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§ 1. Introduction and Summary

Let (M, ) be a compact C* Riemannian manifold. It is well-known that (M, )
supports a “Brownian motion”, ie. a strong Markov process

{Q,4; Pr,,xeM; X,: Q->M, %, t=20}
with continuous sample paths such that Pr {X,eB}=p(t,x,y)dm(y) for all
B

t=0, xeM, B Borel set =M. Here p: (0,00)x M x M—IR is the fundamental
solution of

1 0
(11) EA,,PU:XJ)—EP(EX,Y%

and dm and 4 are volume element and Laplace operator on M induced by the

metric. Since

) is the invariant probability measure for Brownian motion
m

on M, the well-known ergodic theorem implies for all fe!(M), all xeM

(1.2) Prx{a); lim I jf(Xs)ds=m51 jfdm}zl,
0 i

tsoo §

where m,=m(M). A trivial consequence is

(1.3) Prx{w; lim 1 if(Xs)ds=mg1 | fdm, all feC(M)}zl,
0 M

t—oo

all xeM.
In [1] Baxter and I proved that for bounded measurable f: M—R

}f(Xs)ds—mglt | fdm
(1.4) Pr, {wiﬁ 0 M

to oo I/ 2tloglogt

=V2mal(Gf,f)}=1,

all xeM.
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Here

(1.5) (Gf)(x)= Afl g(x, y) f(y) dm(y),

where the kernel g is uniquely determined by the differential equation
(1.6a) 34,806, ))= =0, +mg*,  x,yeM
and the normalisation

(1.6b) { gx,»)dm(y)=0, xeM.
M

Equatjon (1.5) by the way, defines a bounded linear operator G: I?(M)—I*(M)
which is nonnegative and symmetric.

We posed the question whether there is an intrinsic class of functions on
M, for which the log,-law (1.4) holds simultaneously. The existence of such a
class for classical Brownian motion on the circle follows from a result of Stac-
kelberg [9]. For the special case of the flat d-dimensional torus T it has been
shown recently by Bolthausen [2] that the Sobolev spaces H*(T?) which in-

d
clude C*(T? are such classes if cx>§. Bolthausen’s proof uses our result (1.4)

and a log,-law by Kuelbs [4] for Banach space-valued random variables.
It is the purpose of this paper, to prove a simultaneous log,-law for Brow-
nian motion on any compact (M, ¢). A simple version of such a theorem is

(1.7) Theorem. For any compact C* Riemannian manifold (M, ) and associated
Brownian motion X we have for all xeM

- ;f(Xs)ds—mgltjfdm

(1.8) Prx{tlimo l/mg_’t” =1/2mg (G, f) all feC”(M)}=1,

where my=m(M).
This theorem follows immediately from our Theorem (3.16) which general-
izes the result of [2] for the flat torus as far as the manifold is concerned. We

3d
have not been able to improve on the index «>max (d_i’i) of the Sobolev

spaces Hj in our log,-laws. The proof of our Theorem (3.16) follows the one
for the flat torus in that it relies on our result (1.4) and the boundedness of a
certain Hj-valued process (Theorem (3.8)). In order to get the estimates we
need for general compact manifolds, we shall use a version of Weyl’s theorem
on the asymptotic distribution of the eigenvalues of A as well as a result of
Hormander [3] that provides bounds for the eigenfunctions of A. It also seems
convenient to define Sobolev spaces Hj(M) in terms of the kernel (1.6). It can
be shown that these Hj(M) are essentially the same as the ones in the sense of
[7]. Once the key boundedness result (3.8) has been obtained our argument
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differs slightly from that of Bolthausen, in that we give a direct proof of Theo-
rem (3.16), rather than use the log,-law of Kuelbs for Banach space valued
random variables referred to earlier. In the last section however, we do use
Kuelbs’ method to obtain a function space version of the log,-law as was done
in [2].

Theorem (1.7) has an intriguing implication, regarding the information
about the geometry of M, that can be obtained from a typical Brownian path
with arbitrary starting point.

Let ¢: @ x C°(M)—C(R™) be defined by ¢(w,f)(t)=f(X,(w)), t=0. For
wel, let C, =d(w, C*(M)). Obviously C, is a subspace of the vector space
C(R™) (also: feC,=f2eC,), and Theorem (1.9) below states, that for xeM,
Pr.-a.a. paths the spectrum of G or equivalently of its “inverse” $4 can be
obtained from C,. Thus for such paths  all the information on the geometry
of M, that is furnished by the spectrum of 4 can be extracted from C_, by
simply using the ergodic theorem and the universal log,-law (1.8).

(1.9) Theorem. For all xeM, Pr-a.a. o the following hold:
1 t
(1) For all feC,, a,(f)= lim P [ f(s)ds exists and
t— 00 0
t
[ ds—ta,(f)

b (f)= lim > ———
( dfie  1/2tloglogt

is finite and nonnegative.
(2) The function ||wadff]/am(f2) is a norm on the vector space C, with an

inner product, say (*,*),. The function

<f1 7f2>codff%{bi(f1 +f2) _bi(f1 _fz)}

on C,x C_ is bilinear, and symmetric. Moreover sup <f’f2“’ <
SeCy Hwa

() If {L,.(+,*),} denotes the completion of the inner product space
{Cpe(*,°)y} and G, : L,— L, denotes the uniquely determined bounded linear op-
erator such that 2(G,, f1,£2)o=<{f1,[200 fOF f1,/,€C,, then G, and G have the

same spectrum.

Theorem (1.9) is a corollary of Theorem (1.7). Notice first that w-paths
which are in the w-set of (1.3) are dense in M. For paths which are also in the

w-set of (1.8) (ie. for all xeM, Pr.-a.a. w-paths) the mapping f—>]/m0 dlw,f)
provides an isomorphism between the space C®(M) endowed with the two
bilinear forms (,+);> and 2(G-,+);. and the space C, endowed with the two
bilinear forms (-,+), and {:,*>,. It follows that for such w, the systems
{L2(M), (-, )2, G} and {L_,(+,"),.G,} are isomorphic.

As for the extraction of information about the geometry of (M, #) from the
spectrum of A or equivalently of G or G, we only mention the following well-
known approach [§]:
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If {1,,n=0} denote the eigenvalues of —A (including the simple eigenvalue

Ao =0), the function ¥(t)= ) e~ exists for >0 and has an asymptotic ex-
n=0

o

d
pansion of the form (4nt)"2 ) a,t* as t—07. Here the «, are (in general met-
v=0
ric) invariants, to be precise, integrals over M of polynomigxls in the curvature

and their covariant derivatives. In particular a,=1im (471)? ¥(t)=m,, the vol-
t—-07*

d
ume of M, and if d=2, a, = lim t{(4nt)? l//(t)—oco}=g>< Euler characteristic of
M. -0t
It follows from our Theorem (1.9) that a “typical” path can “recognize” the
cigenvalues of G, hence the 4,, thereby the function ¥, hence all o, as well as d
9 [i 108V

, the dimension of M.
10t Ogl'

§2. Green Kernel and Sobolev Spaces

A function p: (0, 00) x M x M—IR! is called a fundamental solution of (1.1) if it
is a C* function in the first, a continuous function in the second and a C?
function in the third variable, if it satisfies (1.1) and if in addition
lim { p(t,x,y) f(y) dm(y)=f(x) for all fe C(M), xeM. A fundamental solution p
-0 M

of (1.1) was constructed in [6] with the method of parametrix (see also [5]). It
is well-known that p is the only fundamental solution of (1.1), that pe C*((0, 0)
xMx M), that p>0, that p(t-,+) is symmetric for all ¢>0, that
f p(t,x,y)dm(y)=1 for all >0, xe M. Moreover p satisfies the Chapman-Kol-
M

mogorov equation.
We recall the following estimate for large ¢t from [1]: There exist >0,
C >0 such that

(2.1) sup |p(t,x,y)—mg = Ce™™, tz=l
x,yeM
For small ¢t we shall use a different estimate. In [6] it is essentially shown that
for all n=1, there exists C such that
[ (a6, 112

d
(2.2) ptx,)<Qrt) ze 21 +Ct",  x,yeM, 1<1.

Here r(x,y) denotes the geodesic distance of x and y.
In [1] Baxter and I introduced the Green kernel

(2.3) glx,y)={ {p(t,x,y)—mg '} dt, x,yeM, x+y.
Q

Symmetry in x and y for p implies symmetry for g. Obviously g satisfies (1.6b).
Moreover g(x,*) is continuous on M —{x}, since | {p(t,x,y)—mg'}dt is con-
1
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1
tinuous on M because of (2.1) and [ {p(t,x,y)—mgy '} dt is continuous on M
0

d a
—{x} because of p(t,x," )< C{t ze 1 +¢"}, outside a neighbourhood of x. Also

g(x, ) satisfies (1.6a) in distribution sense, which follows from

%i(ﬁ ) (y) dm(y) [ {p(t,x,y)—mg '} dt

= | o) {p(T; x,y)—ple, x, )} dm(y),

M

a consequence of (1.1), by letting ¢—0, T— 0. We conclude from Weyl’s lemma
that ge C* off the diagonal of M x M.
For feL'(M), Gf is defined m-a.e. by (1.5, and [ Gfdm=0. For every
M

bounded measurable f: M—R?, the function Gf is continuous because
/]
sup | £ dm(y) | |p(z, x, y)—mg | dt
xeM M 0

is arbitrarily small for sufficiently small 6>0 and

[ £0)dm0) T (it -, y)—ms 1} de
M ]

is continuous by (2.1). Also we have for feL'(M)

(2.4) LM(Gf)=—f+mg* | fdm

in distribution sense. By Weyl’s lemma we have Gfe C®*(M) for feC>®(M).
Since the only solutions ¢ of 4¢=0 are the constant functions, (2.4) implies
for fe C*(M)

(2.5) G(%Af)=—f+m51]‘j;fdm.

We introduce for «>0 the kernel

6 wle =[] | (plxy)=ms dt, v yeM. x4y
Obviously g,(x, y)=g(X, ), g,(x,y)=g,(y, ). Since

jl {p(t1>xaz)—m61} {P(tzaZ’J’)_mSI} dm(z)zp(t1+t2>x>y)_mal
M

and
1

[ 1= Yde=T @) ) [Ma+ )] for uf>0

0
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we conclude

2.7) AJ{ g2,(x,2) g4z, y)dm(z) =g, 4(x,y) for o, >0,

ie. the kernels {g x>0} form a semigroup. We conclude from (2.1) that for
oa>0

(2.8) I8l sup § lg.0x, ) dm(y) < 0.

Notice that for every «>0, the kernel g, is C* off the diagonal. This follows
1

for [~ {p(t,x,y)—mg '} dt, because p(:,x,)eC* ([0, 0)x (M —{x})), and for
0

f t*=p(t,x,y)—my '} dt because
1 ‘

o0

§ ta_l{P(t’X,y)—mal}dt

=Ajldm(z)p(1,z,y) j(; dt(1+0"={p(t,x,z2)—mg '}

(2.9) Lemma. For every dimension d=1, every real a>0, there exists ¢ such
that for x,yeM

¢ if oc>%

d

Iga(xay)|§ C{1+1Og_ V(X,y)} j a:i
eyt f a<g

where log~ t=max {0, —logt}.
Proof. We have by (2.2) with n=0, after a change of the integration variable,

L min{LUrGey™ 4 o 1
[t ptx ) dicelr(o ]2 [ 572 e uds
0 0
max {1, [r(x, 1" 2} 4 .
+elr(x, y)] 42 | s72 ds

1

In this inequality the first integral on the right side is always majorized by the

1 g 1
finite integral jsﬁi‘““eﬁﬁds, whereas the second integral is majorized by
0 % d d
the finite integral js_i_““cls if x<5, by 2log™ r(x,y) if a=3 and by
1

cmax{[r(x,y)]4~ %1} if o>
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In the following we let
LyM)={fe’(M); | f dm=0},
M
CoM)={feC™(M); Aj{fdmﬂ)},
Co(M)={feC(M), J‘jdfdm=0},

B(M)={f: M—R measurable and bounded}.
We will usually suppress “M” in the notation.

Remark. In order to justify changing the order of integration in some of the
arguments to follow, it will be helpful to notice that for 0<o<d, 0<1<d

c if o+1<d
Y[ 2] [r(z, ] Fdm(z) S{c{l+1log™ r(x,y)}  if o+7=d
M

clrix, y)]* o if o+7>d.

The proof is straightforward (though somewhat tedious) in normal coordinates
and follows along the same lines as in the case of bounded Euclidean regions.
(It uses the decomposition

M ={z;r(x,2)<37(x, )} U {z;7(y, 2) <3r(x, »)}
U{z;37(x, y) Sr(x, 2) <r(y, z)}
u{z;37(x, ) Sr(y, 2) Sr(x, 2)}).

If we let for a>0

(2.10) (G.)(x)=] g,x.y) f () dm(y),

M

then (2.10) defines a semigroup of bounded symmetric linear operators
G,: I2—I4. Notice that (using the preceding remark)

(2.11) 1G Sl = 1S e lg2all .

Obviously G, =G. The operators G, are invertible because of (2.4). Invertibility
and the semigroup property imply that the G, are positive definite. Just as in
the case a=1 we have for a>0 that G, fe C(M) if f: M—>R is bounded and

d . .
measurable. We note incidentally that for “>7s G,: I > I7 is Hilbert-Schmidt,

since in this case {{ [g,(x, y)]> dm(x) dm(y) < co. We could define the G, by stan-
dard functional analytic methods, but it seems easier and faster to use the
probabilistic approach we have taken.

(212) Definition. For real >0 let Hy=G,,(L%), endowed with pointwise ad-
dition and pointwise multiplication by scalars and with the inner product

(2.13) <Ga/2 f1a Ga/z f2>H0:2a(f1’f2)L2‘
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We write | |4z for the norm induced by { , >pe.
Obviously the spaces Hj are complete; moreover Hy<I2 and

1Sl 272 g, 12 1 f )l g for feHS.

From definition (2.12) and from (2.11) we conclude that for o, <o, we have HE
< Hj' and

a2 — o1

a2 7 8uyea, IV [ flyge  for feHg.

Since for every integer k=1, every ¢eCy, we have ¢ =G, {(—1)*27*4*¢}, it

follows that C¥ < H2* and hence CF < Hj for all real a>0. Since G, ¢ CY and

since C¥ is dense in IZ, we have that CY is dense in H3*, k=1; hence CY is

dense in all H, o>0. In other words, the spaces Hf are the completions of C3

with the norm | |4« It can be shown that they are the Sobolev spaces of [7]

restricted by the metric condition | fdm=0. To this end one has to show that
M

on CJ the norms H¥ are equivalent to the admissible norms in [7] which are
defined in terms of (non canonical) inner products on the k-jets. The rest is
interpolation.

From (2.11) we also conclude that (2.10) defines a semigroup of bounded
linear operators which are symmetric and positive definite, on each HE for
f>0. The following lemma follows from (2.10) by application of the Cauchy-
Schwarz inequality and of Lemma (2.9).

d
(2.14) Lemma. If a>

Za
G,: *-B.
As one would expect one has the following Sobolev theorem.

then (210} defines a bounded linear operator

d
(2.15) Theorem. If oc>§, then the set Hj, is contained in C, and

If Nl =272 sup 8., XN (1 Sl for feHS.

d - -
Proof. If oc>§, then f=G,, f is bounded for feI2 by Lemma (2.14), to be
precise

1= sup lga0x, )2 fll 2 =272 sup g6, 2 I f -

Now let ¢,eC¥ be such that |, —f,.—0 and let ¢,=G,,¢,. Then ||¢,—f 1,
=1G,2(b,— N = Clip,—f |l 2 and since ¢,€Cy, it follows that feC,.

Remark. A refinement of the preceding argument shows that () Hg=Cg. This

a>0
implies in particular that for «>0, we have G, fe CY if feCy.
We shall now give a characterization of the functions in Hj in terms of
their Fourier coefficients. This characterization is quite standard when M is a
flat d-dimensional torus.
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Denote by 0<i;=1,2/;=<... the nonzero ecigenvalues of —4 and by
®1,¢,,... an orthonormal sequence of corresponding eigenfunctions. Thus A,
= =@y, | &, ¢,,dm=56, .. Moreover ¢,eCP(M) and the ¢, are complete in
7. M

For fell), let f,=(f,¢,)... We have f=Y f,¢, in I*. We note for later use
that Gp, =24, 1¢,, hence G, ¢, =2"1""¢,.

(2.16) Definition. ¢p*=1,%*¢,, n=1, a>0.
From {G,, f, $i>pz=2"?f, for fel?, we conclude the following
(2.17) Theorem.

(1) For all >0, the functions {¢%,n=1} form a complete orthonormal sys-
tem in Hj.
(2) A function fel% belongs to Hy iff Y. 12 f2<oo.

n=1
(3) For feH;, | flgg= Y 4 1,2
n=1
This theorem implies immediately

(2.18) Corollary. For feH}, the vectorfield grad f exists weakly and |grad f||
el?. Moreover for f, f,eH}

(2.19) {fis fons= | gradf;-gradf,dm
M
Here | || denotes the g-norm of a tangent vector. (2.19) implies that for f,e H},

frel?, | gradf,-grad Gf,dm=2 { f, f, dm.
M M

§3. A Universal Law of the Iterated Logarithm

In this section we shall use a version of Weyl’s celebrated theorem on the
distribution of the eigenvalues A, <1,<i;<... of the Laplacian —4 on M.
According to this theorem there exists y >0 such that

2

(3.1) A,~ynd,

We will also need Theorem (1.1) of Hormander [3], by which for correspond-
ing I*-orthonormal eigenfunctions ¢,

d d—1
(3.2) |'Y [$,09]>—adz|<bi 3, all xeM, 421

Ins A
for some constants @ and b. Actually all we need of (3.2) are suitable growth

controls for ¢, and ¢%i=4,2 ¢,, namely

(3.3) sup [p, (0] S An' T
xeM
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and
1
(3.4) sup [¢500)]7 < 4,n a0
xeM
which follow from (3.1) and (3.2). Notice that (3.1) follows immediately from
(3.2). It can also be derived from the asymptotic expansion of ) e~ *, men-

tioned in §1, via Tauberian theorems.

We note incidentally that (3.1) implies compactness of the operators
Gy: Hy—H%, L3~ L3, and hence compactness of the embeddings Hy c HR < L2,
o, <dy.

We now turn to Brownian motion on (M, ) as introduced in §1, and define
for bounded measurable f: M—>R!

t
(3.5) L(fio)={f(XJw)ds, t=0.
0
d t
If oc>§, then for fixed weQ, t=0, gga/z(-,Xs)dseLZ0 since

t 2
fdm(x) ((E) ga/z(x,Xs)dS) <% sup g, 2).

y.zeM

d
If we define for oc>§ the Hj-valued process L'(t, w) by
t
(3.6) L, 0)(x)=27% Gy {f ga/z(',Xs)dS}
o]

t
=2""{g,x,X,)ds
(¢}

then
(3.7 It w)foge=L(f,0) for feH.

Such I¥ were introduced in {2] without the kernel g, for Brownian motion on
the flat torus. For every we(Q, the Hi-valued process L(t,w) is strongly con-
tinuous in ¢, since
1L (t, 0) = L¥(tg, )| gz =2 (¢ — t,)? sup 1g,(, 2)I-
y,Z€

If we use in Hj the o-field of its Borel sets, then the function I*: [0, c0)
x Q—H% is progressively measurable. In [1] we studied the Central Limit
Theorem and the Law of the Iterated Logarithm for the R!-valued variables in
(3.5). In those two theorems the asymptotic variance was given by the form

2mg Y(f, Gf).. which equals 27*"'mg ' (G, f1.fo)pe for fi,f,eHy. In §5 we
shall give a log,-law for the process I*(). We start now with

(3.8) Theorem. For any compact C® Riemannian manifold (M, ) of dimension
d=1 and associated Brownian motion X, let the Hj-valued process L(t) be
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d 3d
defined by (3.6) for oc>§. If o>max (d—i’i)’ then for all xeM, Pr.-a.a. o the
It w)

1 2tloglogt

Proof. First we notice that a version of Ito’s formula holds. For all xe M, fe H}

random set { ,t= 3} in HY is conditionally norm-compact.

(3.9) M(f, o)z Li(f, 0)+(Gf) (X (@) — (G ) (X ()

is a Pr-martingale. Its increasing process is

(3.10) MLSf). M(f)> =£ lgrad Gf|* (X,)ds

t

=2[ fX)(GN)(X)ds.

0

Furthermore if we let g*(x)=2""g, . ,(x, ), then by (2.9), g*(x)eHp,

sup [|g*(x) 7z =2"" sup g, ,(x, %)< oo,
xeM xeM

and

(G () =<g"(X)./Dpz for feH5.

"X
Obviously Pr, {a); lim —gi__’)—:=0}=1.
t-00 ]/2t10glogt

If we define the Hj-valued process M*(t, ) by
(3.11) Mz, w)=Lt, w) + g4(X (w)) — g*(X o(w)),

the theorem is proved if we prove Pr.-almost sure conditional compactness in

Mt
HE of {—%,@3}.
]/2t10g10gt
In view of (3.9) we have (M*(t,w).f>yz=M,/(f,w) for all feH;. We let
M} *(w)=M,(¢%, w). From (3.1), (3.4) and (3.10) we conclude

1
(3.12) (MM M™ey <o @ 9L

1
d—:~f3(2fx+ 3})—1, then B> 1.

—1 )
Let 516(0,5-2—), g,=n"*"% Clearly 0,=5$—1-26,>0. For v22 let ¢,

b /2loglogt
=2, for v=2, n21 let am=8;’z |/—°i—9—g—v with ¢ from (3.12). Then for v>2

3
I -
foa>d 2,[3




110 G.A. Brosamler

Pr.{ sup Mr*Zze,1/2t, loglogt,}
Iy SI<tyvet
2

§Prx{ sup [ Mt”"——ot <M,"’°‘,M,"’“>]§

oy
tvEt<ty+

loglogt, }

eAnf
§Prx{ sup exple,, MP*—Lo2 <M,'”°‘,Mt’"“>]_2_(vlog2)‘2c_}
fEt<tyay
einB

<(vlog2) zc =(vlog2)” zcn2

as exp[...] is a continuous martingale. The last term is majorized by v="° for
v22, n2n,=2 with §=16,.
Hence for vy =2

A
Pr, —‘”—:gSH
t>2V0 ]/2tloglogt

< Z Pr{ sup MMz, 1/2t,loglogt}< Y v

v="vgp tySt<ty+1 v=vgp
Replacing ¢? by —¢% we conclude for v, =2
Mn,oc 00 5
Prx{sup AI—%;sn}gz Yoy
12 2% ]/Ztloglogt
It follows that for vo=2

M".a oC X0
Prx{w; Anzn,, 3te[2", 00) such that —|—‘__I—_—>£n}§2 Yooy v
/2tloglogt =n

. _nd
and since Y ) v <o,
n=2v=2

Mn,a
Prx{w; Vve22,3nzn,,Ite[2%, c0) such that —|___‘——|:>sn}=0 ie.
]/2tloglogt

—I_L Sn}—_—l.
]/2t10glogt

If we set g¥=¢, for n=n, and gF=2 |/—(d)n,G¢) 4m02/1 for n<myg,

then (3.13) and (1.4) imply that Pr-a.e. there is v, =2 (depending on ) such
that

lIA

(3.13) Prx{w; Jv,22, such that Vn=n,, Vie[2", ),

{ Mt ) tgzvo}g{feﬂg;|<f,¢z>HgI§82‘ all nz1}.

]/2t10g10gt’
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Since the last set is compact in Hj, the proof is finished.

It
(3.14) Remark. For any wef, {%,@3} is conditionally || ||pz-
compact iff ]/2tlog10gt

(1) su M<o® and

P
123 1/2tloglogt

|Gt ) — 1T 156, 0) | s _

(2) lim sup L 0,
N—oo 123 V2tloglogt
where J1%: Hf{— H} denotes the projection of HY onto the subspace spanned
by ¢%,....¢%. Notice that (2) follows from the conditional compactness
It
f {#@—,tQS}, because the II% are uniformly equicontinuous. By
1/ 2tloglogt

Theorem (3.8) we have proved

r — I Lt .
(3.15) Prx{lim sup IE(E @) — Iy (’C‘))HHO=

e O}zl, xeM.
N—oo 123 ]/2t10g10gt

We will use this remark in Section 5.
Theorem (3.8) allows us to prove a universal log,-law.

(3.16) Theorem. For any compact C* Riemannian manifold (M, ¢) of dimension
dz1 and associated Brownian motion X and L,(f) defined by (3.5), we have

317 p { - Lifo) _[_1/2 ] Vi
o cuserser 20 ||/ o 60 |/ 61

all feHg}=1, xeM
. 3d
I;f o> max (d—’i,i)
Proof. By Theorem (3.8) we have for all xeM, Pr-a.a. @

L) =
Cleo)—sup Ol
123 1/2tloglogt

We conclude from [<L(),f > gal 1| f ]l g= 1 L(t)| gz that for all xeM, Pr.-a.a. w
t
[ f(X)ds

< flyz C(w),  £23, feHE.
V/2tloglogt
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The theorem follows now from our result (1.4) applied to a countable dense set
of functions in H3.

§4. The Law of the Iterated Logarithm for Vector Functions

Once we have the log,-law (1.4) of [1] for a single function, a log,-law for a
single vector function follows at once by the trick of considering arbitrary lin-
ear combinations of the components (cf. [4]). We shall give some details.

For fi,...,f,e L}, the matrix ((f;, Gf)r»,i,j=1,...,n) is nonnegative definite.
It is positive definite iff f,,...,f, are linearly independent. For linearly inde-

cees

H

Efl,.“,f,,:{(gla -._7Cn)€]Rn7 Zl aij CiCjél}:

ij=

where (% a; j) is the inverse matrix of ((f;, Gf)2,Lj=1,...,n).
(4.1) Theorem. For all n=1, all linearly independent bounded measurable func-
tions f,,...,f,: M—>R we have for all xeM

L e L
4.2) Pr, {]R"—cluster set (Ll fi): -, Eldo)) =E,, . .,fn}zl_
t— o0 V/2tloglogt

Proof. Let n22. It is sufficient to prove (4.2) for the special case where (f;, Gf))
=¢;; for i,j=1,...,n. The general case can be reduced to this special case by a
linear transformation. In the special case

z 2
Ef1,...,fn:Bn£f{(Clﬂ LR} Cn)EIRns igl CIZ émt}

0

For {edB,, define /,: R">IR by /C(rl)=|/% Y {m; and f: M>R by f,
i<

=t forf)=1/"2 Y O
Obviously

2 &
2
@3 <) = o B-@0=)

and for any dense set D on 0B,

2
(4.4) rw%uawgvi%=m,
leD m

-

and by our log,-law (1.4) applied to ]7{ if Dg is‘a countable dense set on 0B,
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(Lt(fl)’ b Lt(fn)))
]/2rloglogt

JYZ/Z] @ ot en

Notice that ( fg,GfC)Lz—l If we denote by 4, (o) the cluster set in (4.2)
and by Q, ._”f the w-set in (4.5), we have for weQ,

(1) 4y, . (0)=B
(2) 2B CAf 1l @):

2
Notice that (1) follows from A, fn(w)g{”5\fc(’7)|§|/m_} all {eD,,
0

for weQ, . and from (4.4). For the proof of (2) we observe that (1) and (4.3)
imply CeAf1 ,,,,, () for (eD,, weQ, .. Using (1) and (2) as well as the

projection II": R"—»>R"" 1,
H"(Cp-'-acn_l,Cn)=(§1,-»-,C,,q),

t— o0

(4.5) Pr, 5 cluster set?, (
(

.....

we conclude that
fofu l@)=B, | for weQ, ..

In view of our universal log,-law (3.17), the proof of the preceding theorem
also gives the universal version for vector functions.

3d
(4.6) Theorem. If «>max (d_i’ E)’ then for all xeM

4.7 Pr, {]R” —cluster set (L'(M)) =E,

=00 V2tloglogt "7

all n=1, all linearly independent f,, ...,fneH"O‘}= L.

§ 5. A Function Space Version of the Law
of the Iterated Logarithm

In this section we shall give a log,-law for the Hj-valued process L'(t) as was
done in [2] for the special case of the flat torus. This result can be obtained
from the general Theorem (3.1) in Kuelbs [4] and our Theorem (3.8). Such an
argument was used in [2] for the flat torus. It is probably simpler for the
reader if we restate Kuelbs’ argument in the context of our paper.
If we let
K, ={feHZ* ;4m? | f | e <1
1

:ff*imgiG%—l{feHg; I as =13
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then K, is a compact symmetric convex set in Hj. (Notlce that G“+1 Hi—H}

1 d
is of Hilbert-Schmidt type for %ﬁ.)

Applying Theorem (4.1) to the functions ¢ we conclude
(1 La(t)
1/ 2tloglogt

where the IT% are the projections of Remark (3.14).
From (5.1) and (3.15) we have immediately

(5.1 Prx{H [l gz — cluster set =M%(K)), allNgl}zl, XeM,

(5.2) Theorem. Under the assumptions of Theorem (3.8)

Prx{ﬂ Il s — cluster set——;_g__— Ka}=1.
1/ 2tloglogt

Remark. In the original notation of Kuelbs” Theorem (3.1) in [4] we would set
his B=B*=H§"*, S=2""*'mg'G,, ,. His space H,can be identified as H3***,
except that \|f|1u=2‘1mé/2HfHH(z)aH.
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