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Summary. This paper examines properties of a class of complex-valued
stable processes which have spectral representation by means of inde-
pendent-increments processes. A Tepresentation is derived by an application
of Schilder’s stochastic integral. Also, another construction of harmonizable
stable processes by means of generalized stochastic processes is given, and
its relation to the stochastic integral is shown. Some limit theorems of the
Fourier transform of a sample from harmonizable stable processes are
provided. Moreover, a linear prediction theory which pertains to those
processes is suggested as an extension of that of second-order stationary
processes.

0. Introduction

This paper aims at exploring properties of a class of complex-valued discrete-
parameter stochastic processes which are termed harmonizable stable pro-
cesses, establishing a number of results paralleling to those of the second-order
stationary processes, such as spectral representations, isomorphism theorems,
limit theorems of the Fourier transform of observations, and an optimal linear
prediction. As the related previous works, there are those by Urbanik (1967,
68, 70) and Schilder (1970) whose results are extended by Kuelb (1973). Ur-
banik examined the properties of stochastic process which consists of the
Fourier coefficients of infinitely-divisible random measure, whereas Schilder
constructed stochastic integrals with respect to an independent-increments
symmetric stable process. Section 1 of the paper extends, at first, Schilder’s
result and constructs complex-valued stable processes which have spectral
representation by means of independent-increments symmetric stable processes.
Those processes are termed harmonizable. The construction differs from
Urbanik’s in that, though the latter deals with a wider class of probability
laws, it is at the same time limited in most of its applications to the case where
random measures are atomless, whereas as far as symmetric stable laws are

0044-3719/82/0060/0517/$03.40
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concerned the present construction does not require this limitation, and could
deal with processes which have harmonics of various frequencies with non-
degenerate random weights. The isomorphism of Theorem 1.1 is more general
than Schilder’s in that it is established without the use of Schilder’s concept of
“length” which applies, for complex-valued stable random variables, only to
the case when they are isotropic. Theorems 1.2 and 1.3 give the relationships
between isotropicity and stationarity of harmonizable stable processes; in
particular, the latter theorem establishes the result under a weaker condition
than that given by Urbanik, as far as stable laws are concerned.

Section 2 introduces a method of constructing harmonizable processes by
means of generalized stochastic process with independent values at every point,
instead of using a random measure of an independent-increments process. The
relationship between this construction and that of Sect. 1 is given in Theorem
2.1 and also the usefulness of this construction is exhibited. Theorem 2.3
provides an asymptotic property of the Fourier transform of a finite sample

from a harmonizable stable process {x,}. It is shown there as an extension of
N

Gaussian case, that, under a general condition, the set <wy Y x,¢€'“*; for
=N

distinct points w;, j=1,2,...,p, is asymptotically independently distributed for

appropriate choice of wy,.

Section 3 deals with the linear prediction of an isotropic harmonizable
stable process whose exponent is greater than or equal to 1. It is shown that, if
the Schilder’s length is used to measure the degree of concentration of the
distribution of prediction error to the origin for the purpose of scaling the
goodness of prediction of various linear predictions, there exists an optimal
one-step ahead linear predictor under a condition paralleling to that in second-
order stationary processes. Also a condition is given for the process to be
deterministic. The optimal predictor is explicitly constructed and the distribu-
tion of the predictor error is determined. The theory of Hardy space
H*(1 <« <2) turns out to be the useful tool for this problem, as is the theory of
H? for the second-order stationary processes. Urbanik demonstrated the iso-
morphism between an Orlicz space and the closure with respect to probability
convergence of the linear hull of a set of random variables generated by a
harmonizable process and also extended the Szegd-Kolmogorov-Krein theo-
rem so as to apply to an Orlicz space. However, though his results are very
important in themselves, thanks to his limitation of the class of predictors (see
Sect. 3) they do not in effect lead to a substantial extension of the previous
prediction theory as far as the construction of an optimal predictor is con-
cerned. In his class of stationary processes admitting prediction, purely non-
deterministic harmonizable processes are Gaussian and thus the prediction
theory of those processes is reduced to the known one of second-order sta-
tionary processes.

As for notations and symbols used in this paper, characteristic function is
abbreviated as c.f, the set of all integers is denoted as I, and the real part of a
complex number is signified by Re. In representation of characteristic function,
the complex plane is identified as R?; thus a characteristic function ¢(s,,s,) of
a two-dimensional distribution is denoted as ¢(s) for s=s, +1is,. Sometimes the
notation ¢ is used to denote the function e *(w)=e'".
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1. Harmonizable Stable Processes

A complex-valued random variable x is said to have a symmetric stable
distribution of exponent « (0 <« =<2) if x has the characteristic function ¢, of
the form

d(s)=exp { - } [Re(se ™) u(dG)}

—7

for a finite measure p on (—mn, m]. That the function ¢, is a characteristic
function follows from the general canonical representation of multivariate
stable law [see Rvaceva (1962) or Hosoya (1978) for example], but the non-
negative definiteness is proved directly as this: since the integration can be
viewed as that of Stieltjes because the integrand is continuous, the function ¢,
can be arbitrarily closely approximated by a function of the form exp

p
{— Y. [Re(se %) m;; (m;=0) for fixed s; then the necessary result follows from
j=1
the Jfacts that the function f(x)=exp(—m|x|*) (m>0,0<a=<2) defined on the
real line is non-negative definite and that the product of non-negative definite
functions are non-negative definite. This result is also used below in Lemma
2.1. Henceforth the term symmetric is omitted since this paper deals only with
symmetric stable laws. Define a weight function F(Z,0) to be a non-negative,
nondecreasing function on (—=, ] X (—=x, 7] such that if 1|1, and 8]8,, then
F(A,0)—=F(A,0,), F(m,0)>0 for all 8 and also for 4,,1,,0,,0, such that 1, <4,
and 6, <0,

F(ly02)_F(’11792)—F()'2:01)+F(/11791)20-

Let {z(4); —r<A=m} (z(0)=0)) be a complex-valued stable independent-incre-
ment process such that the c.f. ¢, of z(4) is representable as

¢,(s)y=exp { — } |Re(se ~)|* F(4, dQ)}

—T

and call it a process based on the weight function F. Given —=n
=Ag<A;<..<A,=m, define ¢,  , as

qSh’_“,iP(sl, s Sp)

n

oo § ]

=1 —=

Re (Z S: e"")

{F(l4,d6) —F (3 1,d9)}]

(where F(lo,d6)=0-d6). Since ¢, thus defined is a cf of a multivariate
stable law and the class of all c.f. ¢,  , defined for all integer p >0, and for
all 4,,...,4, constitutes a consistent class in Kolmogorov’s sense, there exists a
process {z(1), —mw<A=7} such that the joint c.f of z(A4),...,2(4,) is given as
®i,,...s,- Also from the definition of ¢, ., it is seen that, for
A <A, E0,< Ay,
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E exp[i Re{s, (2(A2) —2(4,) +5,(2(4,) — 2(43))}]

=exp [—? Res, e " {F(lz,de)—F(Al,dG)}]

exp [— | IRes,ei9" {F(A4,d0)—F(/13,d6)}]
and thus that the process {z(4)} is of independent-increment. Also it follows
from the property of F that z(d) is stochastically right-continuous (i.e.
z(A)—z(A,) in probability when 4] 4,).

Schilder (1970) constructed stochastic integral by means of a real-valued
independent-increments stable process. His construction can be applied in a
straightforward way to complex-valued processes as follows. Given an inde-
pendent-increments stable process z(1) based on a weight function F. Set G(A)

= | F(4,dw); then G(4) is a non-negative, non-decreasing bounded function of
A s—uch that G(n)>0. Let I* be the set of the Borel measurable functions f on
(—m,n] such that [ 1f(A)*dG(A)<co. If g is a step-function of (—m, =] such

that g(A)=g; if ij:1</1§/1j, j=1,..,k (where 0=1,<1;<...<A,=m), define
the stochastic integral S(g) of g as

S(@)= fg(i)dZ(l)—— Z g;Lz(2;) —2(4; 1)} (1.1)

Then, due to the stochastic right-continuity of the path of z, z(4;_ 1+a)
—»z(/lj ) in probability as ¢/ 0. The characteristic function Psy(s) of S(g) is
given as the limit of that of Zg;[z(4;) —z(4;_, +¢)]; namely

qbs(g)(s)-——lin(}E exp {i Re (s i gi(z(A)—z(4;_, +s)>}

=lim ﬁ Eexp[iRe{sg;(z(2)—z(4;_, +e)}] (1.2)

g0 jo1
=exp{— § |Re(sg(/1)e‘i9)|“F(d/1,d0)}.

For general gel?, since the step-functions of the type above are dense in IZ
there is a sequence g" of step—functions which converges to g in I%-with respect

to the metric induced by j |- 1* G(dA). Then given &¢>0, since {g"} is Cauchy,

there is an N such that for n, m>N, j |g"(A) —g™(A)* G(d]) <e. From the in-
equality -n

L T

I J Re(s(g"(D)—g"(A) e~*)* F(d 4, d6)

—n -7

. , (1.3)
<|s1* § 1g"(A)—g™AI* G(dA),
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it follows that {S(g")} is Cauchy with respect to the probability convergence in
the space R of random variables on the probability space (R, %, Pr) for which
the stochastic process z is defined (in R two random variables which are equal
a.e. are identified throughout the paper), because for any compact set D and
¢>0 there 1s an N such that for n, m>N the cf ¢gm g, m(s) satisfies
|5 _sem— 1|<e uniformly in seD. Then there is a random variable S(g) to
which the sequence {S(g")} converges in probability. It is evident that S(g) does
not depend upon the choice of sequences of simple functions. Now define the

stochastic integral | g(o)dz(4) by setting it equal to S(g). The next lemma is

an obvious consequence of the preceding argument.

Lemma L1. Given g,,...,g, €L, the c.f. ¢g,,
tion of S(g,),-..,S(g) is given as

.....

S (S15 > 5) of the joint distribu-

- —T

Psien. ... S(gk)(sl,...,sk)=exp{—} }IRe(Zgj(/l)sje*“’)l"‘F(dl,dG)}. (1.4)

To the space IR of complex-valued random variables on (2,4, Pr) a to-
pology is endowed such that probability convergence of a sequence of random
variables is equivalent to the convergence with respect to that topology, and it
is termed P-topology. Specifically, for each xeR let V (¢ A)={yeR: Pr(x
—y|<e>1-y} for & n>0; then the set {V. (5n): e>0,0<n<1} is a neigh-
bourhood base of P-topology. Denote by I5(A) the completion of the linear
hull of an arbitrary subset 4 of I¥ and denote by [S(f); feA4] the completion
with respect to P-topology in IR of the linear hull of {S(f); feA}.

Theorem 1.1. Let S be the mapping S(f)= | f(4)dz(%); then it is a topological
isomorphism of I2(A) onto [S(f): feA]. -

Proof. The continuity of S follows from the definition of the stochastic integral
and from the inequality (1.3). It is subjective: For each xe[S(f); feA], there is
a sequence {g": g"€A, n=1,2,...} such that {S(g")} converges to x in probabili-
ty, where A4 is the linear hull of 4. Since then {S(g")} is Cauchy, it holds for the
c.f.

¢>s<gn)_3(gm,(s>=exp{— [ T Re{S@"—g" =¥ F(d/, de)}

-7 —%

that, given ¢>>0, there exists N such that for n, m>N

Irr|1a>1; Psem-sam e <& (1.5)
Then by setting s, =¢'® and s, =ei(w+5) it is seen that

@ 35 Ig”—g”‘l“G(d/I)gz 35 } [Res;(g"—g™ e " F(dA,d0)<2e.

—7 j=1 -7 —=
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Thus it is concluded that the sequence {g"} is Cauchy, and that g* converges to
gel(A). It is evident that S(g)=x. Since S is continuous and bijective the
Banach homomorphism theorem implies that S is an open-mapping [see
Schaefer (1971)]. O

A discrete-parameter stochastic process {y,} (tel) is said to be stationary if
for any finite subset (¢,,...,5) of I and any integer l(y, ,),...,¥, ;) has the
same distribution as (y,, ...,,). An independent-increments stable process z(4)
is said to be isotropic if for any 1 and o(—n< A, w=n), z(4) and z(1) &'“ have
the same distributions; in other words, if the distribution of z(1) is preserved
under rotational transformations. A discrete-parameter process {x,: t€I} which

T
is representable as x,= [ ¢*dz(4) for an independent-increments stable pro-
cess z(4) based on a weight function is called harmonizable.

Theorem 1.2. The process z(2) is isotropic if and only if the harmonizable process
xtzje”“ dz(A) is stationary and has the c.f’s which are representable as

n

¢t1 ,,,,, r,-(Slw'"Sj):eXp{_ j

-7

Jj

it
5,
1

’ G(dw)} (1.6)

I=
for a non-negative, bounded, non-decreasing function G.

Proof. Suppose z(4) is isotropic; then for a weight function F, the cf. ¢,(t) of
z(A) is representable as

¢,(s)=exp { —Is* f |cos(6 —y)I* F(4,d 9)} 1.7

for any y(—n <y =n). Consequently ¢, is expressed as ¢,(s)=exp{—|s|* G(4)}

where G(4)= (~21— | lcos u//l“dlp) F(4, 7). Then in view of the comstruction of
T, .

stochastic integrals x,= | exp(itw)dz(w) and of Lemma 1.1, the cf of

-7
X, ., ..., X, is representable as given in (1.7). Conversely suppose a harmonizable

process x, has the cf of the form (1.6). Given A(—n<i<m) and
£ (O<s<#), denote by h, and h, , the functions defined on (—=, 7] re-

spectively such that h,(w)=1 for we(—=, 4] and h,(w)=0 otherwise; h, (w)=1

-2
for we(—mn, 1] h,l,&,/(a))=1—w‘p for we(A, A+e], b, (w)=0 for we(d+e n—e),
and hl’s(a))=w—_—gﬁ for we(n—e¢, ]. Since h, , is continuous, the sequence of

the Cesaro means converges uniformly to it. In other words, there exists a

n
sequence {q; ,:j=—n,...,0,...,n;n=1,2,...} such that p,(w)= Y a,,¢* con-
n j=~—n

verges uniformly to h, ,. Since the c.f. of y,= | B(w)dz(w) is given by

—T

b, (s)=exp { — sl } Za,et G(dw)},

i
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it is concluded that the c.f. of S(k, ,) is given by

¢S(M’&)(S) =exp { — s } hy, G(dw)}.

-7

In view of the fact that h,; ,(w) converges monotonically to h,(w) for all w and
that S(h,)=2z(1), the c.f. ¢, of z(4) is given by

¢l<s>=exp{—|s|“ j G(dco)},

and thus z(4) is isotropic. As for the isotropicity of z(n), it is a straightforward
consequence that z(n)= | dz(w)=x,. O

As in the preceding {heorem, let F be a weight function and let

G(l)= (% _j Icos dlﬁ) F(A, 7).

The next theorem is a little stronger version of that given by Urbanik (1968,
p. 80) as far as harmonizable stable processes are concerned in the sense that
his proof applies to the case where F(+,0) has no jumps for all § whereas the
next one requires only that F(-,6) has no jumps for all # on those points {1}
such that A/2x is rational.

Theorem 1.3. Suppose an independent-increment process {z(A)} is based on F such
that for all 6,F(4,0) has no jumps on points ) such that —n<A<n and A/2% is

rational, then a harmonizable stable process x,= | exp(iwt)dz(w) is stationary if
and only if the process {z(w)} is isotropic. -

Proof. The sufficiency is evident. The necessity is proved as follows. Because of
the stationarity of {x,}, it holds that for every integer k

} f i S,-e"‘f”fa [cos(Y(w) —0)* F(dw, d0)
oot (1.8)
=7fl I i Sjeim"a|COS(¢(w)—kw—9)I“F(da),d@)

where Y(w) is the argument of the complex number X sjei“"f. Now 1t follows
from Weyl’s theorem (see Breinan (1968) p. 117, for example) that, for @ such
that w/27 is irrational,

lim% Y lcos(¥(w) —kw —0)*= } lcos((w)—A—0)*dA
n—-oo g1 B 1

(1.9)
= [ lcos A" dA.

-7
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Hence in view of the bounded-convergence theorem, it follows from (1.8) that

f 5 |Z's;¢1%%|* [cos(Y(w) — 0)* F(dew, d6)
=(§ icoszli"d/l) j j |Zs,e'°4|* F(dw, d6) (1.10)

= j |Zs;¢'° )% G(dw).

This equation implies that the c.f. of (x,,,...,x,) is written as in the form of the
right-hand side of (1.6) in Theorem 1.2. :

Remark 1. An example of a harmonizable stationary stable process {x,} with a
non-isotropic independent-increments process is this. Suppose the function F is
such that it gives the unit masses to each of the lattice points

T, 7 -
(—x+51, —?H“a:k), Lk=1,....4.

Then the cf of x,, ..., x,, is given as

k
y Resjei(%””%.i)

j=1

2 2
¢t1,...,rk(sls"':Sk)=exp{_ Z Z

M= —1 n=—1

a}
It is evident that ¢, , (51,80 =®s, 41 . 1t i(S15---»8) for all integer I: thus
{x,} is stationary. On the other hand, since the c.f of z{2) is given as

m(s):exp{- y oy lResei("‘z'ﬁ"%)l“}

m=-—1p=—1

A . . . '
where |= [—~——] and consequently ¢, is not invariant under orthogonal trans-

/2)

formations s—se®.

Remark 2. An independently identically distributed (i.i.d.) sequence of Gaussian
random variables is harmonizable and plays the basic role in the family of
Gaussian stationary processes in that a stationary process with given spectral
structure can be reduced to and also can be constructed from an iid. sequence
through appropriate linear filter. However, this is not the case for stable
processes with exponent less than 2. In this connection, it is important to note
the fact that any iid. sequence of isotropic random variables whose exponent
is less than 2 is not harmonizable except for the degenerate case.

The cf of a complex-valued isotropic random variable x which has a
symmetric stable distribution with exponent a is expressed as exp{—bls|*}
(b>0). Following Schilder (1970), define the length ||x|| of x as ||x||=b"* for
12452 and ||x[j=b for O<a<1. The following properties concerning to this
length are derived as a straightforward extension of his result. Given a family
R, of random variables such that any linear combination of elements in IR, is
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isotropically, stably distributed with exponent «, then the length || || is a metric
on the family IR ; namely, if |x|=0, x=0 (note that two random variables

which are identical a.e. are identified) and {[x, +x,| S |x,| +[Ix,]. If x; and x,
are independent,

Y, 4,0 =%, |+ 1%, if O<a<1

and
e, x5 01%=lx, 1%+ Ix,)* if 1Sa<2.

Given {z(1)} an isotropic independent increments process with exponent o,
lz(A)|| is a bounded, nondecreasing function (—=, ]. Denote by I the space of
o-th power integrable Borel functions with respect to d [z(A)|] for 0<a<1 and
to d || z(A)||* for 1 £a=2. Suppose felf, then

ff(w)dz(@)“= [ lf@rdlzl,  for 0<a<l,
- z (L11)
= | |f(@)*d(lz(A)]*), for 1Sa=s2.

1 t.

Let J be a set of integers and denote by I? (¢''*: teJ) the completion of the
linear hull of the set {¢'’:teJ} in the space I* of o-th power integrable
functions with respect to d|z| for 0<a<1 and to d(|jz]|*) for 12«<2. Mo-
reover let [x,: teJ] be the closure with respect to probability convergence of
the linear hull of {x,:teJ}. It is obvious that the length | | defined on
[x,: teJ] is a metric. The next theorem is a special form of Theorem 1.1 and
will be used later in Sect. 3.

Theorem 1.4. There is an isometric isomorphism S from I(e'"': teJ) to [x,: teJ]
such that S(e"'")=x, for teJ.

Proof. Evident in view of Theorem 1.1.

2. Stochastic Integral with Respect to a Generalized Stochastic Process

Let 9 be the space of complex-valued infinitely differentiable periodic func-
tions (modulo 27) defined on the real line and define norms in this space by

@ lﬂ (60)

n

Il = Z 5

for yeg. Endow the space & with the topology generated by the countable
family {{[¥]|,}22, of the above norms; then it is a separable, nuclear, countably
Hilbert space [see Gel'fand and Vilenkin (1968) pp. 80-84]. Denote by F a
weight function as in the previous section and define a real-valued functional
C as:

dow, n=0,1,2,... 2.1

C(£)=exp{— 5 j IRe é(l)e‘”’l“F(dl,d@)} (22)

—~T —%

where (€9 and O0<a 2.
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Lemma 2.1. The functional C is a characteristic functional; namely it has the
properties: (i) C(0)=1, (ii) C is continuous, (iii) C is non-negative definite,
Proof. (i) and (iii) are obvious. In order to establish (ii), it is sufficient to prove

C is continuous at 0. Let «; be the j-th Fourier coefficient of (£€2). Since ¢ is

e . . d? . .
infinitely-differentiable, £(w) and Ti%w—) have the expansion respectively such
that
o)=Y, o, and d*é(w)do’= ) al—i)* e
Jj= =00 j=—o0

where each sum converges uniformly. Now given ¢(>0), choose & such that

o {\1/2 e =
{(2’7 2 ]-_2) +ﬂn} [ | Fldo,db)<e. 23)

-t —T

Then for ¢ such that [[¢], <7,
d? &(w)

dow?

k3

]

-7

2 o0
do= 3 l|o|?j><n* (2.4)

j=—

Hence in view of the relation (2.4) and the inequalities

=) SVERPT (T 5) + o .5

\j+0
it follows that

} } IRe &(w) e 1 dF(w, 0) < } } [E(w)|* dF(w, 0)<e. (2.6)

- —7 —-n —n

Since | &, <n is a neighbourhood of 2 at 0, (2.6) implies that C is continuous
at 0. [

Denote the dual space of 2 as 2%, and u be the probability measure on Z*
provided by the Minlos theorem [Minlos (1959)]. The next result is the
counterpart of Lemma 1.1.

Lemma 2.2. Given f,...,f,€9D, the joint cf. ¢ . (S1,...,8) of the random
variables T(f,), ..., T(f,) is representable as

Dry o ilS1s o8 2.7)

en{-1 ]

—n —N

k

Re Z s¥ flw) e

j=1

a

Fldo, dG)},

where s¥ is the conjugate of s;.

Proof. This is a straightforward consequence of the equalities:

¢f1,“_,fk(sl,...,sk)=jexp{iRe ZsHT(f)}du
=[exp{iRe<{Zs} f;, x>} du(x)=C(Zs}t f). O
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The sequence z,={e'"",z) (tel), for z as defined in the above, is equivalent
in distribution to a harmonizable stable process x,=[e'“'dz(w) for an inde-
pendent-increments process z. Moreover if a generalized stochastic process x is
termed isotropic when x and e*x have the same distribution for all 1, it is
easily shown that if x is isotropic, the process z,=<e' ", x> is stationary and any
subset z,,...,z, of {z,} has the c.f which is expressed as

exp{— §1Zst ei“”fl"‘dG(a))}

for a nonnegative nondecreasing bounded function G.

The relation between the spectral representation by means of generalized
stable process and the one by independent-increments stable process is exhib-
ited in the next theorem:

Theorem 2.1. Let {x,} be a stable process defined as x,={e""',x) for a general-
ized stable process whose characteristic functional is given as (2.2); then there is

an independent-increments process {z(2)} such that x,= | ¢**dz(w) a.e., for all
tel. T

This theorem is a consequence of the following more general proposition.
Namely,

Lemma 2.3. Suppose a discrete-parameter stable process {x,} has finite dimen-
sional ¢f’s such that

(btl,_”,,k(sl,...,sk)=exp{— { [ IRe Zsje"("”f*")|°‘F(da),d9)}

- -7
for a weight function F. Then there exists an independent-increments stable

process {z(A)} such that x,= | €'®'dz(w), a.e.
Proof. Given A(—n<A<m), let h;, and h, , be functions on [—n,n] defined as
in the proof of Theorem 1.2. Denote by Xa,, ¢’ a Cesaro sum for h, ,. Let
{¢,} be a sequence of positive numbers which nonotonically tend to 0. Then it
is seen in view of Theorem 1.2 that

[1Za;

Js1, En

el —h(w)* Gdw)—0 as n— co. (2.8)

Set y,= Y a,,,X;; then the y,’s converge in probability to a random vari-
Jj=—n
able z(1) whose c.f. is expressed as

exp{—— } ][ |Resh(/1)e“'9|°‘F(d/1,d9)}.

Set z(m)=x,. Then the set {z(1)} of random variables constitutes an in-
dependent-increments stable process, and thus the stochastic integral

x| = | €“"dz(w) is able to be defined by means of Schilder'’s method. In view

—T
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of the construction of the process {z(1)}, however, the joint c.f. ¢(sy,s,,...,s,)

of x,,
2(A)—z(Ay), ..., 2(A) —2(Qy _ ) (=< <A, <... <A W)

is given as
G(S15---55) (2.9)

=exp [— } 35 IRe(sle““’—Zsj(hlj(a))¥h1j_1(a)))e‘“’l“F(dco,d@)].

- -7
On the other hand, there exists a sequence of sums of the form
$,=2b; (h; ,—h; | J(—r<l; ,<...<4,,S7)

such that for all s,..., s,

lim j ?IRes{e”‘"—ij’n(hxj (@) —h,,_, (@)FFdw,d0)=0. (2.10)
] , ,

-0 — -7

Since the difference d,=x,—2b; {z(4; ,)—z(4;_, ,)} converges in probability
to x,—x; and the c.f. ¢(s) of d, is given as ~

d(s)y=exp [— 35 } |Res{e“‘”—ij’n(hlj,n(w)—hlj_l’"(w))e"iol“F(dw,dﬂ)}],

—nT —7n

it follows from that x,—x,=0ae. O

Though stronger convergences than that in probability are hard to argue
for the class of random variables which are represented by the stochastic
integral using independent-increments process, since those integrals are only
defined as probability limit, it is possible for the class {{f,x): fe%}. For
instance it is evident in view of the definition of duality that if f,, n=1,2,...,
converge to f in & with respect to the topology generated by the countable
norms (2.1), then T(f,) converges to T(f) a.e.

As another result pertaining to the process z,=<¢' ", x> (tel), the following
theorem established a weak convergence of generalized processes. Given sam-
ples z_,,...,z, of a harmonizable stable process z,=<{¢' ", x), the Fourier trans-

—pns
n

form ) €z defines a linear form [ on 2 by means of identification such
j=—n

that for £e2,

19=5- | &) Y (¢ e)do. C.11)

Lastly a type of point-wise convergence is shown. For a fixed a(l <o =2), let

sin { (n + %) a)} / sin (5;—)

=2n+1, if w=0,

24

K (w)=02n+1)** , if w=+0;
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T

1
and define a constant P, as 1/131:7 | K,(w)dw. Then define D,(4) as
s

—n

D, (A=Qm)~ RV 2n+ 1)t~ N QA _p<i<n
j=—1
Suppose that {x,} is a harmonizable stationary stable process and that the
characteristic function ¢(s_,,...,s,) of the sample x ,,x_,,,,...,x, is repre-
sented as

—ns

T

¢(s_n,...,sn)=exp{— f

-7

n
Z Sle—iwl

l=—n

’ dF(cu)} (2.12)

and F has a density f with respect to the Lebesque measure. Now construct
statistics [ (1), —n<A<m, as this:

LA=Q2m)~ " BY2n+ 1= ¥ x exp(ilj). (2.13)

j=-1

Theorem 23. Let A,i=1,2,...,p, be distinct Lebesgue points of f. Then I(4),
i=1,2,...,p, are asymptotically independent and the cf. ¢,(s) of the asymptotic
distribution of I,(4,) is provided as ¢,(s)=exp{—f(4,)|s|"}.

Proof. Denote by ¢,(uy, ..., u,) the joint c.f. of I,(4,). Then,
(»bn(:ul IR /‘Lp) :E eXp {l Re .Zl Iuj In(/’{j)}
j=

con{- ]

-

@

S 1Dy, )

j=1

() di}.

The theorem is a straightforward consequence of Theorem 4.1 of Hosoya
(1978). O

3. An Optimal Linear Prediction

In the theory of linear prediction of discrete-parameter strictly stationary
processes, Urbanik examines for those processes various concepts of the theory
of second-order stationary processes such as deterministic or non-deterministic
processes, or Wold’s decomposition [see Urbanik (1967, 68, 70)]. However, it is
important to note that his theory is framed essentially on his particular way of
defining prediction. Namely, he calls a stationary process to admit a prediction
if there exists a continuous linear operator A from [x,: tel] to [x,:t<—1]
such that

(i) Ax=x whenever xe[x,: t< —1];
(ii) if a random variable x is independent with every ye[x,: t< —17; G.1)
(iii) for very xe[x,: tel] and ye[x,: t<—1], x—Ay and
y are independent.
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His concept of linear prediction, however, turns out to be of limited use except
for Gaussian stationary processes. Actually he shows that if {x,} is a harmoniz-

able stationary process such that x,= | ¢®"dM(w) for an atomless isotropic
random measure M, {x,} is completely non-deterministic only if either M =0
or M is Gaussian [see Urbanik (1968) p. 86]. The purpose of this section is to
consider a prediction problem of harmonizable stationary stable process from
a less restrictive view, giving a criterion of optimality of prediction and con-
structing an optimal one-step head predictor. For that purpose, Schilder’s idea
is useful [see Schilder (1970) p. 420]. He considers the problem of minimizing

y1— ., o;y;| with respect to the o; for a finite set of real-valued
j=2 K
stable random variables y; such that y;= j filw)dz(w) (j=1,...,p) where z is a

the quantity

real-valued independent-increments stable process and || | is the length as was
defined in Sect. 1, and he gives a necessary and sufficient condition of the a;
minimizing ||y, —Za;y;| where || || is the length as defined in Sect. 1. Since, as
was shown in that section, the length |x|| is defined for a complex-valued
isotropic stable random variable, it is able to be employed for the purpose of
comparing the goodness of prediction of various predictors. Given a harmoniz-

able stationary stable process {x,} such that x,= | €'“'dz(w) for an isotropic
independent-increments stable process z, a one-step a head predictor of x, is
an element of [x,:¢t< —1] and the predictor error of ye[x,: t< —17] is mea-
sured in terms of the length |x,—y|, and if there is an element z in [x,: <
—1] such that |[x,—z|| £ ||x,—vil for all ye[x: t< —1], the random variable z
is called optimal (the symbol [x,: t< —1] was defined in the last paragraph of
Sect. 1). It is to be noted that if there is an optimal predictor, it will usually be
not a predictor in Urbanik’s sense except for in the case of Gaussian process,
since his conditions (ii) and (iii) are violated. Now as the next theorem states,
an optimal one-step ahead predictor in the above sense exists under appropri-
ate conditions on the process z, and as the proof of the theorem will show, it is
actually able to be constructed by an extension of Kolmogorov and Wiener’s
result for second-order stationary processes. The result is summarized in the
following.

T

Theorem 3.1. Let x,= | ¢"'“dz(w) be a harmonizable stationary stable process
for an isotropic indepe_zndent—increments process {z(A)} such that the measure
induced by |z(A)||* has a density f(L) with respect to the Lebesque measure. If

| log f(w)dw> — o, there exists an optimal predictor x* in [x,:t< —1] of x,
and then 1
llx* ~x,ll*=2m exp (2— f logf(a))dw)

If [ logf(w)dw=—c0, there exists a predictor y in [x,: t< —1] such that

yE=x, a.e.
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The rest of the section is for the proof of this theorem and the proof is
broken into steps where results are given as lemmas. First, suppose that

| log f(w)dw> —oo. Then an optimal predictor is constructed as follows:

—T

1 . . . . .
Since —log f is then integrable, it has the formal Fourier series
o

1 - ini . 1 T —inl
alogf(/l)~_zooane where a,=5— _jﬂlogf(/l)e dAa.

By means of these coefficients, construct a function g defined on the open unit
[oe)

disk of the complex plane as g(z)=a-+2 ) a,z" Since {a,} is bounded, g is
analytic. Set i=1

c(2)=3 ¢;z where ¢; 7 =Q2n) " exp{g(z)}, lz|<l.
j=o0 —0

J

Note that c(z) is analytic on the open unit disk. For r such that 0<r<1,

{ le(re "M*dA=2n | exp{aReg(re'*)}d)

' —-n

=2n } exp{% f B(O—/l)log[f(ﬂ)]“/zd@}d/l

—T

<2n | [f(O)]" d0<0
where B(0—2)=(1—r?)/(1—2r cos(—r)+7r?). Therefore it is seen that c¢(z) be-
longs to the Hardy space H® and the boundary value c(e™'*)=lim c(re %)
exists a.e. Also it follows from the construction of ¢ that r—1

2%;|c(e‘”)|“=f(/l) ae. and c¢y=2=n exp{% ilog f(i)d/l}.

Now set p(A)= Y c;e ™ */c(e™**).

i=1
Lemma 3.1. pel’(e''*; 1 <1).

Proof. The Fourier coefficients b; of p satisfy that b;=0 for j=0. Also it holds
that

§IPEF()dA2 | Dy dA+2nlcg <o, O
In view of Theorem 1.4, there exists an element x* of [x,: t < —17 such that

S(p)=x*, and x* —x, has the distribution whose characteristic function ¢(u) is
given as '
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ki3

¢(u)=exp { ~lul* | 11— f (%) di} =exp{—co [ul}

=exp{—2n |ul* exp (% }E logf(/l)dl)}.

Lemma 4.2, If xe[x,; t< — 1], then || x* —x,|| S [|x—X,].
Proof. In view of Theorem 1.4, for x, there exists gelf({t< —1}; f) such that
the characteristic function of x —x,, is written as

exp it | 1-g(0) S0 do}

and moreover that there exists a sequence {a],...,an}, n=1,2,... and

T

]

-7

a

f(w)dw

K .
n,ijo
1+ ‘21 aje
J=

T

converges to | [1—g(w)"f(w)dw as n tends to infinity. On the other hand,
Szego’s theorem [see Achiezer (1956), p. 262] maintains that if w(w) be an

integrable function such that | logw(w)dw> — o,

-7

lim min | [1+A4,e "+...+ A" ww)dw

n-o00 Ak —g

1 T
=2n exp{g | log w(a))dw}.

Therefore

E |1—g(a))|af(a))dwg2nexp{-21—n } logf(a))dco} O

—T

Lemma 3.3. In case | logf(w)dw= — oo, there exists a predictor z* in [x,; t<
—17] such that z* —x0_=0 a.e.

Proof. Let | be a positive number and define f; as: f(w)=f(w) if f(w)=] and
Slwy=1if f(w)<l. Let x(l) be the optimal predictor constructed according to
the foregoing argument when the spectral density is given as f;. Let p, be an

element in I*({t< —1},m) corresponding to x(l) (note that | |p1|“dw<oo>;

b4

then it follows from the already established result that

Py, )= ] 11-p(o) fe) do=2rmexp {5; i logfl(w)dw} (62

Let {I,:n=1,2,...} be a sequence of positive constants such that lim!/ =0. It
can be shown that {x(l)} is a Cauchy sequence in probability. For that
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purpose, note that P(p,, ;) monotonically decreases to 0 as [—0, and also that

[ 11=p@) (@) do

= } [1=plo)* flw)do+ f I1=p* (f (@) —flw))do
=Q27n+1) P(ps, f).

For any positive m and n, x(,,) —x(l,) has the characteristic function given as

exXp { — [uf* } p,,—p., 1" f(®) dco}.

Then according to the inequality (3.3),
§ by, (@) =Py (@) f (@) doo

=2{7JE [1—p, ()" f(w)dw+ j [1~p, (@) f(w)da)}

—T -7

can be made arbitrarily small for sufficiently large n and m. Thus it follows
that {x(l,)} is Cauchy in probability. Thus it converges to a random variable z*
in [x,; t< —1]. It is evident that z* —x,, is equal to 0 a.e. [J
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