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Comultiplicative Functionals and the Birthing
of a Markov Process

R. K. Getoor*

1. Introduction

It has been known for many years that a multiplicative functional, m, may be used
to kill a Markov process. A special case of this construction is when m is given
by a terminal time Tas m,= 1, 1,(t). More recently Meyer, Smythe, and Walsh [8]
introduced the notion of a coterminal time and showed how a coterminal time
may be used to “birth” a Markov process. In view of this it is natural to ask if there
is a process —naturally called a comultiplicative functional — which has the same
relationship to coterminal times as a multiplicative functional has to terminal
times.

After some preliminaries in Section 2 we introduce the notion of a comultipli-
cative functional in Section 3, Definition (3.1). In Sections 3 and 5 we show that
there is a complete duality between comultiplicative functionals and an appro-
priate class of multiplicative functionals. In the case of coterminal times this re-
duces to the duality with terminal times given in [8]. In Section 4 we show how a
comultiplicative functional may be used to birth a Markov process in a manner
that is dual to that by which a multiplicative functional is used to kill a process.
Sections 4 and 5 are independent of each other and may be read in either order.

What we develop here might be called an “algebraic” theory since we assume
the exceptional sets in our definitions are empty. In light of the recent work of
Walsh [9] and Meyer [7] this causes no problems in dealing with multiplicative
functionals. However, the g-algebras that we use are motivated by the results of
Meyer [7]. Obviously there are dual perfection properties for comultiplicative
functionals, but we do not discuss this here. I hope to return to it in a future publi-
cation. The duality developed in Sections3 and 5 does not involve a Markov
process. It may be viewed as a chapter in the duality between shift (Is birth better?)
operators (6,) and killing operators (k,) developed by various authors in recent
years. See, especially, Azema [1]. The Markov process, itself, enters only in Sec-
tion 4.

In [8] Meyer, Smythe, and Walsh also showed that a cooptional time may be
used to kill a process. There is an analogous result here for cooptional functionals —
that is, a functional n satisfying only condition (3.1)(i) of Definition (3.1). How-
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ever, as in [8], this killing with a cooptional functional is much simpler than birth-
ing with a comultiplicative functional, and we leave the construction as an exercise
for the interested reader. '

2. Notation

We begin by describing the set-up that we shall use throughout this paper. Let
E,=Eu {4} be a separable metric space and let W be the space of all right con-
tinuous paths w from R* =[0, o) to E, that admit 4 as a cemetery. That is,
o: R*—>E, is right continuous and w(t)=4 for all t=s if w(s)=4. As usual,
{(w)=inf{t: w(t)= 4} denotes the lifetime of w, and by right continuity w({(w))= 4
if {(w)< 0. By convention the infimum of the empty set is + co, and we extend
each w to R U{oo} by w(w)=A4. We let [4] denote the path that is identically
equal 4. Thus {(w)=0 if and only if w=[4]. For each tcR* we define the shift
operator 0, and the killing operator k, on W as follows:

0,w(s)=w(s+1), 2.1
ko@)=w(s) if s<t
=4 if s=t. (2.2)

Observe that kyw=[A4] and that 0,k,cw=[4] for all w. Note also the following
identities valid for s,teR™:

@ 6,6,=0.,
(i) kk,=k, tAs=min(ts), (2.3)
(i) 6,k .=k0,

We now fix a subset Q of W that is closed under the action of 8, and k, for each
teR*. We let X,: @ >E, be the coordinate maps, X,(w)=w(t) and define the
canonical o-algebras #°=0(X,: s<t), F°=0(X,,s20) where each X, is re-
garded asamap from Qto(E,, &,). Here &, (resp. &) is the o-algebra of Borel subsets
of E , (resp. E). Also let &% and £* be the universal completions of £, and &. Define
F* and Z* to be the universal completions of #° and £° respectively. It is easy
to see that k, is #,°|#° and also %*|#* measurable. Moreover, if HeZ° (resp.
HeZ*), then He %S (resp. #*) if and only if Hok =H for all s>t. Finally one

easily checks that

FL =ik T Fr =)o kT T 2.4)

s>t"'s

We shall use this notation consistently in the sequel. However, we shall have
to impose additional assumptions on the separable metric space E, in Section 4.
The need for introducing the g-algebras #* and #* is best understood by looking
at the “perfection” properties of multiplicative functionals described on pp. 181-185
of Meyer [7]. Notice that we have not, as yet, introduced any probabilities on £2.

3. Comultiplicative Functionals

(3.1) Definition. An F* measurable process n=(n,),», is a comultiplicative func-
tional, abbreviated comf, provided t —n, is left continuous on (0, ©),n,=0,0=n,=1



Comultiplicative Functionals and the Birthing of a Markov Process 247

for all teR™, and n satisfies:

i) nmeby=n_; >0, s=0.

(i) n=nokmn;0<t<s

(i) mok,=1; t>s.

It is assumed that the properties in Definition (3.1) hold identically in w.
Note that the normalization n, =0 implies that (3.1)(ii) holds for 0=t <s, and that
(3.1)(i) implies that ¢ —n, is increasing. Consequently n has right limits on R,
Of course, (3.1)(i) is just the statement that the left continuous process n is cooptio-
nal. See [1]. Note that if ¢, seIR*, then n, , ;=n,ok.n,.

Recall from Meyer-Smythe-Walsh [8], that a positive random variable L
on (2, #*)is a coterminal time provided:

(i) Le6,=(L-—97",120,.
(i) Lek,=Lon {L<t},
(i) Lok,=t,t=0.
It is immediate that a positive random variable L on (Q, #*) is a coterminal

time if and only if the process n,=1,; (t) is a comf. Thus a comf is “the process
version” of a coterminal time.

We collect some elementary properties of a comf in the following:
(3.2) Proposition. Let n be a comf. Then:

(i) nok,=noknook, if 0St<s=r.

(i) Ift=<s, then n,<n,ock Sn,ok, forallr.

(ii) A, =inf _qnok,=lim
Aok t,seR™.

Proof. Composing (3.1)(ii) with k, yields (i). Fix t<s. If r>s, then (3.1)(iii)
implies n,<n, ok, while the same inequality follows if r<s from (3.1)(ii). Re-
placing s by ¢ in this inequality and composing with k  gives n ok <n, ok if t<s.
Thus for each fixed t =0, s —>n,ok_ is decreasing and so

n,ok, defines a comf satisfying n,<n, and n,ok, =

§—

n,=infn ok =limn,ok,2n,.
s>0 § 00
Clearly i, =0 and 7 is #* measurable. If t >0, then

ﬁ,098=}£n30n,oku095= limn,o0,0k, =limn

b gl u— o0

5Ky s =Ny,

and so 7 satisfies (3.1)(i). It is immediate that n,0k =n,ok,, and so # satisfies
(3.1)(iii). Composing (3.1)(ii) with k,, letting » — oo, and using the above fact we
see that 7 satisfies (3.1)(ii). Finally if t <s, 1, = n,c k i, shows that t — 7, is left con-
tinuous on (0, 5), and since s>0 is arbitrary, 7 is left continuous. This completes
the proof of (3.2).

(3.3) Definition. The comf, 7i, defined in (3.2) is called the exact regularization of n.
A comf, n, is exact if n=n, that is, if n,=lim,_, _n,ok_for each t>0.

§—> 00
We are going to construct a multiplicative functional (mf) from a given comf.
However, let us first be precise about what we shall mean by a mf in this paper.
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(3.4) Definition. An F* measurable process m=(m,), , is a multiplicative functional
provided t — m, is right continuous on R*,0<m, <1 for all teR™, and m satisfies:

() m,is F* measurable.

(i) m,, =mmob,;t,seR*.

(i) m,([4])=1for all t=0.

It is assumed that the above properties hold identically in w. Clearly (3.4)(ii)
implies that t —»m, is decreasing on R ™. Also observe that (3.4)(i) is equivalent to
myok =m, for s>t. If t={(w), 6,w=[4] and so (3.4)(ii) and (3.4)(iii) imply that
m,(w)=my, (©) if t={(w). Recall that a mf, m, is exact if im,, om,_ 0 0;=m, for
each t>0, and that if m is exact, then s—>m,__ o8, is right continuous on [0, ¢).
Here and in the sequel limg, stands for lim__,, ;_, with a similar convention for
limg,,. If m*=(m}) is a mf, then it is well known that m,=lim ,m} o0, if £>0
and my=1im, ,m, defines an exact mf called the exact regularization of m* and
that m,=m*. Moreover, m,(w)=m¥(w) for all teR* if m§(w)=1; in particular,
m,(w)=m*(w) if m*(w)>0. See, for example, [9]. However, the situation described
here is much simpler since we are dealing with ordinary limits rather than essential
limits. '

We now fix a comf, n, and proceed to construct an associated mf. Firstly de-
fine for t>0

m* =lim nok,=n,, ok,.
si0

Since ¢ —n ok, is decreasing for each fixed s according to (3.2)(ii), it follows that
t—»m is decreasing on (0, c0). Therefore we may define for =0

m¥=m’ =limn,, ok,. (3.5

ult

Clearly t —m* is right continuous and decreasing on R™ with 0=<m¥ <1. More-
over m* is #* measurable because it is clearly #* measurable and m/f ok =my

if s>t. From (3.2)(i) we have n,ok,=n,okn,ok, for 0<r=<t<s. Letting r|0 and
then taking right limits in ¢ we find

m¥=n_okm*, 0=t<s. (3.6)

Let n*(t,s)=n,, ok, if 0=t <s and note that s —»n*(t, s) is decreasing on (z, ).
Taking right limits on s in (3.6) yields

mF=n*(t, s+ )mF, O0=t<s (3.7
where, of course, n*(t, s+)=lim, ;n*(t, u) is defined for all s=r. Next observe that
mf 090=n0+ oku°61)=’10+ onoku+U=nv+ c’ku+1}=n*(v’ u+U)a

and taking right limits on u we see that m#¥<0,=n*(, (u+v)+) for all u,v=0.
Combining this with (3.7) gives

mr=m*_o0,m* O0St<s. (3.8)

Since k,[4]=[4], (3.1) (ili) implies that n([4])=1 for all £>0. This and (3.5)
show that m*([4])=1 for all t=0. Consequently m*=(m}),, is a mf as defined
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in (3.4). Finally define m to be exact regularization of m*, that is,

m, =limm} o0, >0

si0
my=lim m,. (39)
tl0
Let us express m directly in terms of n. From (3.9), for t>0 we have
m,=limm¥ o0 =lim lim m} o0 ,=lim lim n,, ok, o0,
5|0 slOul{t—s) sl0ul@t—s)
=lim lim n,_ck, ,  =limlimn_ ok,.
sloult—s) 7 HFS 00 Wy St
But using the fact that s — n_ is increasing this readily yields
m,=limlimnok,, t>0. (3.10)

sl0 ult

A comparison of (3.10) and (3.5) is of interest.

We summarize what we have proved so far and collect some additional facts
about m in the following:
(3.11) Theorem. Let m=(m,) be defined by (3.10) if t>0 and m,=Ilim, ,m,.
Then m is an exact multiplicative functional satisfying:

() mook,zm, for each t=0.
(ii) For each t>0, liTm m,_ 08,0k, is either zero or one.
5Tt

(i) If n is exact, then m=n,, where, of course, m = lim m,.
{—

Proof. In view of the above construction we need only establish properties
(1), (ii), and (iii). Since k,w=[A4] for all w and m,([4])=1, we need only prove (i)
for t>0. But then from (3.10), m,ok,=n, ok, =m,". On the other hand u— n ok,
is decreasing and so (3.10) implies m, <m*, establishing (i). If 0<s<{, then from
(3.10)

m, o8 =lim lim nok of =lim lim n,08 ok
I—s8 5 rlOul(t—s) 4 U 5 r10 uli—s) v S u+s
=limilimn, . ok
r0 vl r+s v
and so
m,_sof0k =n,, ok; O0=s<rt. (3.12)

Letting stz this gives liTIln m,_o0.0k =nok, But composing (3.1)(i) with k,

and letting tTs shows that n,ok, is either zero or one for each ¢ >0, proving (ii).

Finally m_, = lim ﬁl%l lifn ngok,, and since the limits on ¢ and s are really infima,
1= s ult

they may be interchanged to obtain

m,,=lim im lim n ok, =lim lim n.ok,.
sl0t—o0 ult sl0u—o0

The last equality follows since u—n_ok, is decreasing. If n is exact, ngok, —>n,
as u— oo, and so m_=n,, proving (iii).
The following corollary will be used in the next section.
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(3.13) Corollary. Let n be exact. Then n,, =m_ o0, for each t=0 and n,, —n,, =
my el (l—m, .o8)for 0<s<t.

Proof. The first statement is an immediate consequence of (3.11)(iii). For the
second observe that m_=m,_ m 8, _, and hence m_ o0 ,=m,_o0m_ o0,

(3.14) Remark. If nis a comf, then it is readily verified that
R=sup{t: n,=0}=inf{¢: n,>0}

defines a coterminal time.

4. Birthing a Markov Process

In this section we shall show how to use a comf to birth a Markov process in a
manner that is dual to that by which a myf'is used to kill a Markov process. See for,
example, Section IT1-3 of [2]. Also the reader should compare our result with that
given for coterminal times in [8].

Throughout this section we assume that E , is a U-space, that is, it is homeo-
morphic to a universally measurable subspace of a compact metric space F.
In addition we assume that for each initial (probability) measure x on (E,, &)
there exists a probability measure P* on (2, #*) such that the coordinate maps
(X,) form a right process as defined in [4] under P*. As usual we write #* for the
P* completion of #° (this also equals the P* completion of #*) and F* for the
o-algebra generated by Z° (equivalently #%*) and all P* null subsets in F*.
Our hypotheses imply that the family (£*) is right continuous for each y and
F° cF* < F* for each t=0. As usual we write (F) and (U”) for the semigroup
and resolvent of this right process and recall that one of the basic assumptionsis
that t — f(X,) is almost surely right continuous iff'is a-excessive for the semigroup
(P). We refer the reader to [4] for the basic properties of right processes.

We now fix for the remainder of this section an exact comf, n, and let m be the
exact mf constructed from # in Section 3. We write (Q,) and (V*) for the semigroup
and resolvent generated by m, that is, for teIR* and a>0

Qf)=E*[f(X)m]; V*f(x)=E* ["e~*[(X)m,dt (4.1)

for feb&* (the bounded universally measurable functions on E). We adopt the
familiar convention that any function f defined on E is extended to E, by f(4)=0.
Recall that X (w)=4 for all weQ. It is standard to check that under our assump-
tions (Q,) is a semigroup of subMarkov kernels on (E, £*) and that (V) is its
resolvent. Let

S=inf {t: m,=0}. 4.2)

Since mis exact it is well known and easy to check that almost surely t = V*f(X)
is right continuous and has left limits for feb&*. In addition, if h is a-m-excessive,
that is, a-excessive relative to the semigroup (Q,), then almost surely ¢— h(X))
is right continuous and has left limits on [0, S). Actually slightly more is true:
Almost surely ¢t —m,h(X)) is right continuous and has left limits on R*. See [2]
for these facts.
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Recall from (3.11) that n,, =m_ and define
gx)=E*(my)=E*(ny,); xek. (4.3)

Of course, g(4)=0. Clearly 0=<g¢<1, and the following calculation shows that g
is m-excessive:

Q,8(x)=E*{g(X,)m}=E*{m_o0,m; t<{} =E*{m,; t<{}1g(x)

ast]0for xeE. Let E, = {xeE: P*[m,=1]=1} be the set of permanent points for
m and let E,={xeE: g(x)>0}. Then E, and E, are universally measurable and
E,cE,cE. (Actually E, and E, are nearly Ray Borel (see [4], but we shall not
need this fact.) Finally define

R=sup{t: n,=0}=inf{t: n,>0}. 4.4)
As remarked in (3.14), R is a coterminal time. Since n,, =m_, if g(x)>0, then
P*(R=0)>0 and P*(S=0)>0.

We now come to the first fact that we shall need.

(4.5) Proposition. Let f be a-m-excessive and define h(x)= f(x)/g(x) if xeE, and

h(x)=0 if g(x)=0. Then t — h(X,) is almost surely right continuous on the interval
(R, 0).

Proof. It suffices to show for each rational r that almost surely on {R<r},
¢t — h(X,) is right continuous on (r, o). If R <r, then by (3.11), m00,=n, °0,=
n,, >0, and so Sof,=co. Since f is a-m-excessive, this implies that almost surely
on {R<r}, t—f(X,)°0, is right continuous on IR*, or equivalently, t— f(X))
is right continuous on [r, o0). But g is m-excessive and so to complete the proof
of (4.5) it suffices to show that almost surely on {R <r}, t — g(X,) never vanishes
on (r,o0). Let T=inf{t: g(X,)=0}. Then T is an (%) stopping time for each u
since g is well measurable (see [4]). Since m_,06,>0 on {R <r} the desired result
will follow if we show P*[A]=0 for all u where

A={m_00,>0, r+To0 <0}.
Now u—m_o0,=n,, is increasing and r<r+To0,=T,. Therefore
{my,00,>0}c{m o0, >0}={m,00.20,>0}.

Also almost surely on {R <r}, g(X;,) =0 because of the right continuity of t —g(X,)
on [r,c0). As a result

PHA)SE*{P*P[m_00,>0,g(X;)=0, T<]}.
But for each x in E,

P*[m_00;>0,2(X;)=0, T <]

—E*{PXD[m_>0]; EXD(m_)=0, T < o0} =0,

completing the proof of (4.5).

We now define the “conditioned” semigroup

K (x,dy)=0%(x,dy)=[g(x)] " Q,(x,dy) g(y); x€E,

e dy);  g(x)=0. (46)



252 R. K. Getoor

1t is well known and easy to check that {K,},., is a subMarkov semigroup and
that K (x,*) is carried by E, if xeE,. Since ‘t—m,g(X) is almost surely right
continuous, it is clear that r — K, f(x) is right continuous whenever f'is a bounded
continuous function on E. Moreover the resolvent (W), _, of (K} is given by

WHx, dy)=[g(x)]~ ' V*(x,dy)g(y); xeE,
=a"te,(dy);  gx)=0. (4.7)

Observe that (4.5) implies that t - W*f(X,) is almost surely right continuous on
(R, 0)iffeb&*. Also theinequalities @, g <gand « V*g<gimply that Q,(fg)=gK,f
and V*(fg)=g W*f.

We shall say that a numerical process Y= Y,(w) defined on R* x Q is (#*)
well measurable provided it is measurable with respect to the o-algebraon R*x Q
generated by all bounded #* ® #* measurable processes that are adapted to
(#*) and which are right continuous and have left limits. Here 47 is the o-
algebra of Borel subsets of R*. The next proposition contains the basic calcula-
tion that we shall need.

(4.8) Proposition. Fix u on E. Let f be a bounded continuous function on E and let
Y be a bounded (%% ) well measurable process. Then

E* [ (X, igid) Yorsdn(2)=E" [ K f(X,, ) Yoo ydn(d) 4.9)
for each t=0 and s> 0. Here we have written n(1) for n, for typographical convenience.

Proof. Tt suffices to prove (4.9) when Y is bounded, right continuous, and (%%
adapted, and so in the remainder of the proof these properties are assumed to
hold for Y. Fix s> 0. Then both sides of (4.9) are right continuous in ¢ and so it
suffices to show that they have the same Laplace transform. Let ¢(t) denote the
left hand side of (4.9). For notational convenience write n™(u)=n,, for u=0
and (j, k) for the dyadic rational j/2*; j=0,---,k=1,2,---. Also let 4n(j, k)=
nt [, k]—n*t[(j—1,k)]. Since 1—f(X,,,,,) Y., is right continuous we may
write

P(O=E*[ (X, 1. 5) Yerdn(d)

=E{f(X,, ) Yon™ O} + im 3 E{f(X, 51 n) Yor 4N, )}

k- jz1
Let A(j) denote the j-th term in this summation and let
M@, k)=1—my 1,00;_1 1)
Then from (3.13), An(j, k) =m0, ,, M(j, k), while
Mo © 05,10 = M52 0,12 05 11,10 Mo ° s (k-

Because #* — #* for each r 20, if we use the Markov property first at the instant
t+s+(j, k) and then at s+ (j, k) we find

A(j)=E" {fg(XH—s-!—(j,k)) Ys+(j,k)ms°9(j, k)m1005+(j,k)M(j’ k)}
=Eu{szg(Xs+(j, k)) Ys+(j,k)ms°9(j,k)M(js k)}.



Comultiplicative Functionals and the Birthing of a Markov Process 253

Substituting Q,fg¢=gK,f into this expression, using the Markov property at
s+(j, k) once again, and then reversing the above steps one finds

AG)=E*{K f(X s+0 K Ys+(j,k)moo°9s+(j,k)ms°9(j,k)]\/1(fa k)}
-E“{Kf( s+, k)) s+, k)An(j: k)}.

A similar but simpler argument shows that
E*{f(X, 1) Yn ™ (0} = E*{K,f(X)) Y;n" (0)}.

Therefore the Laplace transform of the left hand side of (4.9) may be written
EH{Wf(X,) Y,n*(0)} + lim ) E*{W*f(X,, ;) Yoi(0dn(,k)}. (4.10)

k—o0 j21

On the other hand the Laplace transform of the right hand side of (4.9) is
Euj W f(X,, ) Yoo, dn(2) E“j Wi (X0 Yoyl IR, )4 )dn(4),

where R is defined in (4.4). Since s>0, A - W*f(X,,,) i3 almost surely right
continuous on [R, o) by the comment below (4.7). Consequently this last expres-
sion may be written

E*{W*f(X,) Y,n*(0); R=0}
+lm Y ES WX, ) Yoo i Lk, ooy [U5 K1 400, )}

k—oo j=1

But n*(0)=0 if R>0 and 4n(j, k)=0 if (j, k) <R. Therefore this last expression
which is the Laplace transform of the right hand side of (4.9) becomes

EX{WEf(X) X;n™ (0))
+lim Y EM{W*f(X,, ) YorinAnGi, )} (4.11)

k—oo jz1

Comparing (4.10) and (4.11) establishes (4.8).

(4.12) Remark. Exactly the same argument shows that (4.9) holds whenever Y
Is bounded and well measurable relative to the system (Q, #* Z* P*) which
satisfies the “usual hypotheses” of the general theory of processes. See [3].

We now are ready to show how to use n to birth a Markov process. Define
@ =10, 0] xQ and write &=(1, w), 1[0, 0], we for the generic point in Q.
Let =% ® F* where 4 now denotes the g-algebra of Borel subsets of R+ =
[0, oo]. Define X,(@)=X,(4 0)=X,, ,(®) for t>0. Then each X,: Q—E, and
t—>X (co) is rlght continuous on R*, has 4 as a cemetery, and X (o0, )= A for
all ¢t If H b=0 (4, a)) (%, 0,w) and k O=(4, kH,w) then it is easy to check that
X,00,=X,, and X,0k =X, for t<s while X,0k ,=[4] for t=s. For cach teR "
deflne a g-algebra {4 on Q as follows: ¥ is g measurable if and only if it is 4
measurable and there exists an (37 *) well measurable process Y such that ¥(®)=
Y1, w)=Y,, () for 2eR™. It is immediate that (%, )izo 18 an increasing family
of sub-g-algebras of 4 andsince X (w) =X, . (w) it is clear that each X, is 4 measur-
able. The family (%) need not be right continuous but this causes no problems.
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Finally for each y on E, we define a probability P* on (Q, %) as follows
EX(Y)=E* [g+ Y(4,*) dn(2) + E*{¥(c0, *) [1 = n(c0)]}, (4.13)
for Yeb4.

(4.14) Theorem. For each u on E,, the process (2,%,%,,,X,, P"),., is a strong
Markov process with transition semigroup (K,). The restriction t>0 is essential.

Proof. Fix u on E,. We begin by showing that (2,4, X,, P*),_, is a simple
Markov process. To this end fix s>0 and >0, and let Yeb#%,. By deﬁmtlon there
exists Y =(Y,) well measurable with respect to (£*) such that YO, w)= Y, . (@)
Let ' be a bounded continuous function on E. Then f(4)=0. Consequently from
(4.13) and (4.8) we have

L@, ) YI=E* [f(X,1s1)) Yoy 2dn(d)
=E*[ K f(X,,}) Y, dn()=E*[K f(X) T,

and so (2,9, X,, P"),_ , is a Markov process with transition semigroup (K,).

It is a standard fact in the theory of Markov processes that to complete the
proof of (4.14), it suffices to show that t — W*f(X,) is P* almost surely right con-
tinuous on (0, o) for each bounded continuous f on E. See 1-8.11 of [2]. To this
end let feb&™* and h= W*f. Then as remarked below (4.7), t — h(X,) is almost surely
right continuous on (R, o). Let I' =[0, co] x £ be the set of ¢ such that t—h(X,(&))
is not rlght continuous on (0, o). Since X [(oo w)]=4, TcR*xQ. By de-
finition h(X,(w))=h(X,, (w)) and so (4, w)eF if and only if t - h(X,(w)) is not
right continuous on (4, o). Let ¥ be the indicator of I'. It is a standard fact that for
each 4, w— Y(4, w) is #* measurable. (See, for example, the argument in [6].)
Moreover, it is evident that A — Y(, w) is decreasing for each w. Also if (4,) is a
sequence that decreases to 4 with A,> 41 for each n and if Y(4,, )=0 for all n,
then Y(/l w)=0. Consequently A — Y(/l ) is right continuous for each w, and so
Y is 4 measurable. Hence

PHDY=EF [ T(2,*) dn(A)=E* fig, o0y Y (2, *) dn(A).

But if A is the set of w’s Sllch that ¢t — h(X,(w)) is not right corAltirluous on (R(w), o),
and if A2 R(w), then Y(4, @)= 1z, «)4) Lu(w) and so PHI)< P#(4)=0. This
completes the proof of Theorem (4.14).

(4.15) Remark. Of course, the argument in the last paragraph of the proof of
(4.14) shows that if h is a-excessive for the semigroup (K,), then 1 — h(X) is almost
surely right continuous on (0, c0).

We close this section by sketching very briefly another method for con-
structing the birthed process corresponding to n. This method is analogous to
to that used by Meyer in [5] to kill a process. Let g(d))=e~*dl on R*. Let
O=R*xQand ¥=8"+ ® F* Define P* on 4 by P*=g x P“ Let d=(4, ») and
put X, ()= X,(w). Next define

L(®d)=L(4, w)=sup {t: —logn (w)>41},
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and X,= X, ,. Then one easily checks that
E*[f(X)]=E* [ (X, )dn(d).

Now making use of (4.8) one can show that (X,, P*),_ , is a Markov process with
transition semigroup (K,) provided one excercises a bit of care in defining the
appropriate g-algebras. Moreover if one defines 6,(4, w)=(4, §,w) and

Et()‘a (I)) = ([;[' + 1Og nt((u)] +’ kz (D) )

then L becomes a coterminal time in the sense of [8], and one can use the results
of [8] to conclude that (X,, P¥),_, is a strong Markov process with transition
semigroup (K,). However, to carry this program through entails some difficulties
and we prefer the approach given here.

5. Duality

In order to complete the circle of ideas begun in Section 3 we are going to show
in this section how to construct a comf, n, from a mf, m, in such a way that applying
the construction in Section 3 to n gives the original m, at least if m is exact. However,
in view of Theorem (3.11) we can only hope to accomplish this if the m we start
with satisfies (3.11)(i) and (3.11)(ii). Before coming to the construction we
list some elementary consequences of Definition (3.4). If m is a mf, then m = lim m,
and m, =m,m, 0, for each £>0. Also recall that m,=m, if t={. e
(5.1) Proposition. Let m be a mf. Then
(i) myok=mok,=mok, for 0Ss<t;

(ii) t—>m 0, isincreasing on R™.

Proof. Since 0,k,=[A4], we have

myok=mpokm,o0 0k =mzok,
and composing with k,, s<t, gives mpook,=m_ ok =m.k, proving (i). Also
My, o0s=mob;my o0, <m0, , proving (ii).

It will be convenient to introduce the notation
mis,t]=m, 0, 0=s<t. (5.2)

Then t—m(s, ] is right continuous and decreasing on (s, ), while s—mf(s, £]
is increasing on [0, t) and even right continuous if m is exact. It is immediate from
(3.4)(ii) that for 0Zr<s<t

m(r, t]=m(r, s] m(s, t]. (5.3)
Define m(t—, t] =1iTrtn m(s, t] when t>0. Then property (3.11)(ii) may be written
mt—,t]ek,=0 or 1, (5.4)

(5.5) Proposition. Let m be a mf. Then m satisfies (5.4) if and only if for each t>0
either mok,=m,  or myok,=0. If m,_=m,, then m satisfies (5.4).
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Proof. Letting 51t in m,=mym(s, t] gives m,=m,_m(t—,t] when t>0. But
mgok,=mif s<t and so m,_ok,=m,_. Therefore if >0

mpok =m,_m(t—,t]ok, ) (5.6)

and hence (5.4) implies that either m,ok,=m,  or m,ok,=0. Conversely if we define
m*(s,t)=lim,,, m(s,u] =m(s,t — ] for 0<s<t, then letting st¢ in (5.3) gives m(r,t]=
m*(r, t) m(t—, t]. It is evident that m*(r, t)ok,=m™*(r, t), and so

m(r, tlek,=m*(r, )y m(t —, t]ok,. (5.7

Now r—m(r, t]ok, is increasing on (0, ¢) and if it vanishes on this interval, then

certainly m(t—, tJok,=0. If on the other hand for some r,<t, m(r, t]ok,>0 for

ro <r<t, then
O<m(r,t]ek,=m,_,o00,0k,=m,_ ok, _,o0,.

But by hypothesis for each u>0, either m, ok, =m,_ or zero, and so for r,<r<t
mr, tJok,=my_,, o0, =m*(r1).

Substituting this expression for m*(r,t) into (5.7) and letting r7¢ shows that
m(t —, t]ok, is either zero or one. This establishes the first assertion in (5.5).
For the second note that {ck,={ A t. Using this one easily checks that m,_ =my
implies that m,ok,=m,_ for each >0, completing the proof of (3.5).
A positive #* measurable random variable T is called a terminal time if it
satisfies: :
(i) {T=t}e#* foreach t=0
(i) ¢+ To0,=ton {T>t},
(i) T[A4])=c0.
It is not difficult to see that (i) is equivalent to
(i) T<timplies Tok,=T.
If T is a terminal time, then one checks readily that m, =1}, 1,(t) is a mf. Note that
condition (5.4) is automatically satisfied in this case since m only takes the two

values zero or one.
In view of (5.1)(i) property (3.11)(i) may be written

myok,=mook,=zm; t=0. (5.8)

If m,= 1,y 1,(t) with T a terminal time, then (5.8) is equivalent to

(iv) t<T implies Tok,=c0.

But (iv) is a condition imposed on a terminal time in [8]. Here we prefer not to
make (iv) part of the definition of a terminal time; rather we shall impose (iv),
or equivalently (5.8) as needed.

We now fix a mf, m, that satisfies both (5.4) and (5.8). We are going to construct
a comf, n, from m by a procedure that is dual to that used in Section 3 but is slightly
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more complicated. Define

(@) nf=limm(t,sl=m_o0,; =0
(b) n¥ =1iTm nf=n*; 1>0. (5.9)
sTt

In view of (5.1)(ii) both n™ and n* are increasing, and n* is left continuous on (0, c0).

Also it is clear that n*<8,=n,, for t,s=0, and consequently n}c0 ,=n*  for

t>0, s=0. Since 0,k,w=[4] if s<t, we have nfok,=1 for s<t and n¥ok,=1
for s<t. Using (5.3) we see that
nt=m(,s1nk, 0=i<s. (5.10)

Composing with k, and using n* ok =1 gives n}* ok =m(t, s]ok,, 0=t <. Taking
left limits on-s in (5.10) yields n* =m*(z, s)n¥, 0<t<s where m*(t, s)=m(t, s—]
was defined mn the proof of (5.5). Composing this last equality with k, and compar-
ing with the previous expression for n ok, we find m(r, s]eok,=m*(t, s)n¥ok,
when 0=t <s. Now taking left limits on ¢t we obtain

m(t—, slok,=m*(t—, s)n¥ok, O0<t=Zs, (5.11)
where, of course, m*(t —, s)= liTm m* (u, s). Next taking left limits first on s and then

ult

on t in (5.10) we obtain
n¥F=m*it—,s)n¥, O<r=<s. (5.12)

Composing this with k, and using (5.11) we see that nFok =m(t—, s]ok,. Let
t1s. Since t »m(t —, s] and ¢t — m(t, s] have the same limit as t s we find

n¥ok,=m(s—, sjek,, s5>0. (5.13)

From (5.12), nfok =m*(t—, s)n¥ok,. By (5.13) and (5.4), n*ck, is either 0 or 1.
If n¥ok,=1, then nFfok =m*(t—,s), 0<r=<s, and substituting this into (5.12)
yields

mr=n*ok.n*, 0<t<s. (5.14)

On the other hand if n¥ok =0, then n¥ok ;=0 for t <5, and so in order to establish
(5.14) in this case it suffices to show that n} =0. But n*ck,=0 for 0<t=<s implies
n"ok =0 for 0<t<s. From (5.9)(a) and (5.8) for t<s,

O=nFok,=m_o0,k;=m_ok, _,00,2m, o0,

In other words m(t,s]=0, and so by (5.10), n* =0 for 0<t<s. Consequently
n¥ =0 for 0 <t =<s, which establishes (5.14). Therefore, in view of the remarks below
(5.9), if we define n§ =0, then n*=(n¥),,, is a comf.

Finally we define n to be the exact regularization of n* as in (3.3), that is,

n,zingn;“oks=limnt*oks, t=0. (5.15)
By an argument dual to the proof of (3.10) one obtains for >0

n,=lim lim m;_ 00,0 k,=lm m(t—, s]ok,. (5.16)

s—oo uft $— 00
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Now (5.8) implies that t - m,<k, is decreasing and so m,_,°8,0k,=m _ ok, o0
decreases as s increases. Therefore

u

Rg, = lim lim m(t —, s] ok, —llm hm m(t, s]ok,. (5.17)

s—oo tl0
If m is exact the limit on ¢ in (5.17) is just m ok, and so ny, = lim m ok . By (5.8),
§— 0

meek,=m, and therefore n,, 2m_. But (5.4) and (5.5) imply that mook,<m,_
for all s>0, and so n,, <m,_ . Therefore n,, =m,,.
We now summarize what we have proved.

(5.18) Theorem. Let m be a mf satisfying (5.4) and (5.8). Then n, defined by (5.16)
for t>0 and ny,=0 defines an exact comf. If m is exact, then n, , =m,.

Finally suppose we begin with a comf, n, and apply (3.11) to obtain an exact
mf, m, satisfying (5.4) and (5.8). Next apply (5.18) to m to obtain an exact comlf,
7. Using (5.16) and (3.12) one may write for >0

fi,= lim h{n m,_ 00,0k

s uft
=lim ll%n n,,ok,=limn,ok,
s—~>o0 uft S ®©
and so 7 is the exact regularization of n. In particular, if » is exact, then fi=n.

Conversely suppose m is a mf satisfying (5.4) and (5.8). Apply (5.18) to obtain
an exact comf, n, and then apply (3.11) to n to obtain an exact mf, m. We claim that
m is the exact regularization of m. If t >0, (3.10) and (5.17) imply

m >11{n Noyok, —hin lim hfn m(v, s]ok,

t s> v
>11{nm ok, >11}nm =m,
ult
where we have used (5.8). Thus m, = m, for all ¢. If i is the exact regularization of m,
it follows from this that m = . For the reverse inequality note that (5.4) and (5.5)
imply m,ok,<m,_ for all t>0. Since n is the exact regularization of n* defined in
(5.9), nok,=n*ok,, and it was shown below (5.12) that nfok,=m(i—,s]ok,.
Combining these remarks with (3.10) we obtain

m,=lim lim m(s —, ujek, <11m hm m(s, u]<k,

s|0 ult
=lim lim m,_ ok, _ o0

s10 ult —s u—s s
<151ln(;11'}rrtxm(" 5_°0 —hmm, se0,=1n,

for t>0. Consequently 7 =# proving the claim at the beginning of this paragraph.
We now have stablished a complete duality between exact comf’s and exact
mff’s satisfying (5.4) and (5.8).
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