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Summary. We introduce a martingale problem to associate diffusion pro-
cesses with a kind of nonlinear parabolic equation. Then we show the
existence and uniqueness theorems for solutions to the martingale problem.

1. Introduction

H.P. McKean [6] discussed the following nonlinear parabolic equation:

du d 0?

"a—t(ta X)z%i,jz:l éxl—axj {aij(xa ll(l', ')) U(Z, X)}
—i % {0, ult, )ut, x)}, >0, x=(x)!_ R’ (1.1)

with coefficients a and b depending on x and on probability densities u. He
constructed a diffusion process X, whose probability density u(z, x)
=P(X,edx)/dx satisfies the Eq. (1.1) in the case where coefficients a and b are
tame (see Sect. 3). The purpose of this paper is to construct diffusion processes
associated with the Eq. (1.1) with more general coefficients than those treated
by McKean. This enables us to treat, for example, the so-called Landau
equation which appears concerning the problem of a diffusion approximation
of the Boltzmann equation (see Sect.5 and also Funaki [1,2]). The method
employed here is based on a martingale formulation. We shall introduce a
martingale problem which corresponds to the Eq. (1.1) and then prove the
existence and uniqueness theorems for solutions to the martingale problem.

Let #=2(R%) be a family of Borel probability measures on R¢ and let
Z,(1<p<o0) be a class of all ue satisfying

Jull, = IxPu(@0} 7 < co.
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The space Z, is equipped with a topology determined by an [P-analogue p, of
the Vasershtein metric (see Sect. 2). Throughout this paper, a={a;;(x, u)}, <, ;<.
and b= {b,(x, )}, ;, are assumed to be functions of R?x £, into the space of
symmetric non-negative definite d x d matrices respectively R? with some fixed
p. Given two such functions, we consider the weak version of (1.1):

d
7 @Yo =u@), LY, WeCTRY), (1.2)

where Cy(RY) is the space of C™®-functions on R? with compact supports,
(u(t), > denotes the integral of ¥ with respect to a probability measure
solution u(t)=u(t, dx) and

02 4 0
a;;(x, u)m—l—i; b,(x, u) 5;; ue?,.

=1
cgu_2

i

=
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To formulate the problem precisely, we introduce some further notations.
Let C be the space of R valued continuous functions on [0, o) and denote by
X,=X,(w) the value w(t) of weC at te[0, ). We set & and %, 0t < oo, the
smallest o-fields generated by {X,;0<s<oo} and {X;0<s=r}, respectively.
Let #,=B([0, ), #,) be the space of Z,-valued Borel measurable functions
u(+) on [0, c0) satisfying that 05<1ng u(®)ll,< oo for every T <oo.

The problem is to find, for given f €Z,, a probability measure P on (C, #)
which satisfies the following condition:

(i) The distribution u(t)=PoX, ! of X, under P (ie, u(f,dx)
= P(X,edx)) belongs to the space 4,
(i) u(©)=f. (1.3)

t
(iii) For every yeCP(R?), ¢ (X,)— g LW (X)ds is a martingale

relative to (P, {#}).

In Sect. 2, the existence theorem for the martingale problem (1.3) is shown
under rather general assumptions, namely, the continuity of the coefficients a
and b in (x,u)eR?x 2%, and the existence of Lyapunov functions. While, to
show the uniqueness, we need more restrictive assumption like as follows: the
function b(x, ) and the symmetric square root a*(x, u) of a(x, u) satisfy

Ha%(x7 u)—a%(ya U)H +|b(x7 u)_b(ya U)I é CW‘}"‘*‘K(PP(% l))),

14
x, yeR?,  u,ve?,, (L4

with a positive constant C and a strictly increasing continuous function x on

[0, o0) satisfying that ©(0)=0 and  x~2()/r)dr=o0, where ||*| is the norm of
0+

matrices. In Sect. 3, the uniqueness theorem is established under a slightly

milder assumption than (1.4). The uniqueness theorem is again discussed in
Sect. 5 assuming that the coefficient a has a special form:

a(xs M)= j. a(x, J’)“(dY)a XE]Rda ue‘@Za

R
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with a d xd matrix-valued function a(x,y) which has a uniformly Lipschitz
continuous square root a(x,y), (x, ¥)¢R?*% The notion of generalized Wiener
processes is introduced in Sect.4 to apply it in Sect. 5. Finally in Sect. 6, as
consequences of the existence and uniqueness theorems, we discuss the Markov
property, in the sense of McKean, of solutions to the martingale problem (1.3)
and also the uniqueness of solutions to the Eq. (1.2).

The author thanks Dr. S. Kusuoka for his useful advise.

2. Existence Theorem

In the following we fix a number p(1 <p<o0) and denote |-|, simply by |-|.
A metric p=p, on the space Z, is introduced as follows:

pluy, uy)=inf{ f Ix—ylpF(dxdy)}l/”, ”1»”26?17,
R24

where the infimum is taken over the space 2(u,,u,) of all Borel probability
measures F on R?? which satisfy F(BxR%=u,(B) and F(R?x B)=u,(B) for
every Borel subset B of R% To prove the existence of a solution to the
martingale problem (1.3), we make the following assumption throughout this
section.

Assumption I. (i) The functions a and b are continuous in (x, u)eR? x P,

(i) For g=p,p’ (p' is some number larger than p), there exist positive
nondecreasing functions h, defined on [0, co0) such that

L, Zh(lul,(x), xeR? ue,,
and

o0

§ {h, (o}~ tda=co, 2.0

where € C*(IR%, g=p, p’, are functions satisfying

V) =Ix["+1, [x|=1,
<M+l ()=Ix[*+2,  |xI<l

In this section the foilowing theorem will be shown.

Theorem 2.1. Under Assumption I, the martingale problem (1.3) has a solution
Jor every fe?,.

Remark. (i) Even if Assumption I-(i1) is satisfied only for g=p, Theorem 2.1
still holds for every initial distribution feZ,, 4> p.

(i1) The condition for g=p in Assumption I-(ii) can be replaced by the
following one:

LX) Clp () +ull?},  xeRY, ued,

with C>0. Indeed a similar condition is used in Funaki [2] for a martingale
problem with jumps.
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(iii) Without the condition (2.1), we can prove the existence of a local
solution to the martingale problem (1.3).

For given fe# and u(-)e#, (%, is the space introduced in Sect.1), a
probability measure P on (C, #) will be called a solution to a martingale
problem [u(-), f] if P satisfies PoX5'=f and the condition (iii) in (1.3). We
introduce an incomplete metric p which gives a vague topology on the space &
as follows:

00

plu, v)= Zl 2791 A f @;(x)u(dx)— f @;(xyo(dx)l}, u,ve?,
i=
where {@}5, is a sequence satisfying
(i) @;eCiRY for j=1,2, ...,
(ii) {@;}%2 is dense in the space Co(R?) with respect to the uni- (2.2)
form topology,
and a A f=min (a, f) for o, feR. Put

Ty(@)=1inf{t>0;|w(t)| >N}, weC, N=1,2,...,
and
||u(')||[o,T]=oSupT [u@®ll, u(-)es,, T<oo.
s

Assuming that there exists a solution P to the martingale problem [u(+), f]
with u(-)e#, and fe?, (q=p or p), several estimates on P are given a priori
by the followmg lemma in which we set fi(t)=Po X, "

Lemma 2.1. (i) For g=p or p’ and for every K, T >0, there exists C;=C,(q, K
T)>0 such that
laoli=C {t+1 /15 0=t=T,

holds if u(-)e%,, satisfies |u(*)|o, =K.

(il) P(ry<T)SN-P2+f15} exp {Th,(K)} if [[u()ipo,n=K.

(iii) For every ¢, T>0 and every compact subset K in 2,, there exists 6=25(,
T,K)>0 such that

pli(), fi(s))<e, O0=s=t=T,

if t—s<0 and u(t)eK for every te[0, T].

(iv) For every N=1,2, ..., and every compact subset K in Z,, there exists C,
= C,(N, K)>0 such that

F1=C,(t—s), P-as, 0=s

IA

ETIX, =

ATN S/\’EN| l
if u(t)eK for every te[0, T].

Proof. (i) Since we see
tATN

E[wq(X,MN)]=qu(XO)]+E[ [ Lol X)ds]

SEQ(Xo)]+ g hy(lu(S)DE Y (X . )] ds,
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Gronwall’s lemma (see Hille [3]) implies that

E[ (X, o IS E[Y,(X )] exp {g hq(llu(S)l)dS}-

Making N tend to infinity, by using Fatou’s lemma, we have the desired
estimate.

(ii) Assume that [u(*)ll;o, =K and set 1=h,(K). Then
exp{—AC AT Y, (X, ) OSIST,
is a supermartingale. Hence, we get
e M TN?P(ty<T)SElexp{— AT ATy}, (X1, (IS EDY, (X1 =2+ 115,

which proves the conclusion.
(it)) Let K be a compact subset in &,. Then we see

K= sup]Rd |2, ;(x)| <co.

ucK, xe
For u(-)e 4, satistying u(t)eK, te[0, T], we have
paQ), a(s) =Y, 27 {1 AlE[p;(X)—o;(X )11}
j=1

<Y 291 AK t~s)}, OSs<I<T,
j=1

which proves the conclusion immediately.
(iv) Set ¥(x, y)=|x—y|? (x, yeIRY). Then we see

CL(N.K)=sup {Z, Y(x y);1x],|yI <N, ueK} < oo,
where £, ¥(x,y) is defined by (Z,¥ (-, y))(x) for each y. Since

tATN

l//(Xt/\rN’XSArN)— j‘ gu(r),xl//(XwXS/\rN)dr? tzs

SATN
is a martingale relative to P(-|%) (P-a.s.) for every s=0, we have

tATN
'g_,s]:E [ j Bgu(r),;c"p(‘)(n}(

SATN

2
E[IXIAIN—XS/\‘EN| I SATN.

)ar| 7|
<C,(N,K)(t—s), P-as, 0Zs=Zt<T,
for u(-)e%, satistying u(t)eK, te[0, T]. [
We also need the next lemma to prove Theorem 2.1.

Lemma 2.2. There exists a family {P, ,; erR",geg’p} of probability measures on
(C, #) such that P, solves the martingale problem [g, 4], where 0, is the o-
distribution at x, and the mapping x+— P, (B) is Borel measurable on R* for
every ge#, and BeF.
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Proof. Noting the existence of a Lyapunov function y, for the operator Z,,
techniques developed by Stroock and Varadhan [7] prove that the family 2(x,
g) of solutions to the martingale problem [g, 4] is non void for every x and g.
Therefore, we can choose P, , from 2(x, g) so that P, (B) is Borel measurable
in xeR? for every Be# by applying Corollary 1 of Kuratowski and Ryll-
Nardzewski [5]. O

We are now ready to prove Theorem 2.1. Let €,=C([0, ), %) be the
space of Z,-valued continuous functions on [0, o).

Proof of Theorem 2.1. We divide the proof into six steps.

Step 1. Take a family {Px,g;xe]R",geg’p} given by Lemma 2.2 and fix it. For
s20, let P; , be a unique probability measure on (C, ) satisfying
(i) P2, (X,=x 0<t<s5)=1,
(i) Py o5 =P, ,,
where = is a mapping of C defined by Z(w)=w] (weC) and v} is a shifted
path:

(2.3)

ol ()=w(t+s),t=0.

For each n=1,2, ..., we define a sequence {P™} , of probability measures on
(C, #) inductively in the following manner. For a given initial distribution f
€%,, we put

P()=] P () @)

After determining P, we define P, by the unique probability measure which
satisfies the following condition.

(i) pi(ﬁn_)1 = Pi(n) on g;i/n_
(ii) A regular conditional probability distribution of B, given &, (2.4)
is Pl oo with f*=P®oX 1.
By the condition (i) in (2.4), there exists a unique probability measure P™ on
(C, &) such that

P®=P®  on Fyy  lorevery i=1,2,....

1

We set i,(t)=P™o X, and u,(t)=1d,([nt]/n) for t=0, where [nt] is the largest
integer not exceeding nt. Note that P™ is a solution to the martingale problem

L (), S
Step 2 is devoted to proving that

K(T)=sup [lu,()lo,;<0, T <co. (2.5)

First we note that a similar method used in the proof of Lemma 2.1-(i) shows
the following:

EP" T, (X 1y ] SEP7 T, (X )] exp {hy (11, (/m) )/} (2.6)

Making use of this estimate repeatedly, we get
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flee,, ()III” < &b exp {g hp(lllun(S)Ill)dS}, t20,
where
Illullll’:gd Y,(x)uldx) and a =] f].

Let a(t), 0=t < oo, be an inverse function of a function 4 defined by
A(@)=p [ {h()o'} 1 do!,  azo.
ao

Note that off) is defined for every t=0 by the condition (2.1). Since the
function «(t) satisfies

of exp {j hp(ac(s))ds}z oaf(t), t=0,

we obtain by the induction in i=0, 1, ...,

Mu,G/mll S alifn), n=12,...,
and therefore
llu, Ol <a(t), =20, n=12,....

This proves the estimate (2.5).

Step 3. Here we show

lim sup sup | |x]?@,(s, dx)=0, T < oo, 2.7

Nooo n OZIST [x|>N

which implies that {#,(t);n=1,2,...,t€[0, T]} is a relatively compact subset of
Z,. In fact, we observe

[ IxlPi,(t, dx)=EP™[1X,|P; | X,| > N]
|x|>N
< | EPUXPPIfAx)+ [ EPIXP)X|>N]f(dx)
|x| Zlog N |x}<logN

=I"(N, )+ I (N, 1),

where E”[-] stands for the expectation relative to a regular conditional
probability distribution P of P™ given #, with x=w(0). Since P™ is a
solution to the martingale problem [u,(-),d,] for f-a.e. x, Lemma 2.1-(i) and
(2.5) prove that

IPN,)=Cy(p, K(T), T) | (L+Ix[P)fdx), ¢<T,
|x|zlogN
which implies
lim sup sup I®(N,1)=0.

Noo n OftsT

While, since the integrand of I$?(N, 1) is bounded by
{EQTX P 177 {PM(1X,| >N} PP,
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by using Lemma 2.1-(i) again, we obtain

IPN, D= | {Ci(p, K(T), T)(A+|x[”)}""
|x|<logN
< {N"PCy(p, K(T), TYA +[x")}' ~#% f(dx), ¢<T,
which proves
lim sup sup I$(N,t)=0.
Nooo n O=Zt=T
Therefore we get (2.7).
Step4. For every N=1,2, ..., Lemma 2.1-(iv) shows

EPPNX, oy =X n | FI S Co(N, KNt —5),  P™-as, 0Ss<(<T,

/\‘EN-

where K is a closure of the set {u,(t);n=1,2,...,te[0, T]} in the space Z,.
While, noting (2.5), Lemma 2.1-(ii) shows that

lim sup P™(ty<T)=0, T <co.
N-ooo n

Hence, the family {P™}2 , is relatively weakly compact on the space C (see
Lemma 4.2 of Funaki [1]).

Step5. Lemma 2.1-(iii) combined with the result in Step3 proves that
{#,(*)}> , is a family of P-valued p-equicontinuous functions. While Step 3
also shows that the set {f,(¢);n=1,2,...,te[0, T]}, T <o, is relatively com-
pact in the space # with the vague topology. Therefore Ascoli’s theorem
proves the relative compactness of the set {ii,(+)}22, in the space C([0, o), )
with a topology determined by uniform convergence on each bounded interval
of [0, o). Since {P™}* , is relatively compact, there is a subsequence {P™}
which converges weakly to a probability measure P on (C, #). We also see
that @i, (+) converges to u(+)=PoX* in the space C([0, o), #). For each t=0,
since

P (e (8), (1)) = p (@1, ([ t]/1), u(t))
< sup (i, (s), u(s)+plu(ln'tl/n), u®)) >0 as n'—oo,

0<s=

we see that u,(r) converges to u(r) vaguely, which proves the convergence of
u,(t) to u(t) in the space 2, because {u, (t)} is relatively compact in Z,.

Step 6. Finally in this step we prove that the probability measure P given in
Step 5 is a solution to the martingale problem (1.3). We may only show the
condition (iii} in (1.3). Since

w(Xt)—(j). gun,(s)l//(Xs)dS, tZO,

is a martingale relative to P™ for every ye CY(IR?), it is sufficient to show
that
lim EF"’[¥, - &]1=EF[¥ 0] (2.8)

n —oo
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holds for every bounded continuous function ¢ on C, where

'Iln’ ((U) = g gunr (s) !// (Xs (CO)) ds
and

q/(a)) =§ gu(s)l//(Xs(w))ds'

The compactness of the family {u, (s);s€[0,t], n=1,2,...} and Assumption I-
(i) show that {¥,} is a family of uniformly bounded functions which are
equicontinuous at every we C. While, since we have shown in Step 5 that u,.(s)
converges to u(s) in &, for every se[0,t], Lebesgue’s dominated convergence
theorem proves that ¥,.(w) tends to ¥(w) as ' — o for every we C. Therefore
¥, converges to ¥ uniformly on each compact subset of C as n’'— 0. Hence
we can show (2.8) and this concludes the proof of Theorem 2.1. [

Noting that the condition (2.1) was used only to prove (2.5) in Step 2 in the
proof, we get the following.

Corollary. Suppose Assumption 1 except the condition (2.1). Assume also that
there exists a solution P to the martingale problem (1.3). Then the function u(-)
=PoX " belongs to the space %,

Proof. By applying similar methods developed in Step 3 in the proof of Theo-
rem 2.1, we can prove

lim sup | |xPu(t,dx)=0, T<oo,

N—oo 0SIST |x|>N
which shows that the set {u(t); te[0, T]}, T<oo, is relatively compact in the

space &,. Therefore the proof is completed since we see u(+)e C([0, o), 2)
easily. [

3. Uniqueness Theorem — General Case

In this section the uniqueness theorem for the martingale problem (1.3) is
shown. As in Sect. 2, a number p (1 <p <o) is fixed. We assume the following.

Assumption 1. There exist a positive integer d’ and an R?® R¥-valued func-
<j<a defined on R?x 2, such that
v
() aij(x= u)= Z 0 (x, u) ij(xa u), 1=14, j<d,
k=1
and

(ii) for every K >0,

lo(x, u)—o(y, V)| +1b(x, w)—b(y, V)| £ C, |x — y| +x(p(u, v)),
x, yeR?,  u, vePX,
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with some positive constant C,=C,(K) and a strictly increasing continuous
function x(-)=x(-;K) on [0, 0) satisfying that x(0)=0 and | K_z(]/;)dl"
+

= o0, where 2 ={ue,; |lu| <K}. ’
Remark. Assume that, for every K>0, there exist positive constants C and o
such that

i) lalx,w)—aly, )| = Cl{lx—yl+p,v)}, x,yeR% u,vePf,
and

(i1) inf {<6, a(x, u)0; xeR%, ue 2\, 0cR*: |f|=1} 2 o

Then Theorem 5.2.2 of Stroock and Varadhan [7] shows that the positive
definite square root a®(x, u) of a(x, u) satisfies that

lat(x, u)—a* (s 0) S C{lx—yl+pw )2V, x, yeR?, v, veZX,

Theorem 3.1. Under Assumption 11, for each fe%,, there is at most one solution
to the martingale problem (1.3).

The proof of the theorem will be completed by showing the uniqueness of
solutions P which satisfy Po X 'e%,, since Assumption II implies Assumption I
except the condition (2.1). Since Assumption II also implies the uniform
Lipschitz continuity in x of the coefficients, the martingale problem [u(-), f]
has a unique solution P, ., for every u(-)e%, and feZ, A property of the
mapping u(*)—ii(*)="F; ., X" of the space &, is investigated by the follow-
ing lemma.

Lemma 3.1. For every K >0, there exist positive constants ty=1t,(K)<1 and C,
= C,(K) such that

P20 (0, 15(0) = C | Koy 5), us(9): K)ds, 051,

holds if u,(-)e%b,, 1=1,2, satisfy llu,(*)l 0., = K, where t,(t)=P; ;o X"

Proof. For ul(')e(gp; (Mo, 1=K (1=1,2), let (X' (), X*(1)eR?%, 120, be a

unique solution to the following stochastic differential equation:
dX'(t)=o(X"(t), u,(t))dB, +b(X'(t), u,(t))dt, 1=1,2,

3.1)
X1(0)=X%(0)=X,

where B, is a d’-dimensional Brownian motion and X is an f-distributed R*-
valued random variable. B, and X are defined on a proper probability space
(2,9, P) and taken to be mutually independent. Note that distributions on C

of X'(-) are P; ., for [=1,2. We set

At=£ {b(X*(s), uy (5) —b(X2(5), u,(s)} ds

and
M,=X'(t)-X*(t)—A,.
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Then, since M, is a d-dimensional martingale relative to P, Burkholder-Davis-
Gundy’s inequality (see, e.g., Ikeda and Watanabe [4] p. 110) yields that

E[ sup [MF]<Cy 3, E[{J‘ S {ou(X1(s), ul(»—aik(X%s),uz(s»}zczs}”’z],

O0<s=st i=1 0 k=1

with some positive constant C,, which shows that there exists a positive
constant C,= C,(K) such that

E[ sup |MJP]1<C,t"?E[ . 1X7(s)— X2 (s)I"]

0<s=st

+C4{§ Kz(p(ul(s)’MZ(S)))dS}pu» te[0, 1].
0

As for the process A,, we obtain a similar bound:

E[ sup |AF]1=CstPEL Sup [ X (s) =X (s)I"]

+ cs{j (s (5), uz(s)))ds} . tel0,1].
0
Noting that

I()=E[ sup |X*(s)—X*(s)P1=2""{E[ sup |MJ"]+E[ sup |4/"]},
0<s<r 0<s<t 0=<s=t

we get
OESTe: tf’/zl(r)+{§x (Pt (5), 5 (s )))ds}” ]
0

te[0,1], C,=4(C,+Cy)*",
which proves that

I(t)Z/pé CZ Oj Kz(p(ul(s)5 ”2(5)))d5a IG[O, tO]: tO =1A CEI

This completes the proof since we see that

Pl (), B, @)= I@'?. O

Proof of Theorem 3.1. For fe?,, assume that there are two different solutions
P, and P, to the martingale problem (1.3). We set u,(t)=FoX, ! (I=1,2). The
uniqueness of solutions to the martingale problem [u(-), f] for every u(*)e%,
and feZ, implies that t*=inf{t>0; u,()+u,(t)} is finite. We put f*=uy, t*)
(= uz(t*)) Since PoZ;!' (1=1,2) are two solutions to the martingale problem
(1.3) with f replaced by f*, we may assume *=0 without loss of generality.
Noting that #,(-)=u,(-) (I=1,2), by the assumption on x, Lemma 3.1 shows
that p(u, (), u,(t))=0 holds for every sufficiently small ¢ (see Hille [3]) and this
leads us to a contradiction. Hence we have the conclusion. [J
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Remark. (i) Assuming d=1 for simplicity, McKean [6] discussed the case
where a and b are tame functionals of degree m:

a(x,u>:={ j U(X;Jﬁ,--~>ym)kf1_u(dJ%)}2,

Rm
bx,u)= [ b(x; yy, oo y) [T uldy-
Rm k=1

If the functions o(x;yy,...,¥,,) and b(x;y,...,y,) are uniformly Lipschitz
continuous on IR™*!, then a(x,u) and b(x,u) satisfy Assumption II for every
p=l.

(ii) Let a and b have the following form:

alx,u)= | a(x, y)u(dy),

R4

(3.2)
bl )= ] b(x. uldy),
where a(x, y) and b(x, y) are functions of R?? into R?®@R? and R¥, respective-
ly. If a(x,y) and b(x,y) are uniformly Lipschitz continuous on R*¢ and the
matrix a(x, y) is symmetric and uniformly positive definite on R?4, then a(x, u)
and b(x,u) satisfy Assumption II for every p=1. This case will be discussed
again in Sect. 5.

4. Generalized Wiener Processes and Stochastic Integrals

We introduce a notion of generalized Wiener processes and define stochastic
integrals to apply them in the next section. Take u(*)eB([0, ), #), the space
of #-valued Borel measurable functions, and fix it throughout this section. Let
B,(RY be the space of bounded Borel measurable functions on R”.

Definition. A family of stochastic processes {B,(¢), t€[0, 0); peB,(R%} defined
on a probability space (2, %, P) with a reference family {¥,;t=0} is called a
{%}-generalized Wiener process (with intensity u(-)) if it satisfies the following
three conditions.

(i) For every t>0, «, feR and ¢, yB,(RY,

B(og+pY)=0aB @)+ BB.(y), P-as.

(i) For every @peB,(RY, B.(¢p) is a {%,}-adapted continuous process such
that B,(¢)=0.

(iii) For every peB,(R% and 0<s<t,
E[exp {i(B.(@)— B,(o))}| %] =exp { — <o, <P>rd"/2}, P-as,

where
<§0; l//>r:]1£d (p(x)l//(x)u(r, dX), @, lpEBb(IRd)'
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A generalized Wiener process exists on a probability space (R, 4, P) taken
properly. We shall sometimes denote B,(¢) by {B,, ¢). By the property (iii), for
every bounded measurable function @(x; ) on R*x Q which is ¥ -measurable,
we can define

Bo(-;0)=By(o(-;0)), 12520,

also denoted by
{B;—B,, ¢(*; w).

Let .#; be a family of continuous square integrable martingales X ={X,} on
(2,9, P) with respect to {%,}. For Xe.#, we set

IX1,=E[XZ]%, T<oo,
and

IX1=3 27"(1X1, A1),
n=1

Now we define stochastic integrals with respect to the {¥,}-generalized Wiener
process. Let &, =.%,(u(-)) be the space of measurable functions f={f(t, x; ®)}
defined on [0, o) x R*x Q such that for each xeRY f is a {%,}-predictable
process and

HfH%,_%:g dtnLE[fz(t,x;w)]u(t, dx)< oo

for every T< . For fe%,, we set

1flle,= ; 27" Nz, A1)

Let &, be a family of functions fe.%, having the property that there exist a
sequence of increasing numbers 0=t, <1, <...<t,<...—~ 00 and a sequence of
measurable functions {f;(x;®)}2, on R*x Q such that fi(x;-) is %,-measur-
able for every xelRY,

sup | fi(x; w)| < o0

i, x,

and
o0

F x5 0)= fo(x; 0)16,(t) + Zo files o),y (0

For fed, we define
I)0O= 3 <B,., x=Biaw fi-30), 120

i=0

Then we see that I(f)e.#; and

H(N=|flg, forevery feZ,.

Using this isometry, since %, is dense in .%,, the mapping fe L > 1(f)eH;
is extended to fe &, —I(f)e.#; as vsual. I(f) is called a stochastic integral of
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feX, with respect to the generalized Wiener process B,. We shall also denote
t

I(f)®) by | {f(s,*; ), dB.y. We see easily that, for f and ge.#,, the quadratic
0

variational process corresponding to I{f) and I(g) is given by

<I(f). 1(g) ()= ;E S, 05 @), gs, -5 w))ds.

Finally we give a representation theorem for martingales in terms of gener-
alized Wiener processes, which is an infinite dimensional analogue of the well-
known martingale representation theorem (see, e.g., I[keda and Watanabe [4] p.
90). We call {B*}7_, an n-dimensional generalized Wiener process with in-
tensity u(+) if {B*}, is an independent system and B¥ is a generalized Wiener
process with intensity u(-) for each k.

Proposition 4.1. Let (2,9, P) be a probability space with a reference family {4,}
and Me M5, i=1,2,...,n such that M,(0)=0. Assume that there exist functions
6 €L, (), 1Zi<n, 1Lk<n' with some w such that the quadratic variational
processes corresponding to M; and M; are given by

t

(M, M) ()= i fds | 0,05, x; )0 (s, x; w)uls, dx).

k=10

Then on an extension (9,9, P) and (%)) of (2,9, P) and (%,). there exists an n'-
dimensional generalized Wiener process {B*}%_, with intensity u(+) such that

n ot
Myt)= ). [Louls,-;w),dBE, i=1,2,..,n
k=10
As the generalized Wiener process, in a simple case:
n=n'=1 and {o(s,*;w),a(s,*;w)>,+0 as. for every s=0,

we may take
Bt(fp)=£f(s;</>)dMs+§ (p—f(s;@)als,;w),dBp, @By (R,

fs;0)= 1, ; ¢)={R§d o? (s, x; w)u(s, dX)}“lmfd @(x)a (s, x; w)uls, dx),

with a generalized Wiener process B; with intensity u(-) defined on a probabili-
ty space (@, 4, P) properly extended in such a way that B, and M, are mutually
independent. In general case, although we need arguments in infinite dimen-
sional spaces, the proposition is shown by applying similar methods developed
in the book of Tkeda and Watanabe so that we omit the proof.

5. Uniqueness Theorem - Special Case

In this section, taking p=2, the uniqueness theorem for the martingale prob-
lem (1.3) is shown assuming that the coefficient ¢ has a special form:

a(x,u)= [ a(x,yu(dy), xeR’ ue?,,

R4
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with an ]R‘l®IRd-value.d function a(x, y)={a;;(X, )}, <; ;<4 defined on R*‘. We
also assume the following.

Assumption I11. (i) There exist a positive integer d’ and an RR?‘® R-valued

d’
i )= Z W5 o (x, ), 150, j<d.

(i1) There exists C>0 such that

HO’(Xl, yl)_o-(x27 yz)H é C{lxl __le +|y1 —y2|}: x1> x27 yla YZE]Rd,
and
b0t 1) —b(x% u,)| S C{x' —xP|+p,(up u)}, x5 X2€RY, Uy, u,€2,.

Theorem 5.1. Under Assumption 111, the martingale problem (1.3) with p=2 has
a unique solution for every fe2,.
We need two lemmas to prove the theorem.

Lemma 5.1. For every u(-)e%, and feP, the martingale problem [u(+), f] has a
unique solution P ,.,.

Proof. We may only prove the assertion of the uniqueness of solutions. Let P
be a solution to the martingale problem [u(+), f/]. We set

M= (MO , = X,— Xo— ] b(X,, u(s)ds.

Then M.,(r), 1<i<d, are continuous square integrable martingales on the
probability space (C, &, P) with respect to (%) and quadratic variational pro-
cesses are given by

t a ot
<Mi>Mj>(I):§ a; (X, u(s))ds= Z jds i 04X V)0 3 (X, Y)uls, dy).
4] k=10 R
Therefore, by Proposition 4.1, on an extension (C, %, P) and (£, of (C, #, P)

- and (%), there exists a d’-dimensional generalized Wiener process {B*}¢_, with
intensity u(-) such that

M =

Mi(t)z

k

t
j. <O-ik(Xsa .)9 dB§>s 1§l§d,
0

1

which gives
&

X0)=X,0)+ ¥, j<aik(Xs> ) dBf>+i bi(X,, u(s))ds. (5.1)

Since the Lipschitz continuity in the variable x of coefficients ¢ and b implies
the pathwise uniqueness of solutions to the stochastic integral equation (5.1),
we get the conclusion by imitating the arguments due to Yamada and Wa-
tanabe (see lkeda and Watanabe [4]). [
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Lemma 5.2. There exists a positive constant C such that, for every u,(-)e¥,(I=1,
2),

P2 (0 (D) Ce® [ 2, () w,6)ds, 120,

holds, where @,(t)=P; o X .

Proof. For every u,(-)e¥, (I=1,2), by applying the theory of measurable
selections (see Chap. 12 of Stroock and Varadhan [6]), we can take a family
{F(2), te[0, o)} which satisfies
(i) The mapping F:te[0, o)~ F()e2(R>% is Borel measurable,
where the space 2(IR?%) is equipped with the weak topology.

(i) For every t=0, F(t)e 2 (u, (t),u,()) and (5.2)
]RQ , |x—yI*F(t, dxdy)= p3(u, (1), u, (1)),

Let {B¥}{_, be a d'-dimensional generalized Wiener process with intensity F(-)
defined on a probability space (2, %4, P). Note that we can take 2d instead of d
in Sect. 4. Let X be an f-distributed random variable independent of {BF}¢_,.
We now consider the following stochastic differential equation:

a4
Xml(t): Z <Gik(Xl(t)7 .)9 dBf>+bz(Xl(t)a ul(t))dta 1§l§d> l=192,
k=1

X1(0)=X%(0)=X, 5-3)

where X'(1)={X!()}¢_, and &\ (x; ¥, yH)=0,(x, ), (x, ¥, y)eR>3. By using a
usual iteration technique, we can show the existence and uniqueness of so-
lutions to (5.3). By Assumption ITI-(ii) and (5.2)-(ii), we obtain

E[IX'O-X?OP1= C [ {ELX ()= X2($)*1+ p3 (1w, (5), uo(s))} ds
0
with some positive constant C. Since Gronwall’s lemma shows
E[X ()= X2(0)* 1< Ce™ | p3(uy(s), uy(s))ds,
0

we get the conclusion by noting
p3 (@, (0, B, ) <ENX' () -X*@1*]. O

Since Assumption III implies Assumption [ (p=2) except the condition
(2.1), by the corollary of Theorem 2.1, the proof of Theorem 5.1 is concluded
by showing the existence and uniqueness of fixed points of the mapping
u(*)eb,—ii(*)="P; ,,o X 'e¥,. However this is an easy consequence of Lem-
ma 5.2. Therefore the proof of the theorem is now complete.

Remark. The coefficients a(x, u) and b(x,u) of the 3-dimensional spatially ho-
mogeneous Landau equation have the forms in (3.2) with kernels:
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a(x, y)= {aij(x: Wh <i,j< 30
a;;(x, y)= {5ij|x -y —(x; =) x; =y k(x, y),
b(x, y)= —2(x—y)k(x, y).

Here k(x, y) is a non-negative function on R®. If the functions

(x;—y)Vk(x,y) and (x;—y)k(x, y), 1<i<3,

are uniformly Lipschitz continuous in (x, y)eIR®, then the coefficients a(x, u)
and b(x,u) satisfy Assumption III. We remark that the non-negative definite
matrix a(x, u), (x, u)eR? x #,, degenerates if and only if there exists a line L in
R? such that xeL and u(L)=1. See Funaki [2] for the derivation of the
Landau equation.

6. Markov Property and Uniqueness Theorem for the Nonlinear Parabolic
Equation

As consequences of the existence and uniqueness theorems for the martingale
problems (1.3) and [u(*), f], we study the Markov property of solutions to (1.3)
and also the uniqueness of solutions to the Eq. (1.2). We make the following
three assumptions.

(A) The martingale problem (1.3) with an initial distribution feZ2
(1=p <o) has a unique solution P;.

(B) For every fe#, and u(-)e%,, the martingale problem [u(-), /] has a
unique solution P; ..

(C) For every fe# and u(-)e4,, the following linear equation (6.1) has a
unique solution v(*)eZ,.

& GO =0l L, 120, YeCHRY
w0)=.

First it is shown that P; has a Markov property in the sense of McKean.
We define u,"(1)e &, by u; (s)=u(t+s), s20, for 120 and u(-)e4,.

Proposition 6.1. Assume (A), (B) and put u(t)=Po X, "
(i) The probability measure P; has a Markov property in the following sense:

(6.1)

Pf(wt*e-lﬁ",)(a))=P&m(t),ut+(.)(-), Pras. o, t20,

where @, € C is the shifted path introduced in the proof of Theorem 2.1.
(i1) The function u(t) solves the Eq. (1.2).

Proof. Since Py(w;" €| F)(w) solves the martingale problem [u,"(*),d,,] for
t=0, we get the assertion (i). The assertion (ii) follows from the condition (iii)
of (1.3) immediately. []

Next we show the uniqueness of solutions to the nonlinear equation (1.2)
follows from that to the linear equation (6.1).
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Proposition 6.2. Assume (A), (B) and (C). Then the Eq. (1.2) with an initial
condition u(0)=f has a unique solution u(-)e,.

Proof. The existence of a solution was already shown. Let u(-)e#, be a
solution to the Eq. (1.2) with u(0)=f. Since z;(t)sz,u(,)oX,_1 solves the Eq.
(6.1), the assumption (C) shows v(-)=u(:) which proves P; ,.,=P;. Therefore
we get u(f)=PoX; ' and this implies the uniqueness of solutions to the Eq.
12. O

Remark. By using results of Echeverria [8], S.R.S. Varadhan pointed out that
the existence and uniqueness of solutions to a usual (linear) martingale prob-
lem are equivalent to those to a corresponding linear weak forward equation.
His remark shows that the assumption (C) follows from the assumption (B).
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