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1. Introduction 

Let the random variables X~, i = 1, 2, 3 . . . .  be independent and identically 

distributed. Write Sn = ~ X~ and Zn = S n B j  1 -  An for normcd and centered 
i = l  

sums. The classical central limit formulation is for Pr (Zn <= Xn) where xn = 0 (1) 
as n -+ co and thus gives only trivial information in the case where xn ~ cr as 
n - ~  ~ .  However, we often require information on Pr(Zn > xn) under these 
circumstances. This type of problem is called a problem on the probabili ty of 
large deviations and little in the way of comprehensive general results on such 
problems has so far been obtained. For references to the known results and also 
to various fields in which large deviation problems arise see, for example, LI~NIK 
[3] and SETI~Ut~AMA?r [7]. 

Up till the work of L I ~ I K  [3], all the general large deviation results obtained 
had made use of the condition E {exp (a ] Xi ] )} < c~ for some a > 0 (that is, the 
X~ possess an analytic characteristic function) or something even stronger. The 
analytic characteristic function assumption was quite basic in much of the work 
as the results were obtained, in effect, from a use of the saddlepoint method in 
the theory of functions of a complex variable. LI~NIK broke away from the 
saddlepoint technique and the associated assumption of an analytic characteristic 
function. He has, however, only studied the problem of convergence to the normal 
distribution and, with the exception of one theorem, only cases where xn = o(l/n) 
as n -+ ~ .  In  this paper we study, for the first time, large deviation problems 
associated with convergence to non-normal stable laws. A general expression is 
found for the order of magnitude of the large deviation probability in such cases. 

2. Large Deviations in the Case of Attraction to a Non-normal Stable Law 

Let  {X~, i = 1, 2, 3 . . . .  } be a sequence of independent and identically distrib- 
uted random variables with law~f (X) which belong, with normalizing constants 
Bn, to the domain of at traction of the stable law with characteristic function 

exp - - a [ t ] ~  l + i  [t I c1+c2 

0 < ~ < 2, g .  1, a > 0, cl > 0, c2 > 0, and distribution function F. cl, c2 and a 
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are related according to 

1 - -  cos x 
a = (ci + c2) ~ ~i+~ dx 

0 

(GNEDENKO and KOLi[OGOROV [1], 169--171. We note in passing tha t  an ~ is 
missing from the second and third terms on the right hand side of equation 12, 
168 of [1]. This omission is perpetuated in the sequel). As a mat ter  of convenience 
we shall exclude the case where ci(c2) is zero although the problem is readily 
amenable to the same sort of t reatment.  Under these circumstances the stable 
law would be bounded on the left (right) (LvKACS [5], 106). I f  e > 1 we suppose 

the X~ to be relocated so tha t  EX~ = 0. Write Zn = B n l ~ X ~  = B ~ I S n  and let 
i ~ 1  

Fn(u)  = Pr(Zn ~ u). I f  zr = 1, the probabili ty of interest cannot generally be 
put  into the form Pr(Zn ~ Xn) (GNEDENKO and KOLMOGOROV [1], 175). The 
problem in this case can be treated but  it needs some special discussion and will 
be omitted here. 

Under the above conditions we may write for x > 0, using G~ED]~KO and 
KOL~OGOROV [1], Theorem 2, 175, 

Pr  (X ~ - -  x) - -  L1 (x) 
X ~ 

Pr (X  > x) ~-- L(x) 

where L1 (x) and L (x) are slowly varying functions with 

Cl Ll(x)_>__  a s  x - ~ r  
L(x) c~ 

L (x) and the sequence Bn are related in such a way tha t  

nL(Bn) 
-> C 2 a s  n - - ~  o o .  

B~ 

We shall write L1 (x) -~ L (x) ---- M (x) so tha t  M (x) is a slowly varying function, 

M(x) ~ (1 + C ~ ) L ( x ) a s  x - ~  and 
] 

k 

q(x) = P r ( X  --< - -  x) + P r (X  > x) --  M(x) 
- -  X0r 

In  the following discussion we shall restrict consideration to large deviations 
in the right hand tail. I t  is clear tha t  corresponding results will hold for the left 
hand tail. We shall obtain the following theorem. 

Theorem. Let {xn} be a sequence with xn ---> oo as n ---> oo. Then, 

x~L(Bn) l~r (Sn > x n B n  ) < l~ x~L(Bn) p r ( S  n > x n B n )  < oo. 
0 < ~ L(xnBn) n-%--'~ ~__+ ~ L (Xn Bn) 

Proo/. Denote by  Al and Bi the events {Xi > Xn Bn} and Xj > 0 
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respectively, i = 1, 2 . . . . .  n. I f  L' is the complement  of  E,  we then have 

Pr(Sn>xnBn)  = > P r [ 0 ( A ' ( 3 B ' ) I i = I  

(]) 

i - -I  

-=Pr[~=q{iO(AI~BI)  r~(A~csB~)}] 

n r i -1  ] 

i=l U=l 

Pr(A~ (~ B~) - -  P r  Aj ~ A~ 
i=1 

~ P r (A~) [P r (B  d - -  ( i -  1 ) P r ( A d ]  
i= i  

=> n Pr  (A~) [Pr (B,) - -  n P r  (Ad] .  

Now Pr  (Bi) -~ A > 0 as n --~ c~ where A is the probabil i ty tha t  the corresponding 
stable law takes a positive value. Thus, given ~ > 0 with A - -  2 c3 > 0 we can 
choose N1 so large t h a t  Pr  (B d > A - -  ~ for n >= N1. Also 

n P r ( A  d = n P r ( X  > X n B n )  - -  n L ( x n B n )  __ n L ( B n )  L ( x n B n )  
~ ~ x~L(Bn)  xn Bn B n 

and since L(x) is a non-negat ive funct ion of  slow variation, it possesses a rep- 
resentat ion of  the form I/a u' I L(x) = a(x) exp du , 

x [1 ~t 

where a(x) -~ 1 as x - +  oo (KARAMA~A [2]). Therefore, 

L(xnBn) a(xnBn) - - e x p  l 7 a(u) }du 
L(Bn) a(Bn) Xn [B J u ' 

and given arbitrari ly small ~ > 0 we can choose N so large tha t  for n > N, 

L(x~ Bn) 
l~n = (1 -]- ~]) xn n . L(Bn) < (1 ~- ~) exp (1 ~- ~]) u 

Take ~ < ~. Then, for n > N,  

- - - -  n - ~ - + 0  as n - + o o  n P r ( A d  < nL(Bn) (1 @ ~ ) X  n 
B~ 

Thus, given d > 0 we can choose N2 so large tha t  nPr (Ai )  < ~ for n ~ N2 and 
hence, for n ~ m a x ( N ! ,  N2), we have f rom (1) 

~r(Sn ~ Xn Bn) ~ n(A -- 2(5) Pr(X ) xn Bn) = n(A -- 2(~) L(xnBn) 
= 4B~ 

(.4 - -  2(~) nL(Bn) L(xnBn) 

22* 
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so that  

and 

x~L(Bn) Pr(Sn > xn Bn) > (A -- 2 (~) nL(Bn) 
L (xn Bn) B~ 

x~L(Bn) Pr(Sn > Xn Bn) > O . li__~m L(x, B~) 
~ ---> OO 

In order to complete the proof we shall work in terms of the symmetrized 
random variables X~, i ---- 1, 2, 3 . . . . .  making continued use of the weak sym- 
metrization inequalities (Lo i r e  [4], 245) to transfer the results. 

Define 

otherwise, 

n 2 8 n 8 
and write S~ : ~ ~, SSnn : ~, X~n. We have 

k=l k=l 

(2) Pr(IS~ [ > x ,  B n ) <  nPr ( IXs  [ > x n B n ) + P r ( I S ~ n  ] > x n B n )  

and, using the weak symmetrization inequalities, 

nx~L(Bn) p r ( i X s  I > xnBn) <~ 2 Z ~ ) n )  > < 
L (Xn Bn) = 

21+~ nL(Bn) M(�89 
- ~ B n )  B~ 

21+c r nL(Bn) M(�89 Bn) M(xnBn) 
B~ M (xn Bn) L(xn Bn) ' 

so that  

- -  nx~L(Bn) pr( ]Xs  I > xnBn) < c~. (3) lim L(xnBn) 
n - - >  OO 

We now turn our attention to Pr(]S~n I > Xn Bn). From Markov's inequality 
we obtain 

Pr( I SSnn ] > xn Bn) G x ;  e B~ 2E (S~n) 2 ~- n x n2 B~-2E (Xln) 2 

= n x ; 2 B :  2 y x2dPr(X s G x )  
ix I < xnB~ 

~nBn 

= - -  nx;O"B; 2 yx2dPr ( ]Xs  I > x) 
0 

~cnB~ ~nBn 

<= 2nxZ2Bg2]xer(]X'] > x)dx <= 4nzg2Bn2 Sxq(�89 dx g 
0 0 
�89 

< 16nxnUBZ 2 .[ M(x) xl-~dx 
0 

using integration by parts to obtain the third last inequality and the weak 
symmetrization inequalities to obtain the second last. Thus, 

x~L (B~) Pr (1S~n I > Xn Bn) <-- 16 nn(B~) 1 f M (x) x 1-~ dx 
L (xn Bn) -- B~ L (Xn Bn) (xn Bn) e-~ 

0 
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A 
(4) = 16 nL(Bn) 1 f 

Bn L(xnBn)(xnBn)2_~ . I  M ( x )  x l - a d x  -[- 
o 

�89 
-~ 16 nL(Bn)  M(�89 M(xnBn) 1 1" f f l (x)  x l - ~ d x  

B~ M(xnBn) L(xnBn) M(�89 e-~ J 
A 

for fixed A. The first t e r m  on the r ight  hand  side becomes arbi t rar i ly  small  for 
sufficiently large n since L is a slowly vary ing  funct ion and  ~ < 2. Fur ther ,  
making  use of  the representa t ion  result  for non-negat ive  slowly vary ing  functions, 
we have  for A <_ x <-- �89 x n B n ,  

f �89 
M(x) __ b(x) x ' ~ B n e x p l - - / b ( u )  du}  

M(�89 b(�89 2x , x u , 

where b (u) --> 1 as u --> oo, and given 0 < ~ < 2 - -  ~ we can choose A so large t ha t  { 'x/" / ( ) 
M(x) d) ~xB~  exp - -  (1 - -  d) ~ -  2 T -  " M(~x~B~) < ( 1 +  & = (l + d) ~nB~ ~ 

Therefore,  for su i tably  large A, 
�89 �89 

/ f M(�89 M ( x )  x l - ~ d x  < 2O(xnBn)2-u-o x l -Zc-~ 
A A 

1 1 ~  
< 2 2-~ 2 - - ~ - - 5  < c o ,  

and it follows f rom (4) t h a t  

< 

,-=- x~L(zn )  e r ( i S ~ n ]  > x~ B~) < ~ . (5) n m  - -  
n-+~ L(xnBn) 

Using (3) and (5) in (2) we obta in  

lira-- x~L(Bn)L(x~Bn) 1)r ( I Ss~l > x n B n )  < oo 
n ---> r  

which, usfllg the  weak symmet r i za t ion  inequalities, implies in par t icular  t h a t  

- -  x~L(Bn) 
(6) l im L(xnBn) Pr(Sn  --  m e d S n  > Xn Bn) < c~. 

n - - r  O0  

Now B n l S n  converges in dis tr ibut ion so x ~ l B ~ l S n  converges in probabi l i ty  to 
zero. Hence,  X n l B n  1 reed Sn --> 0 as n --> co. I t  follows then  f rom (6) by  a simple 
t r ans fo rmat ion  t h a t  

- -  x~L(Bn) Pr(Sn  > xn Bn) < co (7) l im L(XnBn ) 
n - - #  OO 

and the p roof  of  the  theorem is complete.  
I n  large deviat ion problems it  is usual to compare  the  large deviat ion behaviour  

of  the  no rmed  sums with t h a t  of  the corresponding stable law. I n  this context ,  
t h a t  amoun t s  to looking a t  

1 - -  F ~  (x~) _ Xn Pr ( S n  > x n  B ~ )  
1 - -  .E (xn) c2 -{- o:2 (Xn) 



308 C.C. H~.YI)~: A Contribution to the Theory of Large Deviations 

where ~s(x) --> 0 as x -+ oo ([1], Theorem 5, 181--182),  and  we shall  have  

0 < l im 1 - F n ( x ~ )  < 1-~ 1--F~(x~) < oo 

ff and  only  ff 

0 < l im L(Bn) ~ l ira L(Bn) 
n-+~ L(xnBn) n-+~ L(xnBn) <: oo . 

This is the  case, for example ,  when the  r a n d o m  var iables  {Xi,  i 1, 2, 3 . . . .  } 
ac tua l ly  belong to the  domain  of no rma l  a t t r a c t i on  of  the  pa r t i cu la r  s table  law. 
I n  t h a t  case, 

L (x) = c2 Jr f12 (x) 

where f12 (x) --> 0 as x -+  c~. I n  general ,  however ,  different  d i s t r ibu t ions  belonging 
to the  same domain  of a t t r a c t i on  can possess qui te  different  a sympto t i c  behaviour .  

I t  seems plausible  t h a t  in the  theorem the  resul t  

x~L(Bn) P r ( S n  > Xn Bn) x~L(Bn) P r ( S n  > Xn Bn) : l im L(xnBn) l im L(xnBn) 
n - - - ~  o o  ~ t  ---> o o  

should hold.  I n  this  connect ion i t  should be ment ioned  t h a t  McLA~E~ [6] has 
shown, using combina tor ia l  a rguments  r a the r  l ike those of  LIN~CIK [3], 302, 
t h a t  in the  case of  no rma l  a t t r ac t ion ,  

l ira 1 - - F ~ ( x , )  - - 1  
~-+oo 1 --  F(x , )  

�9 Z n prov ided  n ~  -~  r as n --> c~ for some (~ > 0. 

Acknowledgement. I am indebted to A. D. M c L A ~  for some stimulating correspondence 
along the lines mentioned above. 
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