the
convergence to so-called “quasi-free states” in the quantum mechanics of
bosons [3, 4].

The second author wants to thank the Canadian National Research Council for
his stay at the Universite de Montréal where most of this paper was written.

This paper took its origin from the work of Hepp and Lieb [1] on the laser.
There a central limit theorem for stochastic quantities in quantum physics has
been derived. The subject of this paper is to generalize Hepp’s and Lieb’s
approach and to bring it into a more abstract frame. The paper covers the
algebraic but not the by far more difficult analytical content of Cushen and
Hudson’s work [2] on the quantum mechanical central limit theorem.

In order to perform the transition to non-commutativity one considers
measures not as functionals on continuous functions or as set functions but as
functionals on polynomials. Assume a probability measure u on R such that all
moments exist. Then u defines linear a functional /i on the algebra 4 of all
polynomials in d indeterminates by

A(P)= u(dx) P(x).

It is well known that in general u is not completely determined by fi. But this
does not matter to us here. We want now to formulate the central limit theorem
in an algebraic way for functionals on polynomials.

In the central limit theorem one considers usually a product space, e.g. (R%)¥
for large N, the product measure u®¥(dx!,...,dxM)=pu(dx?)... u(dx¥) on (RY”.
One assumes that u is a probability measure on IR? such that the first moments
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{ x,u(dx)=0 for i=1,...,d, x=(x4, ..., x,). One is interested in the behaviour of
functions of

xM=xt 4. 4 xY

where x/=(x{,...,xJ) is the coordinate in the j-th factor in (R%". The central
limit theorem asserts that for any suitable f: R~ IR,
[du®f Y/ N) = [goldx)f(x) (N 0)

where g,(dx) is the Gaussian measure on IR? with the covariance matrix Q,

Q= I u(dx)x;X;.

Let us formulate this theorem in an algebraic way. We consider the tensor
product B®V and the functional A®¥ on it

APN (P @ - @R)=A(P) ... AR).
Set
xM=x@1@ @+ +1® - ®1®x;.

Then the central limit theorem induces

AN (PMYN, .., x81)/N)) = 8o (P)

for any polynomial Pe$. There P(x{V-N~%, ..., x{.N—*%) denotes the poly-
nomial in PV which arises by replacing x; by xV-N—%, i=1,...,d. From this
formulation one gets by casy transition to more general cases.

We consider an associative algebra U with unity over a field K and a family
(a));c; of elements of 9 and a K-linear functional w: W — K with w(l)=1. We
consider A®Y with the usual multiplication and the functional @®": A®N > K
defined by w®"(f,®---®fy)=w(f}) ... w(fy) and define

M =0,Q1Q Q1+ +1Q- @1 ®aeA®Y.

The easiest way to formulate non-commutative polynomials is to introduce free
algebras. Let § be the free algebra generated by x;, iel and let Pe and b,, icl
be a family of some elements of an algebra. Then by P(b;) we understand the
polynomial in the b; which arises by replacing the x; in P by the b;.

Let Q be a function I°— K. Then a Gaussian functional y, on & order s with
covariance matrix Q is defined by y,(1)=1,

Yo(Xi1y -+ Xig) =0,  if k cannot be divided by s,

VQ(xi(l) xi(s)) :Qi(l), o i(s)?

PolXiqty -+ Xips) = ) Qusy -+~ Qis,y
{St, 0, Sp}ePs(1, ...y PS)
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where &, is the set of all partitions {S,,...,5,} of {1,..., ps} with # §;=s for k
=1,..,p. IS, ={j,....Js} and j; <j, <---<J, then Q;5, =0y, . itjo- From the
monomials y, is defined on § by linear extension.

If P, Qc@, we denote the commutator by [P,Q]1=PQ—QP. The free Lie
algebra § € generated by x; can be considered as a K-linear subspace of §. It is
spanned by x;, [x;,x.], [[x,x0,x], [x, [x.x;1],.... We are now able to
formulate our results.

Theorem 1. Let w(ay ), w(a;q,a:2y), @Gy ... a5 1y)=0 for all i(1),...,i(s—1)el
and 1 £s< oo fixed. Then for N — 0

PN (P(af" - N~ 119) = (P)

where Y, is the Gaussian functional on § of order s with the covariance matrix Q,
oa(), ..., is)= OXyqy --- xi(s)).

Theorem 2. The functional y, vanishes on the two-sided ideal generated by the
elements of the form

P— yQ(P) 1
where P runs through all homogeneous polynomials of degree s in FL.

Before proving the theorems we want to discuss them, especially the charac-
ter of y,.

1) s=1. This is the generalization of the weak law of large numbers. The
matrix @ is one-dimensional and defined by Q,=w(x;) and 7yo(x;1)-.. X))
:Qi(l)"'Qi(h):w(xi(l)) w(xi(h))' So VQ(P)ZP(CU(X:'))-

2) s=2, K=R, U is commutative and Q is symmetric and positive. This is
the classical case. By Theorem 2 one gets that § might be divided without harm
by the ideal generated by the commutators x;x, —x;x; and this is the polynomial
algebra B in the commuting indeterminates, say again xy, ..., x,. One has by the
definition above y,=4,, where g, is the centered Gaussian measure on R? with
covariance matrix Q.

3) s=2, K=C, I={1,...,2d}, Q is hermitian, Q3 =G +iH,. There G is a
real symmetric and H a real skew-symmetric matrix. If H is non-degenerate then
by a linear transformation of generators H gets the form

0 1 0
-1 0
1 .
2

0
-1 0

By Theorem 2 one obtains that y, vanishes on the ideal 3 generated by
XX =X X;— Qe+ Qpy =[x, X4 ] — 21 Hp.

Therefore §/3 may be interpreted as the algebra £ generated by py,q4,...,Ps 44
where all generators commute except that [p,,q,]=i for k=1, ...,d. These are
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the well-known canonical commutation relations of quantum mechanics. If the
matrix Q is positive definite, then Yo can be identified with a so-called “quasi-free
state” in quantum mechanics [2, 3].

4) s23, K=C and U is a *-algebra, a} =g, and w is 20, i.e. o(f*f)=0 for
feU. Then w(a?)=0 and Schwarz’s inequality implies that w(fa;)=0 for all fe?L.
Hence Q=0 and y,(1)=0 and y,(M)=0 for any non-constant monomial. So
assuming positivity one does not get non-trivial results unless s<2.

We now want to prove the theorems.

Lemma 1. Let f,, ..., denote
fl=fi®1®--®1,.. =10 - Q1R f,c AN

and

F ol N

Then

W®N (M L fN) = ; N, Y o(fs,) - o(fs,).

(S1,.s SpleP(L, .0 K)
There

N,=N(N—1)...(N—p+1)

and P(1,...,k) is the set of all partitions of {1,....k}. If t={S,...,S,} is a special
partition and S;em, S;="{i;, ..., i} with iy <---<iy,, then fs =f; ...f; (remark the
conservation of order ).

Proof of Lemma 1. One has

N

OOV = T e AY),

J1), ) =1

Consider one fixed function j: {1,...,k} - {1,...,N}, I+—j(]) as occurring in the
right sum and denote by n;={S,,...,5,} the associated pqrtition of {1,...,k}, i.e.
the S, are the sets where j is constant. Then

o®V (DAY =) - olfs,)

One has still to calculate the number of j with the same n;=n= {S;,....8,}
Define j,: {1,..., k} = {1,...,p} by jo()=r for IeS,. Any j with n;=7 allows
a unique decomposition j=a;0j, with an injective application o;: {1, ..,p}—
{1,...,N} and inversely to any such a:{1,...,p}—{1,..., N} injective there
belongs exactly one j=oj, with n;=n. So the number of possible j is equal to
the number of injections from {1, ..., p} > {1, ..., N}, i.e. is equal to N,

Proof of Theorem 1. Let M =X, ... X;4) be a monomial. Then by Lemma 1

w®M (M@ N =Y NN, Y olags,) .. o(ags,)
14 S

{S1,....5p}
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with a5 =ayq,) ... G,y f S={l1, ..., L}, L1 <--<l,. As w(a;5)=0 for # S<s

only partitions into sets with =s elements may be considered in the right sum,
k

then ps<k, p<- and N™*N,—0 for N—co unless k=ps. So for N> oo the
5

expression vanishes unless k is a multiple of s and it reduces to

Y (@is,y) -+ ©(dys,)-
(51,85}, #81=s

Corollary of Theorem 1. If W= the free algebra and Q:1°— K an application
then

Vo (POef™- N~ 1)) = y(P)

for all Pe§.

Lemma 2. With the notations of Lemma 1, if Pe&L, then
P(xM)=p™,

Proof of Lemma 2. It is sufficient to prove the lemma for homogeneous
polynomials. For degree 0 and 1 it is trivial. A homogeneous polynomial in F2
of degree k is a linear combination of polynomials of the form

P=[R,x,]

where R is a homogeneous polynomial of FL of degree k—1. One proceeds by
induction and assumes the lemma to be proven for degrees <k.
Then by induction and with the notations of Lemma 1

PO = [R(x), X1 = [RY, %]
=Y [R%xI]=Y [R",xF]=Y [R,x,J?=[R,x;]™
b.q p p

as R” and x} commute for p#q.
Proof of Theorem 2. Let P be a homogeneous polynomial of degree s in FL We
have to show that

Yol o X (P =Py 1) X; , oo %)

vanishes. ,
This expression vanishes anyhow unless k is a multiple of s. By the corollary
and lemma 2 there is for k=ps

Yo(Xiy o Xy PX; o Xy)
i N— k)  ON ( (N N M) L OV N
=lim N~ ® 998N (xM  x(M P(x™) x®) .. x{)
: —(p+1 ®N N N N N N
=lm N~ @* Dy (x(M . x P XM LX)

=HmN~C*Y Y N yo(xus,) - Yol*us,)-
1505 8g}

{S1,...,84
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Here {S,,...,S,} runs over all partitions of {1,...,j,4,j+1,...,k}. We set x;, =P.
Then y,(x;s5) =0 unless 4eS or A¢S and #S=s. So g<k/s+1=p+1 and only
those terms survive with ¢g=p+ 1. Hence the limit is equal to

Z Yo Kisy) --- YQ(xs(sp“))
{S1,.00s8p 1}
and the S; have to be either {4} or an s-subset of {1,....j,j+1,...,k}. Assuming
S,=4 one gets

VQ(P) Z VQ(xi(sz)) VQ(xi(sp+ 1))

{82, ..,8p + 1}

=70(P) vo(X;, - X1, %, -0 Xy)

and hence the theorem.
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