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1. Introduction 

Let (Xk)k=l, 2 .... be a sequence of random variables (rv's) which are defined on 
a probability space (f2,9.I,P). For  a<b,  let 9.I~b=a(X . . . . .  ,Xb) denote the a- 
algebra of events generated by X a , . . . , X  b. We put EXk=O, k 1,2,. . . ,  and 
write S N = X I  +. . .  + X N, B z = E S ~ ,  FN(x)=P(SN<xBs) ,  fN(z)=EeZS~' and AN(x ) 
=JFu(x)-cl)(x)l, where q~(x) is the standard normal distribution. The sequence 
(Xk)k= 1. a .... is called m-dependent if for 1 < s < t < o% t -  s > m, the a-algebras 
9.I~ and 91 t are independent (see [12]). For  example, the sequence X k 
=h(~k,...,~k+m) , k = 1 , 2 , . . . ,  where (~j)~=1,2 .... are independent rv's and 
hlRm+ 1 ~ R 1 Borel-measurable, is m-dependent. 

Sequences of m-dependent rv's are special cases of q%mixing sequences (see 
[12, 13]). In general the estimates of the error AN(x ) for @mixing sequences 
are cruder than in the case of m-dependence (see [13]). Recently, many authors 
studied the error Au(x) for m-dependent rv's. The reader is referred to [1, 2, 8, 
9, 12, 13]. Perhaps the best published result on uniform bounds of AN(x ) is that 
of V.V. Shergin [9], who shows that under the assumption ElXkl3<oO, k 
= 1, 2 . . . . .  N, the discrepancy AN(x ) is less than 

N 
c l ( m + l )  2 ~ EIXkl3B~ 3. 

k = l  

Here and below, Cl,C 2 . . . .  denote positive constants (not depending on N). 
0 stands for a complex number  with [0l=<l which "may be differ from one 
expression to another and Xa denotes the indicator function of the event A. [] 
indicates the end of a proof. 

The main purpose of this paper is to provide a general method for the 
derivation of limit theorems for sums of m-dependent rv's. This method is 
based on a factorization of the characteristic (moment-generating) function 
fN(it), t ~ R  1, (fN(Z), z ~ C  1) in some neighbourhood of t = 0  (z=0). Section 4 
contains some results concerning asymptotic expansions of FN(x ) and large 
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deviations of S N. In Sect. 5, these theorems are proved by using the basic 
relations of Sect. 3 and the standard procedures from the summation theory of 
independent rv's (see [7]). By the given factorization of fN(it) it is possible to 
derive further results for sums of m-dependent rv's and random vectors, for 
example: convergence to infinitely divisible distributions, non-uniform bounds 
of AN(X) and so on. The factorization of the characteristic function of a sum of 
dependent rv's was first used by the author in order to investigate the limit 
behaviour of sums of rv's connected in a Markov chain (see [3-6]). 

2. Preliminary Lemmas 

For a sequence of arbitrary complex-valued rv's Y1,Y2 . . . .  the symbol 
EY1 Y2--. Yk is defined recursively by: 

k--1 
EY1Y2 ... Yk=EY1YE '' '  Yk-- ~ EY1 "'" YjEYj+I ... Yk for k > 2  ~ 

~=1 - (2.1) 
and E Y I = E Y 1 .  

This symbol was at first defined (in another way) by V.A. Statulevi~ius 
[11]. The above equivalent definition was given by the author [3]. 

Applying (2.1) successively, we get 
k 

/~Y~ Y2 ... Yk = ~ (--1) z 1 2 EYa ... YklEYkI+~... Yk~+k2 
l= 1 kt+ . . .+kz=k 

k, ~ 1 (2.2) 
--. EYk~+,..+k~_~+ 1 ... Yk. 

Similarly to (2.2) we can show (see [33) 

F"(Y1 + al)(Y2 + a2) ... (Yk + ak) 
k k--1 

(2.3) 
= Z  ~ /~Yq Yq2 ... Yq, I~[ aj, 

/=2 l = q l < q 2 < . . . < q l = k  j=2 
J~q2, . . . ,ql-  I 

where al , a2, . . . ,  a k are arbitrary complex numbers. 
Another result is concerned with the differentiation of EYI( t ) . . .  Yk(t), where 

(Yj(t))~= 1 ..... k are differentiable rv's (with respect to the parameter t). If differen- 
tiation and expectation are exchangeable, then the following analogue to 
Leibniz's rule holds (see [3]): a 

d P -  ( P P k )  dt p E Y  l ( t ) . . .  Yk(t) = ~ EY(m)(t) . . .  Yk(P~)(t) 
pl+ ...+pk=p Pl """ 

pk>O 
min (p,k) ( ) 

= Z ~ P ~, EYI(t)  (2.4) 
l=1 p l+ . . .+pz=p  P l  " ' ' P l  l<=il<...<il<=k 

p~> l 

... ~(P~)(t~ . . . .  ... Y~,(P')(t. ) . . .  Yk(t). 

We suppose E[Yjlk< oe, j= 1,2 .... ,k. 

PlP2 . . .Pk  Pl !P2! - . .Pk[  
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Lemma2.1. Let U1,...,P p and V~,...,Vq be arbitrary rv's with EIUiIP<o % 
i = l , . . . , p  and E]Vjlq<oe, j = l , . . . , q .  I f  the a-algebras a(U 1 ... .  ,Up) and 
a(V1, ..., V~) are independent, then 

~ u ~  ... u~v~  ... v~=0. 

Proof Because of the Definition (2.1) and the assumptions of Lemma 2.1 we 
have 

~u~ ... u~v~ ... v~=Ev1 ... v~ e v ~  ... u , -  Y~ f:Ux ... v ~ e 6 + l  ... up 
i = l  

q - -1  

- ~ u ~  ... u ~ V l  ... E -  Z ~u~ ... u~vl  ... v ? v j + ,  ... v~ 

q- -1  

= - Z ~ v ~ . . .  up v~ ... bEv~+~ ... v~. 
j - 1  

In the same way we get 

~v~ ... u~v~ ; E v ,  Eu~ ... u ~ -  ~ ~u~ ... u~Ea,+~ ... u ~ - ~ c q  ... v~ =0.  
i = 1  

Repeating the above procedure we obtain the assertion of Lemma 2.1. [] 

Corollary 2.1. I f  Y1, ..., Yk are 1-dependent rv's with ELY/<  o% j =  1, ..., k, then 
we have 

E(Y1 + aa)(Y2 +a2). . .  (Yk + ak) =EY~ I12'" Yk, (2.5) 

where al , . . .  , a k are arbitrary complex numbers. 

Proof By Lemma 2.1 and the 1-dependence we have EYqlYq2... Yq=0 for 
1 =q l  < q 2 < . . .  <q~=k, 2<=l<k. Using (2.3) we immediately get (2.5). [] 

Lemma 2.2. Let Y1 ... .  , Yk be 1-dependent rv's with E [ Y j ] 2 <  oo, j =  1 . . . .  ,k .  Then 
the following estimate holds: 

k 
[/~Ya Y2 "-" Yk[ <2k-1 IF[ (EIyj[2) U2" (2.6) 

j = l  

Proof We prove relation (2.6) by induction. Clearly (2.6) holds for k = l .  By 
Schwarz's inequality and the 1-dependence we have 

[EYj+ l ... Yp] =<(E]Yj+ 1Yj+ 3 . . .[2)l /2(E[Yj+2Yj+4., .[2)1/2 

p 

-- I I  (EINI2U z. (2.7) 
i - j+1 

Let us assume that (2.6) is valid for k = l , . . . , p - 1 .  Using the Definition (2.1) 
for k=p  and (2.7), it is easy to see that (2.6) also holds for k=p. [] 
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Let there be given a sequence of m-dependent rv's X~,  X 2 . . . .  , X  N. We can 
construct the following sequence of 1-dependent rv's: 

Yk = Xm(k_l)+j , k = l  . . . .  ' m and Y[~]+ = S , -  ~, Yk .3 (2.8) 
j = l  k=l  

Therefore, it suffices to consider the case m = l .  We use the notations of 
Section 1 and put MpN = max EIXkl p, 

l<_k<_N 

wN(z)= max (EleZX~-l[2) 1/2, K N = { z 6 C  a: wN(z)<l /6} .  
1 <-k <-N 

Lemma 2.3. I f  X 1 . . . .  , X  u are 1-dependent rv's with M p u <  oe, then the following 
estimate holds: 

dP - " 1) MpN( k - j + l ) ~ 2 3 p + l ( 2 w N ( i t ) ) k - j - 2 p ' k - j > = 2 p  (29) 
E(e " x J - 1 ) . . . ( e  i tx~-  < �9 k " '" " 

= MpN(k  - j  § 1) p 22( -J ) ,  k - j  < 2 p 

where 1 < j < k < N. 

Proof  To prove relation (2.9) we replace the rv's (gi)i= t ..... k in (2.4) by e itx' - 1 ,  
l = j , . . . , k .  Using (2.2), the well-known inequality [ e ~ - l [ < 2 ,  HiSlder's in- 
equality and keeping in mind the 1-dependence, it follows easily that 

~MpN231+l(2wu(it)) k-j-21, k - j > 2 1  
IE , . .  Y-P'~ ei~xi . . . .  gif t e itx'~ I < [MpN 22(k_j ) - l+ 1, k - - j  < 2 l  

f o r j < i  1 < . . . < i t < k .  
Therefore the identity 

min(p,k--j+l) ( ) ( k _ j i + i )  
Z Z P = ( k - j §  1) p 

l=1 pl+...+pl=p Pl ...Pt 
p~_->t 

implies the desired estimate (2.9). [] 

3. Factorization of the Characteristic Function of a Sum 
of 1-dependent Random Variables 

We are now in position to formulate the main lemmas of this paper. 

Lemma 3.1. Let  X I ,  . . . , X  N be a sequence of  1-dependent rv's. Then the product 
representation 

, EeZS~,=cpl(z)r ) . . . . .ON(z)  (3.1) 

holds for each z ~ K  N, where qol(z)=Ee zxl and for k=2,  . . . ,N 

EeZS~ k- 1 ~(e~XJ _ 1)(ezXJ+~ _ 1)... (e ~xk - 1) 
qOk(Z)=EeZS~_ = EeZX~ + 1 j~ l  q~j(z) ~j+~ (~).. .  ~ok_t (z) 

(3.2) 

3 Ix] denotes the integer part of x. 
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Furthermore,  the fo l lowing est imates are true for  each z ~ K N and k =  1, 2, . . . ,  N :  

o r  

2(Ele  ~x . . . .  ll2 Ele ,  X~_ 112):/2 
I~ok(z)-1 / < [Ee~X~- I I -~ 

(>) (-~ 1-4wN(z  ) 
(3.3) 

[Ok(Z)- 11 < ]Ee ~xk - I[(+)6(WN(Z)) 2. 
(>) 

P r o o f  Applying the elementary symmetry property E Y~ Yz ... Yk = ~ Yk "" I12 Y~ 
for arbitrary rv's, we get from (2.1) 

k--1 
E e ~ S ~ = ~ e  ~x~ ... e~Xk + ~ Ee~SJEe zxj+' ... e ~x~. 

j - -1  

Taking into account that qOl(Z)=Ee ~x' and (pj(z)=Ee~SJ/Ee zsj-~, j = 2  . . . . .  k - l ,  
we have 

EeZSk k-1 ~ezXJ ... ezX~ 

EeZS~_ ~ - EeZX~ + 
j= 1 q ) j ( Z ) . . .  ~Ok_ 1 (Z)" 

Finally, using Corollary 2.1, we obtain the representation (3.2). Now, our 
problem is to estimate [q~k(Z)--lJ in certain neighbourhood of z=0 .  We shall 
prove (3.3) by induction. 

Clearly Icpl(z)-1] = l E e  ~x~ -11.  By Lemma 2.2 we conclude that  

I~(ezX~- 1 )  (e ~ -  1)1 
< 2 k - J ( W N ( Z ) ) k - j -  1 (E [e zxk -~ - 1 [ZE le ~x" - 112) l /2. (3.4) 

Let us assume that  (3.3) holds for [r j = 1,. .... k - 1 .  Then z ~ K N implies 
that 

max [qoj(z)- 11 <WN(Z)+ 6(WN(Z)) 2 <2WN(Z). (3.5) 
1 <=j~k- 1 

Note that 
2 wN(z) < 2 w:,(z) < 1 

1 -  max ] ( p j ( Z ) - - I I = I - - 2 W N ( Z ) = 2  
1 <=j<=k- 1 

and hence combining (3.4) and (3.5), we get 

2(E le zxk - 2 _ 1 [2 E [e zxk - 1 [2)1/2 
kOk(Z)-- II _---< lEe z x ~ -  11 q 

l ek -  ~ (z) l 

which proves (3.6). 
(3.6). [] 

k-a ( 2wN(z) )k - j - a  
• ~ _-< I~e ~x~- II 

j=1 1 -  max k o & ) - l l  
l<_i<_k--1 

2 ( e [ e  zx . . . .  l l2E[eZXk_ 112)I/2(1 _ 2wu(z)) 
-+ 

(1 - I ' & - 1  (z) - 11)(1 - 4WN(Z)) 

In the same way one can show the validy of " > "  in 
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Lemma 3.2. Let X 1 . . . . .  X N be a sequence of 1-dependent rv's. Then the estimate 

l~ k=lL E(e~Xk-- 1) - k=2L E(e~X~-~-l)(e~x~-l) 

~ 2 W N ( Z )  k~=llEe~X~--ll +22 L Ele~X~-l[2 (3.6) 
k = l  

holds for each z s K N. 

Proof. Using (3.1) and (3.2) we decompose the cumulant-generating function of 
S N as follows: 

N N 

l~ Eezs '=  ~ E(e~X"-l) + 2 ff~(e~X~-~--l)(e~X~--l)+RN(z), 
k = l  k = 2  

where 

1 ) 
Ru(z) = (log q~g(Z) -(Ok(Z) -- 1)) + ~ 1 

k = 1 k = 2 j = 1 ~ O j ( Z ) . . .  q ) k -  1 (Z)  
N k - 2  

xE(e  z x j - 1 ) . . . ( e  ~x ~ - l ) +  ~ ~ E(e z x j -1 ) . . . ( e  ~x~-l).  
k = 3  j = l  

As an immediate consequence of (3.4), (3.5) and z e K N we obtain the following 
estimates: 

1 1 2wu(z) ( 2wu(z) ]k-j-1 
...(pk_l(Z ) < ( k - j )  l_2wu(z) _14 l_~wu(z)  ! ~Oj(Z) 

< 3(k--j)wN(z)(1 + 3wN(z)) u- j -  1, 

k -  2 ( e  ~ x ~  - 1) ff~(e zxj -- 1) ... _< 6wu(z)(E[e zx~-' - llZ Ele zxk - 112) 1/2, 
j = l  

i)  ezX  / 
k--1 

< 6wu(z ) ~ (k - j )  (3wN(z)) k-J- I(E [e ~x . . . .  112 glezX~ _ 112)1/2 
j = l  

< 24wu(z)(E[eZX~- i - l]2 Ele~X~ - l]2)U 2. 

By these estimates we get 

N N 

Z I~o(z)-l]_-< Z I Ee~x~-l l  
k = l  k = l  

N 

+(2 + 3OwN(z)) ~ (Ele ~x'-' - l[2 Ele zx" - 1[2) 1/2. 
k = 2  

Using the above estimates again and the elementary inequality 

Ilogz-(z-1)l<lz-ll 2 for Iz- 11<1/2, 
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we have 
N 

IRN(z)I<2w~(z) ~ IEe~X~-l[ 
k = l  

N 

+ 44wN(z) ~ (Ele zx~-~ _ l]2Ele~X~_ 112)~/z. 
k = 2  

This yields (3.6). [] 

Corollary 3.1. Let X t , . . . , X  N be a sequence of  1-dependent rv's. I f  t s R  ~ 
satisfies wN(it ) <= 1/6, then 

logEeltSr~--k=l ~ E(eitXk--1)--k=2 ~ ff~(eUXk-'--l)(eitX~--l) 

N 

<9OwN(it) ~ ]EeitX~-l[. 
k = l  

Proof. In fact, Lemma 3.2 and the well-known inequality 

Ele i~x~- 1] 2 <=2lEe i txk-  II 

yield the desired result. []  

Corollary 3.2. Let X1, . . . ,  X N be a sequence of  1-dependent rv's with E X  k = 0 and 
E[Xk[3 < ~ .  I f  ]t[<B~/192NM3N, then 

I f~ (i UBN) I <-- e-72/4. (3.7) 

p-1 (itx)k <ltxlp 
Proof. Noting that e itx-- ~ = k=0 k! =--~-.  ' p - - l ' 2  .. . .  and BE<3k=IEX~,  we 

have the following estimates: wN(it/BN)< 1/64, 

N N~3N 3 wN(it/Bs) ~, lee itxk/B~- l]_-<�89 3 N, 
k = l  

if"( eitx~- (it)2 _ Xk {]t] t3 N '/B~r--1)(eitX~/BN--l)----~N Egk_ 1 <-2 F, EIX~] 3, 
k = 2  - -  \Bs}  k = ,  

Ee,X~m N E X  k EX~ <I [Lt[ ~3 N ,_, - 1 - i t  - ( i t )  2 ~ ElXkl 3. 
k=~ B N 2B~v =6 \-~N! k=l 

We conclude from Corollary 3.1 that 

283 (Itl   
log E e  i t~r /B~ + - -  G - -  N M 3 N  

2 - 6 \ B N }  4 

which implies (3.7). [] 

A more delailed study of the terms log Ok(it) leads to the following exten- 
sion of Lemma 3.2. 
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Lemma 3.3. Let X 1 . . . . .  X N be a sequence of 1-dependent rv's. I f  wN(it)<=l/6, 
then 

log N +5( Ee _ 1) a) EeitS~,_ ~, ((EeitX~_l)_l(EeltX~_l)2 1 itx~ 
k = l  

N 

+ ~. ((Ee "x~-*-  1)+(Ed ~x~ - 1 ) -  1)/~(e "x~-~ - 1)(e "x~ - 1) 
k = 2  

--k=a ~ E(eitX~-2--X)(eitX~-l--X)(eitX~--l) ~C2(WN(it))2 k = l  ~ [EeitX~-X]" (3.8) 

One can verify the assertion of Lemma 3.3 by simple refinements in the proof 
of Lemma 3.2. To avoid tedious, but not difficult calculations we omit this 
proof. 

Lemma 3.4. Let X~ . . . . .  X N be a sequence of i-dependent rv's with MpN < o0. I f  
wN(it ) < 1/6 then 

max < C (p) MpN, (3.9) 
1 -<k _<N 

where C(p) is a constant only depending on p. 

Proof. For brevity we put 
d; 

~,(P) = - -  (qoj(i t)... (Pk-1 (i t)) 
Ojk d t  p 

and 
d p ~c(p) = _ _  ~(eitXj_ 1)... (e i~x~ - 1) 

Jjk  d t p  

for p=0 ,  1, 2 . . . . .  It is easily seen from (2.9) and (3.5) that 

f}P) 
J jk <122PMvN(k_j+l)P2-(k-j),  l<j<=k. (3.10) 
gjk -- 

Next we prove (3.9) for p = 1. 
Assume that ]q~l)(it)[ _-< C(1)M1N with C(1) = 866 holds for q = 1 . . . . .  k -  1. In 

view of the representation formula (3.2) the first derivative of q)g(it) has the 
form 

d k 1 f ( 1 )  k 1 1 

dtCPk(it)---iEXkeitXk+ j=* gjk ~ 2~k j=l ~jk f3k kq=j (P~i)(it)pq(it) 

Then by (3.4), (3.10) and our assumption 

k-- 1 (k --j + 1) 122 k- 1 
q)k(it) <=MIN+i=I ~ MIN 2V2~ ~-3wN(it) j=l ~ (k-j)C(1)~ M1N 

< M 1 N ( l + 1 4 4  ~ (k+l)2-k+gC(l )w~( i t )  ~ (k+1)2 -k -2)  
k = l  k = 0  

< M1N(433 + C(1)/2)_< C(1)M1N. 

Thus the last relation implies [(p~)(it)l < 866M1N for every k >  1. 
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and 

To prove (3.9) for p > 2 we state the following differentiation formulae: 

dP~pk(it ) =_iPEX~eitX~+i+l dP {fjk(it)~ 
d t - - ~  .~ ~ \g~k(it) ! 

dtP \~]=gjk---q~, gjk gjk gjk q=j q~q(it) 

g j k  q=2 p l + . . . + p q = p  P l ,  "'" J<Yl=" <... jq<k= -- 1 
p~> l 

p+l ( 
- Z ( - 1 ) ' - '  Z P 

1=3 p l + ( p 2 + l ) + . . . + ( p t + l ) =  p Px,P2+l,  ..- 
pi>-O 

f(Pl) a(P2+ 1) a(Pz + 1) 
X Y jk  "'" &jk 

g j k  g j k  "'" g j k  

(P~) 't ~(Pq)UP 

~oj,(it)... (pj,(it) 

, p l + l )  

dp . ,  
max log (pk(lt) < K (p)Mpu , 

1 ~k<=N 

q=l \2] qpl+...+pq=p 
P i l l  

Proof. The derivatives of log qOk(it ) are given by 

d p p (--1)q -1 
d t p  log q~k(i t )  =p! q~=l (q )k ( i t ) )  q E - -  

P l + . . . + p q - - p  
pi>=l 

C(p,) ..o C(pq) 
P1 ! Pq! 

(p~v')(it) (p~e")(it) 

P l  ! "'" Pq! 

A simple application of H61der's inequality shows the validy of (3.11). [] 

Remark 3.1. If X1 , . . . ,X  N are m-dependent rv's with Mvu<o G then using 
(2.8), (3.11) and the well-known inequality 

[al + ... +amlP<m p- l ( [ a l [ P  + . . .  n t- [am[ p) 

we get for Itl<Bu/6m max (EX2) ~/2 
I <_K<~N 

d• mP- I N MpN (3.12) logEe 'tsN/B~' <=K(p) B~v 

(3.1l) 

where 

Now one can verify (3.9) in the following way: It is assumed that (3.9) holds 
for p = l , . . . , s - 1  and ]~o~S)(it)[<C(s)M~N for q = l , . . . , k - l .  Then by the above 
formulae one can show that ]qo~)(it)]<C(S)MsN and therefore (3.9) holds for 
p --- s. 

This yields (3.9) for every p > l .  We remark that in accordance with the 
above differentiation formulae the constants C(p), p = l , 2  . . . .  are successively 
calculated. [] 

Corollary 3.3. Let X1, ..., X u be a sequence of 1-dependent rv's with Mpu < oe. 
I f  wN(it ) < 1/6, then 
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4. Resu l t s  

Theorem 4.1. Let X 1 . . . .  , X  N be a sequence of 1-dependent rv's with EXk=O. 
Suppose that 

EIXulP<H EX~p!  p=2,3, �9 k= l ,  N, (4.1) 
0 p - 2  , . . - ,  . . . ,  

with H >= 1/2 and 0 < 6 N < (18 H M z u  )-  1/2. 
Then in the interval O<x<<_caAu/Hu the following relation for large de- 

viations holds: 

,(SN>=xBu) { oo } (  (HN(I +x)~]4 
1-~b(x) = e x p  X3k~=oXkN xk 1-'}-0\ ZIN ]] as N ~ o o ,  

where 

and 

N 

AN=~SNBN/4 ' HN=80H ~ E X  k2/B N2 
k = l  

2ku 

and 

, k+, ) 
(k + 2)(k + 3) ,~, ( -  

rk + 2 (SN/B~) 

kl+...+k~=k+li=l (ki+l)! 
k i > l  

d k 
Fk(SN) =/1 d-~ log fN(it)lt= o' 

Corollary 4.1. Let X1, ... , X N be a sequence of m-dependent (m > 1) rv's with E X  k 
=0. Suppose that (4.1) is satisfied. Then the assertion of Theorem 4.1 remains 
valid if we replace H N and A N by 

N 
/~N=80Hm ~ 2 2 E X  k/B N and AN=g)NBN/4m, 

k = l  

respectively. 

Theorem 4.2. Let X 1 . . . . .  X N be a sequence of 1-dependent rv's with EXk=O and 
EIXkl3 <oo. Put L3N=NMaN/B~.  Suppose that the following conditions are 
satisfied: 

(A) 0 < c 4 ~ M a N  , B N ~oo  and L3N --*0 as N ~oo,  

(B) there exists a real number ~, 0<~<1,  such that 

max EIxk[a)~(IXkI>L~}=o(M3N) as N ~oo,  
l<=k<=N 

IEe"S~,/'~, I 
(C) J' 1 It[ dt=o(L3N ) as N--*~. 

Itl>= 
1 9 2 L 3 N  

4 AN(X ) = ~, ,~kNX k is t h e  C r a m 6 r ' s  p o w e r  se r ies .  
k=0 
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Then the asymptotic expansion 

( l - x 2 )  F3(SN) e-X~/Z=o(L3w) as N-~oo 
F W(x)-tb(x) 6 ] / ~  B3 

holds uniformly in x. 

Corollary 4.2. Let X 1 . . . . .  X W be a sequence of m-dependent rv's with EXk=O 
and EIXk]3 < oo. Then the whole formulation of Theorem 4.2 remains valid if we 
replace Law by - _ 2 3 L3N--m NM3w/B W. 

5. Proofs of the Results 

Proof of Theorem 4.1. (2.6) implies 

IE, X~' ... X~k[ < 2g-i(EIXj[2P' ... EIXg]ZP@/2, 

and therefore by a short calculation one can show the analyticity of 

E(e~X ' - l ) . . . ( eZX~- l )  = ~ z p ~, 
~xy, Xp~ 

" ' "  k 

p=k-~+x pj+...+p~=p Pj! "" Pk! ' 
p i > l  

l < j<k ,  l <k<-N, for [zl<6w/2. 
The analyticity of~01(z ) . . . . .  q)w(z) for Iz[ <6N/4 can be verified inductively by 

the defining formula (3.2). Thus log Ee zsN is an analytic function for [z[ <~5w/4. 
Again using (2.6) we have for [zl < ~w/4 

IEeZX~-ll< ElXkf<-}HEX2lz[  2 
p = 2  " 

and 

E[e~X~-ll2Z ~ ]~v 2PE]XklP<--SHEX2lz]2" 
p = 2 " 

a W was chosen in such way that each z with ]Zl<aw/4 belongs to K W. Next we 
apply Lemma 3.2 and use the above estimates: 

N N 

[logEe~SN[ < ~ [EeZX~-l]+2 ~ Ele~X~-l] 2 
k = l  k = l  

+2ww(z) ~_ [EeZXk-ll+ 22 Ele~Xk-ll2 
k - 1  k = l  

N 

=80/-/F,  EX~lzl 2 for Izl<G/4. 
k = l  

Together with the introduced notations we can state the following result. The 
cumulant-generating function log Ee zsN/B~ is an analytical function for Iz[ <A s 
such that 

[log EeZS~m~r[izl=a ~ [ < HwA ~. 
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Now we are in position to apply a lemma on large deviations which is due to 
V.A. Statulevi~ius [10, 11]. This lemma yields the assertion of Theorem 
4.1. [] 

Proof of Corollary 4.1. In order to proof Corollary 4.1 we only repeat the proof 
of Theorem4.1 for the 1-dependent rv's (2.8). Taking into account the in- 
equality 

j = l  
(5.1) 

IN] and the corresponding inequality for k=  m +1, it is easy to show the 

analyticity of log Ee ~s~ for ]z[ <bN/4m and the estimate 

]logEe~S~ll~t=~l<HNA~. D 

Proof of Theorem 4.2. We first prove the following 

Lemma 5.1. Let X1, ..., X N be a sequence of 1-dependent rv's with EXk=O and 
E[Xkl3 < og. Suppose that the conditions (A) and (B) are satisfied. Then, for 
Itl<g-3~, 0 < f l < l - c ~ ,  

logfN(it/BN ) _  / t 2 (it) 3 3~1 ~ - 2 - +  6 - F3(SN)B~ ) <=eNLaNlt[3" 

Here and below, e N denotes a positive null sequence which may be differ from 
one expression to another. 

Proof of Lemma 5.1. Since [L-3)t[<=~NB N by our assumptions, we have for 
p=1 ,2 ,3  

E ( e  itxk/BN - 1) = ~ ~-. + 0 (ElXklP)(,flxkl @La~} 
q=l  

It[ 1 P it q EXq O~;N 
-t (p+ l)B EIXkIP+ Z{IXkI<L;~)= ~ 1 ~ q! + p!B~ 

The following estimates may be derived in like manner: 

E(eitXk-dB~--l)(ei'X~/BN--1)= ~ ff~Xk 1Xk+�89 
- \ B  N ] 

2 x (EXk_ 1Xk+ff~X k 2 -- 1Xk ) -]- OeN ]tI3 M g N B ;  3 

~(eitX~- ~/B~ _ 1)(eitX~/B~ _ 1)(E(eltX~- ,/8,~ _ 1) + E(e "x~/B~ - 1)) 

= (i~)3(EXk~I+EXk)f f~Xk_IXk+OeN[tI3MsNB~ 3 

ff~(eltX~_ :/B,, __ 1)(ei,Xk- ~/B~ _ 1)(eitX~/n~ _ 1) 

= ( iB~) 3 EXk_ 2Xk_ I Xk + OeNIt]a M 3NB~ 3, 
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11t1 3 2_. ]Eei'X~/B~--ll<eN M3N" W2 \BN ]k= 1 \-~N ] 

A short calculation shows that 

N N 

F3(SN) = ~ (EX3k - 3 EXkEX2 + 2(EXk)3) + 3 ~ (EX 2_ 1Xk + EXk_ ~ X 2) 
k = l  k = 2  

N N 

- 6  ~ (EXk_lq-EXk)ff~Xk_IXk+6 ~ E X k _ 2 X k _ I X  k 
k = 2  k = 3  

and by HSlder's inequality 

<----13k~=1 EIXk]3 <13L3N" (5.2) f 3(SN/BN)I , = B ~  = 

Using Lemma 3.3 and the above estimates, it is rapidly seen that 

log fu ( it/BN) =-B-/u ES N + �89 fiNN \Bu ] 

+OeNlt]3 L3u. [] 

We return to the proof of Theorem 4.2. 
Making use of Lemma 5.1 and (5.2) we see that for ftl<L3~ 

f (it)  3 
fu(it/Bu) = e-t2/2 l l  + - ~ -  F3 (SN/BN) + O1 euLaNltl 3 

(i t)  3 gN[t,3L3N 2 ([tI~6 [F3(SN/BN)]-]- gNL3N[t[3)} + 0 2 --~- F 3 (Ss/BN) + exp 

= e  -t2/2 (1 (it)3 \ +-if-Fa(Su/BN) ) + OeNZaN(It[ 2 + Itl5)e -'=/4. (5.3) 

Now we quote a lemma which is needed for the proof of Theorem 4.2. 

Lemma 5.2. (see [8], p. 13). Let Fl(x), F2(x ) be functions of bounded variation 
on the real line, 

Ixl IdFk(x)l < ~ ,  k = 1, 2. 
--00 

Further, suppose that R(-oo)=R(+oo) - -O and ~ r(_~f) dt<oo, where R(x) 
t 

=FI(x)-F2(x ) and r(t)= ]: ei'~dR(x). Then 
-oo 

~__~ e -  itx 
�89  +O))= ~ _~f~ r(t)dt ) 

- oo 
for every x. 
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I f  we t a k e  in L e m m a  5.2 

(1 -xZ)F3(SN)  e_~2/z, 
FI(x)=FN(X ) a n d  Fz(x)=O(x)+ 6 I ~ B  ~ 

it r e m a i n s  to s h o w  tha t  the  i n t eg ra l  

fN(it/Bs ) ( '(it)3 ) IN= ~ --e -t2/2 1-e~-F3(SN/BN) It[-ldt 
- o o  

equals to the order o(L3u ) as N -~oe. 
Splitting the domain of integration we obtain 

Iu<= ~ L(it/BN)--e -ta/2 (1 (it)3 \1 + ~ -  ra(SN/BN)) Itl" l dt 
It[ <=L;~ 
+ ~ fu (i~ BN)- dt+ S ' ' " l  ~ [  fN(i~//~N) dt 

]t 1>(192L3N)-I  L3~<I t I<(192L3~)  l 

+ .f e -~/2 1 (it)3 r3(SN/BN) 
It[ >L~ + ~ -  [t[- ldt. 

By (3.7), (5.3) and (C) it is easily seen that IN=O(L3N ) as N ~ .  This com- 
pletes the proof of Theorem 4.2. Q. 

[ N / m ] +  1 

For the proof of Corollary 4.2 we write S N = ~ Yk with the 1-dependent 
k=l 

rV'S (2.8). Then the assertion of Corollary 4.2 can be proved by using (5.1) and 
the technique in the proof of Theorem 4.2. 
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