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1. Introduction 

d . 0 0 < i < n ,  on/Rd and an n-dimensional Given C~-vector fields A i = ~ AJi(x)~x;' - - 
j = l  

Brownian motion (Be, ..., B7), we consider the stochastic differential equation 

dBt + Ao(Xt) dt, 1 <_i <_d, dX[= A}(X,)o J ~ (1.1-1) 
j=l 

X o =xs /R  e, (1.1-2) 

where the symbol o denotes the symmetric stochastic differential of Stratonovich 
(It6, K. [4]). We denote by 5('(A1, ..., A,) the Lie subalgebra of 3~(/R a) generated 
by A m, ..., A n, where 3~(/R d) is the Lie algebra of all C~~ fields on/R e with 
the bracket product: 

IX, Y] = X Y -  YX,  X,  YeX(/R~). 

We also denote by C([0, co)-~/R n) the set of all continuous functions Ut, 
tel-0, ~),  with values in ~". 

Recently, Doss, H. [1, 2] showed that, if the total differential equation 

0 hJ(c~,fl)=Ai(h(cqfl)), l < i < n ,  l<=j<=d, (1.2-1) ~fil - - 

h(c~, 0) = c~ (1.2-2) 

(c~E/R a, fl~/Rn, h=(h 1, ..., hd)) is completely integrable, then the solution of (1.1) 
can be expressed in the form 

X t = h(q)(x, B . ) ,  B,), (1.3) 

where the functional 

,/,: IR a x C([0, oo) . /R") .  C([0, ~)_,/Rd) 
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is obta ined by solving certain ord inary  differential equation.  One  can easily see 
that  the integrabil i ty condi t ion of (1.2) is equivalent  to the condit ion tha t  the Lie 
algebra ~ ( A 1 ,  . . . ,  A,) is Abelian. On the other  hand,  Gaveau ,  B. [31 t reated a 
special class of stochastic differential equat ions in the case when Lf(A1, . . . ,  An) is 
not Abelian. For  example,  consider the case when 

A 1= ~x a, A 2 = ~ x z - 2 x l  Ox 3, A o = 0  

(d=3 ,  n=2) .  Then, 5F(A1, A2) is ni lpotent  1 of  step 2 and X t is expressed as a 
function of mult iple  Wiener  integrals of order  < 2  (see Example  2.1 of the next 
section). These works  of  Doss  and G a v e a u  suggest that  there will be a general 
relat ion between 

(a) the representabil i ty of  the solutions of  s tochast ic  differential equat ions in 
a form similar to (1.3) by means  of mult iple  Wiener  integrals, 
and 

(b) the ni lpotent  p roper ty  of the associated Lie algebras. 

The  purpose  of this paper  is to investigate such a relat ion in full under  a 
general setting. 

Before stating our  main  results, we must  in t roduce some notations.  E 
denotes either the set {0, .. . ,  n} or the set {1 . . . .  , n}; it will be decided in each 
occasion. We put  

E ( P ) = { I = ( i l ,  . . . ,  ia); il . . . .  , ia~E, l < a < p } ,  p =  1, 2, . . . ,  

E(oo)= 0 ~(P), 
p = l  

and define vector  fields A I for I~E(oo) inductively by the formula  

A(il ..... ia) = [A(h ..... i, _ ~), A j .  (1.4) 

For  simplicity, we assume that  the componen t s  of  AI,  I~E(oo),  are Lipschitz 
cont inuous on IR d. We also define processes B[, t >0,  I~E(oo),  inductively by the 
formula  

t 

Bli . . . . . .  ia) = [ B(h ..... ~o-1) o d B ~  o, (1.5) 
J s 
0 

where B ~  t>O, by definition, and f rom now on we write A i ...... io and B~ ...... i. 
instead of A(f, ..... ~.~ and BI ~ ..... i~ respectively. 

t A Lie algebra ~ is said to be nilpotent of step p if the p-th term of the series: 

[Le, ~3 = [Le, [s ~3] ~ [s [~,  [~,  ~e]]] . . . .  

vanishes, where 

[ d , ~ ] =  ~ [ai, bl];aimA, bieB, i=l .... ,k ,k=l ,  2 .... 
i = l  

for each d ,  ~ c 2z 
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The main result (Theorem 2.1) of Section 2 is now stated as follows: If 
2 ' (A o . . . .  ,A,) is nilpotent of step p, then there exist a subset F of E(p) (E 
= {0, ..., n}) and a function h c C~176 d x ]R ~ e ~ 1R a) 2 with the property that 

X~ = h(x, (B[)I~e) 

is the solution of stochastic differential equation (1.1) for each xMR e. The proof  
of this theorem will be given in Section 3. The converse of this theorem is also 
true as will be proved in Section 4. An extension of a result of Doss, H. [1, 2] 
will then be presented in Section 5. Namely, we will prove the following 
theorem: If ~(A~,  ..., A,) is nilpotent of step p, then there exist a subset F of 
E(p) ( E =  {1, ..., n}), a function hcC~176 IR*~F~IR a) and a functional 

O: ]R ~ x C([0, oo) --,]R ~F) --, C(E0, 00) ~ ]R  d) 

having the property that 

X t =h(O(x, (Bf.)I~F)t , i (Bt)x~F), t > O, 

is the solution of (1.1) for each xcIR ~. 

2. Construction of a Functional when ~ ( A o ,  . . . ,  A~) is Nilpotcnt 

In Sections 2 and 3, we put E = {0, ..., n}. We fix a positive integer p. The set 

{y=(yr)r~E(p); yl clR, IcE(p)} 

will be identified with 1R m, where in = # E(p). The coordinate system on 1R m is 
also denoted by yi, IcE(p). We define vector fields Qi, icE, on IR m by 

~, yJ ...... J~ (2.1) Q i = ~ 7 +  a+l__<, 0y; ...... jo, i. 
Jl . . . . .  j a e E  

We will denote by ~(Q~ +A~, icE) the Lie algebra generated by the vector fields 
Qi-FAi, icE, on IR m+e. 

Let 1R(E) be the linear space with basis E and let IF(E) be the tensor algebra 
based on ]R(E), i.e., 

IF(E) = Ill 0 / R  (E) | OR(E) | |  

Define the bracket product in 1r(E): 

[a, b] = a | 1 7 4  a, bcIF(E). 

Let IL(E) be the Lie subalgebra of ~(E) generated by E. We denote by �9 and 2 
the injections: E-,IF(E) and E oIL(E) respectively. Recall that (IF(E), ~) is a free 
algebra generated by E, i.e., for each algebra ~r a mapping 0: E ~s~/, there 

2 C~ ]ReF~IR d) is the set of all C~176 Rdx 1R~V-~ d, where #F is the number of 
elements of F 
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exists a unique h o m o m o r p h i s m  0': g(E)  ~ d  such that  0' o ~ = 0. Recall  also that  
(IL(E), 2) is a free Lie algebra generated by E, i.e., for each Lie a lgebra  50 and a 
mapp ing  0: E ~ 5 ~ there exists a unique h o m o m o r p h i s m  0': I L ( E ) ~  50 such that  
0 ' 02 - -0 .  We define [il ,  . . . ,  ia]clL(E ) for (i 1 . . . . .  ia)cE(o�9 by 

[il ,  . . . ,  ia3 = [[ i l ,  ' " ,  ia-1], ia'] 

inductively. Each [i~ . . . .  , ia] is expressed as 

[il, i,] = 2 ~4, ..... Jb ; ~ "| (2.2) " " " ' ~i l  . . . . .  i a  J l  ~ " 

( J l  . . . . .  jb)eE(oo) 

and coefficients #1 ..... Jb -i ...... i~ are uniquely determined by (2.2). We denote by C(E, p) 
the matr ix  (cJ1)~, s~e(p). 

Since c{= 6{, i, joE, we can always take a subset F cE(p ) tha t  satisfies 

Proper ty  2.1. F is a maximal subset of E(p) such that the column vectors of 
C(E, p): s (cz)t~e(p) for J c F  are linearly independent. 

Let r be the rank  of the matr ix  C(E, p) and fix a bijection: 

v: F + E ( p ) \ F +  {1, . . . ,  d} --+{1, ... ,  re+d} (2.3) 

with v ( F ) =  {1, ... ,  r}, v (E(p ) \F)  = { r+  1, .. . ,  m}, v({1, ... ,  d})= { m +  1, ... ,  re+d}, 
where F + E(p) \ F + { 1, .. . ,  d} is the direct sum of these sets. 

Proposit ion 2.1. Suppose that 50(Ai, icE) is niIpotent of step p. Then we have 

i) ~ -= {50(Qi + Ai, icE)q; qclR m+d } is an r-dimensional differential system that 
satisfies the integrability condition. 

ii) For each F=E(p)  with Property2.1, there exists a unique function 
f c  C~(IRm+d • I R ~ I R  m+~) satisfying the followings: 

a) f i(q; u)=u i for each 1 <i<_r, qclR re+d, uclR ~. 

b) Mq=-{f(q; u); uclR ~} is a leaf 3 of ~ ,  for each qclR ~+~. 
c) f (q;  ql, ..., q~)=q for each q = ( q l , - . . ,  qm+d)CiRm+d ' 

NOW we can state 

Theorem 2.1. Suppose that 50(Ao, ..., A,) is nilpotent of step p. Let F be a subset 
of E(p) (E = {0 . . . .  , n}) with Property 2.1. Then 

i _ v ( i )  B F X t - f  (O, . . . ,O ,x ;  t), l<_i<_d, t>=O, 

m 

is the solution of(1.1) for each xclR d, where F_ l B~ --  (B~)i~p. 

We present 

0 3 0 0 
Example2.1. Let d = 3 ,  n = 2 ,  A l = ~ q - + 2 x 2 0 ~ - '  A 2 = ~ - 5 - - 2 x l ~ '  A ~  

U X -  6 J X -  O X -  

3 A maximal integral manifold of N is called a leaf of 
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Then A 1 . 2 = - 4 ~ ,  A1,2,1=A1,2,2=0. H e n c e  ~.q'(Ao, A1, A2) is nilpotent of 

step 2. We may take F = {0, 1, 2, (0, 1), (0, 2), (1, 2)}. Noting that (1.1-1) takes the 
Jbrm: 

] dx,2[ = o ~ [dB:] 
dX~] 2 X  2 - 2 X  2 0 k d B ~ ] ,  

we have 

[x ~ + B) ] 
x,:lx2+B  

L x3 + 2 (x 2 B~ - x a B~) + 2 (B~ Bt 2 - 2 Bt 1, 2) 

where x = ( x  1, x 2, x3). 

3. Proof  of  Results in Section 2 

First we prepare several lemmas. Recall that  Qi, icE, was defined by (2.1). We 
define 

Qi ...... ~o=[(2 ,  ...... , o - I , ( L o ]  

inductively for ( i l , . . . ,  ia)eE(oo ). 

Lemma 3.1. i) For each (il, . . . ,  ia)SE(P), we have 

Q., . . . .  i a =  E i l  . . . . .  ia j l T . . . , j a  
J l  . . . . .  j a e E  

+ y, yk ...... kb__ 8 ) 
b + a < p  ~ y k l  . . . . .  kb, j i  . . . . .  Ja - " 

k l ,  . . . ,  kbEE 

ii) For each (il, .-., ia)EE(~176 E(P), we have 

Qi ...... i = 0 .  

Proof i) We can easily verify 

Qi ...... io = ~ c4 ...... j a o .  QJa* l l ,  . . . , Z  a r . . , j 1  " "  �9 

j l  . . . . .  j a c E  

Hence, it is enough to prove 

8 
QJI""QJ, 8),j ...... io 

8 
q- E ykl ..... kb 

b+a<~P ~ , y k l  . . . .  k b , j l  . , .  J a '  

k l ,  . . . ,  k b ~ E  
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where ,-~ denotes coincidence except differential opera tors  of  degree >2 .  We 
have, for each b < p - 1  and ja, . . . , j b , j~E ,  

( ) 
c + b < p  

k l, ..., kc~E 

( ) 
c + b < P  ~ y k l  ... . .  kc, j l  . . . . .  Jb 

kl, ..., kcGE 

a+ l <=P Oyil . . . . .  ia, j 

il, ..., iaEE 

�9 . t- ~ ykl ..... k~ 
OyJ~ ..... jb, J c+b+l<_p 

kl, ...,keEE 

Thus, we have proved  i). 

ii) Not ing  

Qi ...... ip = 2 cJl ..... J.v 
Jl . . . . .  JveE ~ ..... ~v OyJ~ ..... Jp 

and (2.1), we easily obta in  ii). Q.E.D. 

c~ykl ..... kc, i~ ..... Jb, J" 

Let F be a subset of E(p) with Proper ty  2.1. We choose a subset G of E(p) 
with r elements such that  the matr ix  C(G, F ) =  (CJ)x~G.j~F is invertible. 

L e m m a  3.2. I f  S ( A i ,  ieE)  is nilpotent o f  step p, then, (Qi + Ax)q, I ~ G  form a basis 
o f  @q=-~(Q~+A~, isE)q for  each qEIR m+a. 

Proof  Set 

Ea = {(il, . . . ,  ia); i l , ' " ,  iasE}, a = 1, 2 , . . . ,  (3.1) 

and 

b J 
C a ~ - ( C i ) l ~ E a , j e E b  , a ,  b =  1, 2 . . . . .  (3.2) 

By L e m m a  3.1, vector  fields Q1 + A I ,  IeE(co) ,  are represented as the row vectors  
of the matrix" 

E 1 

E 2 

E p 

a = p - - 1  

E 1 E 2 ... E p 1...d 

o 

0 0 

0 0 

" .  

o c~ 

(3.3) 
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Hence, (Qi+Ar)q, I~G, are linearly independent. Since S ( Q i + A i ,  i~E) is span- 
ned by QI-}-AI, I~E(p), it is enough to prove that each Q4+At ,  I~E(p), is a 
linear combination of Q j + A s ,  J~G. By the definition of G, {[Jl, " ' ,Jb];  
(Jl, "'" ,Jb) ~G} form a basis of the linear subspace of 5~ spanned by 

{[il, . . . ,  i J ;  (il, ..., ia)~E(p)}. 

So that the homomorphism: IL (E )~5~(Qi+A i ,  ieE) gives us the desired 
result. Q.E.D. 

For each IeE(p) ,  let QrJ(y), J~E(p), be components of QI. Set Q(G, F) 
J =(Qr)I~G,J~F- We see by (3.3) that there exists the inverse matrix of Q(G, F), 

which will be denoted by R = (RJI)I~F.j~. Recalling (3.1), we put 

F~=E~nF ,  G " = E " ~ G ,  a= 1, ..., p. (3.4) 

Lemma 3.3. Let  l <a, b < p  and let I~F",  J~G b. Then we have 

i) RJ~ is a polynomial of  y~:, K ~ E ( b - a ) ,  if  b >a. 

ii) RJ is a constant, if b = a. 

iii) RJ = 0, if  b < a. 

Proof  Let R (~ be the inverse matrix of C(G, F). Set S = Q(G, F).  R (~ and define 
M ( a )  __ ( M ( m J ~  . .  - t  I Jr, J ~ , a = l ,  . , p - l ,  by 

{ -SJ ,  if I~G ~ and J ~ G " + l w . . . w G  ;, 

M (a)J=- 1, if I = J ,  

0, otherwise. 

Since multiplication: x M (a) means the operations: 

addition of (-S~) x (I-th column) to (J-th column), 

for I~G  ~ and J E G a + I u . . . ~ G  v, 

we have 

SM(1) . . .M(p-  1)= 

So that, if we put 

I I 
R (a~ = R (~ M~I)... M (a~, a = 1, . . . ,  p - 1, 

we obtain Q(G, F) -1 = R (p-l). Since 

SJ= ~ ~It~(~ , JeGb, 
K ~ F  b 

Lemma 3.1 implies that Sr J is a polynomial of yr, K ~ E ( b - a )  for each I~G  a and 
J c G  a with a<b.  Then, it is easy to verify that R([ )J is a polynomial o fy  K, K~E (b  
- a ) , f o r I ~ F  a , J 6 G  b w i t h a < b ( c = l  . . . .  , p - l ) .  Q.E.D. 
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Let # be the inverse mapping of v in (2.3). We define functions T/(z), zER ~+d 
for r+ l <_i<_m+d, l <p<__r by 

I 1 m #( i )  1 m / , . . . ,  ) (2,  . . . .  , z ), 
�9 | laG 

T;(z) = { 
] ~-~ O I [~i ~m~ A#( i ) i zm+ 1 zm+d~ 
[ ~ ~ ( p ) k  ~ , "" ,  ~ J ~ I  ~, , "" ,  1, 
I IEG 

if r+l<i<_m 

if m+ l <i<_m+d. 

(3 .5)  

Lemma 3.4. Let i<=m and #(i)eE b. Then values of Tip, l <p<r, depend only on 
z va), I~E(b - 1). 

Proof Let #(i)eE b and #(p)eF". Then we have 

r V or  rw(i) if a_<b, 
Z~ l /~ * ' . ( o ) ~ I  , - ~IeGa~. . .uG b 

(0, if a>b, 

by Lemma 3.1 and 3.3. Using these lemmas again, we see that ~ 1 R~(p)(Z , . . . ,  z ~) 
and Q~(i)(zl,...,z~) are functions of z ~(J), J~E(b-1), when a<=b and 
I ~ G ~ u . . . w G  b. Q.E.D. 

Denoting by z=(z l ,  ..., z ~+d) the system of coordinates in ]R re§ we have 

Lemma 3.5. Suppose that ~Cf(Ai, i~E) is nilpotent of step p. Then we have 

, l<p<_r, form a basis of ~q, for each q~lR '~+d. i) ~ i=,+1 

ii) (dzi-  ~ T/dz p) r+l<_i<_m+d, form a dual basis of ~q, for  each 
p= 1 q~ 

q~lR m+d. 

iii) The system of total differential equations: 

r 

dvi= ~ T/(ui 1,...,u r,v r+l,...,vm+d)du o, r+l<_i<_m+d, (3.6) 
p = l  

is completely integrable. 
iv) For each solution v of (3.6) defined on an open set (gclR ~, the set {(u, v(u)); 

ue(9} is an r-dimensional integral manifold of ~. 

Proof By the definition of T/, we have 

0 ,,+a 
2 R ~ ( Q , + A , ) = ~ +  Z Tvla) az ~ 

J~G i=r + l 

for IEF. Since R is invertible, Lemma 3.2 gives us i) and ii). Noting that [Q~ 
+At, Qj+Aj] is a linear combination of QK+A K, KeG, for each I, JEE(p), we 
have iii) by the theory of complete system. It is easy to show iv) by i). Q.E.D. 
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Lemma 3.6. Suppose that ~(A~,  icE) is nilpotent of  step p. Then the Eq. (3.6) with 
initial condition 

v(ql, ..., qr) =(qr+ 1 . . . .  , qm+e) (3.7) 

has a unique solution defined on IR", Jot each q=(ql ,  ..., qm+e)6iR~+e" 

Proof. First we will show a procedure to solve the equation 

dv i= ~ r/(u 1, ..., u ~, v ~+1 . . . .  , vm+e) du ~ (3.8-1) 
p = l  

vi(ql, ..., q~) = qi, (3.8-2) 

for r + 1 < i_< m. When iEv(E 2 \ Fz), Lemma 3.4 implies that each T/, 1 < p < r, is 
a function of z ~m, IffE 1. Then, noting that F I = E  ~, the Eq. (3.8-1) for 
i ~ v ( E 2 \ F  2) takes the form: 

dv i= ~ Tip( ul . . . .  , u r) du p, 
l ~ p ~ r  

which gives us solutions v i, i~v (E2 \F2) ,  defined on ]R ~. Now suppose that we 
have obtained the unique solution v i for i ~ v ( E 2 \ F 2 ) u . . . ~ v ( E " \ F ~ ) .  Then it is 
easy to obtain v i, i~v(E~+l \Fa+l) ,  by Lemma 3.4. To prove uniqueness and 
existence of global solution of (3.8) for i~  m + 1, it is enough to note that 

T/(L/1, . . . ,  U r, ur+ 1, . . . ,  vm+d) 

= 2 I 1 v r + l  A~!i)(vrn+l, vm+d) R,(p)(u , . . . ,  u ~, ..., v m) ..., 
IEG 

for m+l<_i<_m+d and that the components of AI, IEG, are Lipschitz 
continuous. Q.E.D. 

Proof of Proposition 2.1. By Lemma 3.2, ~ is an r-dimensional differential 
system. Since ~(Q~+A~, i~E)  is a Lie algebra, ~ satisfies the integrability 
condition. Now, let G be a subset of E(p) such that C(G, F) is invertible. Then 
the solution of (3.6) and (3.7) gives us a function f(q,u)=(fi(q,u))l<_i<m+e, 
q~lR "~+d, u~IR ~, defined by 

f i(q,  u)=u i, 1 <_i<_r, 

and 

f i (q,u)=vi(u),  r + l < _ i < m + d .  

Then, Lemma 3.5 iv) implies that 

Mq = { f (q, u); u~lR r} (3.9) 

is an r-dimensional manifold of 9 ,  for each qMR m+~. Now, fix any q~lR m+d and 
let M be an r-dimensional integral manifold of ~ that contains q. Let w be the 
restriction of the mapping (z 1 . . . . .  zr): 1Rm+e~lR r to M. Let (~1, .-., if) be a 
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system of local coordinates  of  M a round  q. Since 

~? 3 z i 

- ~ ~ ; ~ z  ~ ~ ( P  1 < i < m + d  

and 

+ Y T ~  ~_<~_<r, 
~Za  r+ l < i < m + d  q 

form a basis of  Tq M, we have 

( 
l <_ff<_r r+ l <=i<=m+d 

Y. Yamato 

Consequently,  there exists w -1 a round  (zl(q), ...,zr(q)) and further it follows 
f rom L e m m a  3.5 ii) that  w-1  is a solut ion of (3.6) and (3.7). Thus, M coincides 
with M_ in a ne ighborhood  of q. So that,  we obtain  the maximal i ty  of  Mq, 
q~lR m+y. The  above  a rgument  also shows that  the function f is independent  of  
the choice of G. Q.E.D. 

We put 

_ s ( 3 . 1 0 )  Yt - (Bt)I~(p)" 

To  prove  Theo r em 2.1, we prepare  

L e m m a  3.7. Yt is the solution of the stochastic differential equation: 

dYt s= ~ Q~(Yt) ~ dB~, IcE(p), (3.11-1) 
jeE 

Yo =0 .  (3.11-2) 

Proof. By the definition of i ...... i~ B t , we have  

dB ti . . . . . .  ia = B ti ...... i,-1 o dBi~ 

when a > 1. On  the other  hand,  we have 

Q~I ..... Jo_ ~YJ ...... Ja-~ 3~a' if a > l ,  (3.12) 
i -- ~3~ o, if a = 1, 

(Bt)i~cp) satisfies (3.11). Q.E.D. by the definition of Qg. Hence,  

L e m m a  3.8. Let  f be the function in Proposition 2.1. Then we have 

f~(O, . . . ,O,x 'BV~=B ~ t , r + l < i < m , _  _ t_>0,_ (3.13) 

m 

for each xeIR d. 
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Proof. Set V t = ( f  i (0 . . . .  ,0, x; BtF))r+l__<i=<m. Since V0--0 , it is enough to prove 

dVt i= ~ Q}(Yt) o dB~, (3.14) 
jeE 

for r +  1 <_i<_m. When #(i)eE b, we have 

dVti= ~, Ti(B F J ~oAR~(P) p, t, (Vt)j~(~(b-~)-.FV ~ t  (3.15) 
l<p__<r 

by Eq. (3.6) and L e m m a  3.4. When b = 2, we have 

dVt i= Z r/~(Be~) ~ dB"t ('), 
l ~ p ~ r  

since E ( 1 ) \ F = 0 .  Then, Eq. (3.11-1) gives us 

dVti= ~ I u(i) u(P) dB[ {(R~(~ O~ ) (Y,) Q2 (Y,)} o 
1 < p < r , I ~ G , j ~ E  

j~E,  l e G  

Hence  we have 

"=B "(i) i~v(E(2)'-.F). gt  l t 

Now suppose that  we have proved 

Vti=B~ (~ for iEv(E(2)\F)vo. . .uv(E(a)\F) .  

Then it is easy to prove (3.14) for i~v(E(a+ 1)'-.F) by Eq. (3.15). Q.E.D. 

Proof of Theorem 2.1. Put 

Z ~ -  fqO ..., O,x;B e t - ~ , ,  t), l<_i<_m+d, X I = Z [  (o, l<_i<_d, 

- X 1 z~=(z~, ...,z~'+~), x , - (  ,, ...,x~). 

Then we have 

Zt  = (yttt(1) y u(m) x#(m+ 1) ..., ~ , t ,...,X"t (re+e)) (3.16) 

by L e m m a  3.8 and condit ion a) for f. Equa t ion  (3.6) gives us 

dX~= Z TO(1)(Zt)~ (p) 
l<=p<=r 

= E {Tff(i)(z,)Qj~(P)(Ytt)} o dB[. 
l=<p~<r 

Then we have 

dXi = Z {R~(p)(Yt) Ai (X ~ 'qu(P)rZVt o dBr l t] ' ~ j  ~, t lJ  
1 < - p < r , I ~ G , j ~ E  

= Z {3~Air(xt)}~ 
j~E,  I eG 

as R = Q ( G , F ) - * .  Hence we obtain (1.1-1). It is easy to see X o = x  by 
(3.7). Q.E.D. 
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4. Converse of Theorem 2.1 

We put  E =  {0, ..., n} and re(p)= #E(p), p =  1, 2, . . . .  We prove in this section 

Theorem4.1.  Suppose that there exists a function hGC~ d) such 
that Xt .x=h(x,  (Bt)le~Cp)) is the solution of (1.1) for each x~lR d. Then, 
~ ( A  o . . . . .  A~) is nilpotent of step p. 

First we prove 

Lem ma  4.1. For each h 6 C ~ (IR re(p) ~ IR), we have 

dh(Y~) = Z (Qi h)(Yt)o dBi, 
ieE 

where Yt = I (Bt)iEe(p) and Qi, icE, are vector fields defined by (2.1). 

Proof Applying It6's formula, we have 

dh(Yt)= 2 ~Tv~(Yt)~ 
l eE(p)  Y 

Then, Eq. (3.11-1) gives us 

= 2 (Q,h)(Yt)~ Q.E.D. 
icE 

Lemma4 .2 .  Let X t be the solution of (1.1). Suppose 
g E C ~ (IR d ~ IR) and h ~ C ~ (1R re(p) ~ IR) such that 

g(x,)= h(r3, t_>_o. 

Then we have 

(Ar , icE, t>=O. 

Proof Taking stochastic differential of (4.1), we have 

Z (Ai g) (Xt)~ dBi = Z (Q, h) (Yt) o dB I 
ieE ieE 

by Lem ma  4.1. Hence,  we have 

{(A, g)(X~)-(Qih)(Y0} 2 =0 ,  
l<i<_n 

so that 

(Ar162 l <i<_n. 

Then, (4.3) and (4.4) give us 

(Aog)(XO=(Qoh)(Yt). Q.E.D. 

that there exist 

(4.1) 

(4.2) 

(4.3) 

(4.4) 
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Proof of Theorem 4.1. Suppose that Xt=h(x ,  Yt) is the solution of (1.1) for each 
x~IR d. L e m m a  4.2 gives us 

Ai(Xt)=(Q~hJ)(Yt) , icE, l <=j<=d. 

Using Lem ma  4.2 again, we obtain 

(A, ... A{,+ ) (X,)  = ( ( 2 ,  . . .  

i t , . . . , ip+lcE,  

By (2.2), we obtain 

Aj~ . . . . .  Jp+ l = E 
il ,  ..,, i f  + I~E 

Q J  . . . . . .  Jp+ 1 = E 
i l ,  - - . ,  ip + I~E 

Hence  

ci.1 . . . . .  i.v+ l A i l . . . A i p  Jl ~ ..., Jp + l + 1 '  

ci)j~, . . . , Jv+ ~ Q i ~ . . ' Q i v +  ~ 

l < j < d .  
(4.5) 

Af~ ..... j,+ ~(Xt)= (Qj~ ..... ;~+~ h;) (Y~), 

Jl ... .  ,Jp+l cE, l<=j<=d. 

Then L e m m a  3.1 ii) gives us 

AJ: =0,  Jl , jp+lcE, l<_j<_d, xclR d. J l , . . . , J p +  l ~ " '"  - -  

Hence  f (A~ ,  icE) is ni lpotent  of step p. Q.E.D. 

5. The Functional when AP(A1 . . . .  , A.)  is Nilpotent 

In this section, we suppose that  5~ ..., A,) is ni lpotent  of Step p. So, we put  
E = {1 . . . .  , n}. Meanings of other  symbols:  m, r etc. are changed according to the 
change of E. Take a subset F of E(p) that  satisfies Proper ty  2.1. Let  

f ( z ;  u )=( f i ( z ;  u))l<=i<_m+e , zEIR re+e, u c N  r, 

Of Of Of Of 
be the function in Proposi t ion 2.1. - -  , ?z 1, ... 3zm+ e, Oul, ..., ~?Ur will be denoted 

by 31 f, ..., 0re+d f, ~?m+d+ 1 f "-', Om+e+rf respectively. Put  h = ( f  ~+1 . . . . .  j,~+d). 

Proposition 5.1. For each xclR e and U=(Ut)t>=ocC([O , ov)~lR~), there exists D 
=(Dt)t__>0cC([0, oo)--,lR d) which is the unique solution of an ordianry differential 
equation : 

dD 
- - =  &(h(O, dt ~ ..., O, D~; u,)) 

l < _ i < d  

m (5.1-1) 
x c ? m + ~ h ( f ( ~ ,  Dr; U~); ~ ) ,  

m F 

Oo=x.  (5.1-2) 

To prove Proposi t ion 5.1, we prepare  
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Lemma 5.1. For each compact K ~ IR r, we have 

i) sup [Idm+ih(f(O, . . . ,0,  x;u);0,  . ~ ) ] J  4<~ 
xdR a 
u~K m r 

l <_i<_d, 

ii) sup [Ih(0, ..., 0, x; u)ll/(1 + ][xH) < oo. 
X elR a 
ueK m 

Proof. Noting that the values of f~(z;u), r+l<_i<_m, 
zm+ 1 . . . ,  zm+d w e  put 

g(z a . . . . .  z'~; u)=(fi(z; U))~+ l <_i<=m. 

Then we have 

f(0, x; u)=(u, g(0; u), h(0, x; u)). 

To prove i), note that 

O,,+i h(f(O, x; u); (1 - t )  u) 

= 3~+~h(u, g(0; u), h(0, x; u); u) 
t 

-- ~ uP ~ (c3m+d+p~3m+ih)(f(O,x;u);(1-s)u)ds. 
l ~ p ~ r  0 

Since 

hJ(u,g(O;u),z ~+1 . . . .  ,Z'+d;U)=Z re+j, l < j ~ d ,  

we have 

O~+ihJ(u,g(O;u),h(O,x;u);u)=6{, l< i , j<d .  

Next, Eq. (3,6) gives us 

(~m+d+ogm+ihJ) (Z; U) 

- -  R.(p)(u, g(z 1, zm; O z ~ {  ~ " .... u))A~(h(z;u))} 
I~G 

= / ~ # u ,  g(z l ,  . . . ,  z~"; u)) A{(h(z; u)) 
I~G, 1 <-k<-d 

x ~?,,+ihk(z; U). 

Hence, we have 

i (?,,+a+p 3m+i h) (f(0, x; u); (1 - s )  u) U p ds 

< const i I]~,,+~h(f(0, x; u); (1-s )  u)ll ds 
o 

4 I]41[ ={(~1)2_1_ ..  + ( ~ d ) 2 } i / 2  for ~=(~1 . . . . .  ~a)~Ra 

are independent of 
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for xMR ~, u~K, 0_<t_<l. Then, Gronwall's inequality gives us i). To prove ii), 
observe that 

t 

h(O,x;tu)=x+ F, ~uP~m+~+ph(O,x;su)ds. 
l~p~r 0 

Then Eq. (3.6) gives us 

~?m+d+phi(O, x; su)= ~ R~(p~(SU, g(0; su)) A~(h(O, x; su)). 
leG 

Hence we have 

iUPOm+d+ph(O,x;su) ds <=const(i,,h(O,x;su),,ds+l ) 

for xEIR d, ucK, 0_<tN1. So that we obtain ii) by virtue of Gronwall's 
inequality. Q.E.D. 

Proof of Proposition 5.1. Fix T, a > 0  and U~C([0, oo)-*lRr). Put 

F(t,x)= ~, Aio(h(O,x;Ut))~?m+ih(f(O,x;Ut);O), t~[0, T], x~IR e. (5.2) 
i<_i<=d 

By Lemma 5.1, there exists a constant b > 0  such that 

liE(t, x)lr <b(llxll + 1), xclR d. 

Hence, if we put co(t)=(a+ 1) exp b t -  1, tc[0, T], co satisfies 

dco 
dt > I]F(t' x)][ (tel0, T], ]]x]] =co(t)). 

Then, applying Perron's theorem, we obtain a solution of (5.1) defined on the 
interval [0, T] for each x: HxH <a.  Uniqueness follows from the local Lipschitz 
continuity of F(t, x). Q.E.D. 

Now, Proposition 5.1 gives us a functional 

�9 : ~R~x c([0, oo)--,~r)~ c([0, oo)--,~ ~) 

defined by 

�9 (x, U)t=Dt, x~lR d, UeC([0,  oo)-+]R0, t>0 .  

Theorem 5.1. Suppose that s .... , A,) is nilpotent of step p. Then 

X,=h('0 . . . . .  0, ~(x, B F �9 . ) .  B~), t>O, 

is the solution of (1.1) for each x~IR d, 
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To prove  T h e o r e m  5.1, we prepare  

Lemrna  5.2. We have 

c~,,+ihJ(f(O, x; u); 0)~m+jhk(O, x; u ) = 6 f  (5.3) 
l_<j_<d 

for each x~lR ~, u~lR r, 1<i, k<d.  

Proof By the condit ion c) for f, we have 

h ( f  (O, x; u); 0 ) = x .  

Differentiating by #x ~ ,  we obta in  (5.3). Q.E.D. 

N o w  we present  

Proof of Theorem 5.1. Set 

D t = c I ) ( X ,  BV.)t 

and 

Xt=h(O, D,; BF). 

We have 
D i 

dXt= Z dD'c3m+ih(O, Dt;Bet )tit 
l <_i<_d dt 

+ 2 ~,,+a+p h(O, D,; B F) o dB~ (p). 
l<=p<=r 

Equat ions  (5.1) and (5.3) give us 

D i 
Z dD' O,~+ihJ( O, Dr; Bet) Z j k = 6kAo(h(O , Dr; BFt)) 

l <i<_ d dt l <_k<d 

Then, as the p roof  of  T h e o r e m  2.1, we obtain  

Z C3m+e+ohJ(O'D'; Bf) o dB"t (~ 
l<_p=<r 

= ~ {Ty+J(f(O, Dr; B~)) Q~(P)(Y~)} o dB~ 
l <=p<=r,i~E 

_ D , ,  B~))  Q~ (Yt)} ~ - ~ {R~,p)(Y~)A~(h(O, . F  u(p) dB I 
1 <=p<r, iEE, IEG 

= Z A[(Xt)~ 
l<=i<_n 

It  is easy to see that  X o = x .  Q.E.D. 
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