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In [1] Schweizer and Sklar introduced a very interesting class of probabilistic 
metric spaces. The most important results in that paper are found in the next 
paragraph. 

Let (S, d) be a separable metric space. Let S be the carrier of a probability 
measure P defined on a a-field that contains the Borel sets of S. Let M be a 
mapping from S into S which is measure preserving with respect to P. Let p2 
denote the product measure on S x S induced by P. For each real number x, let 
D(x)= {(p, q): d(p, q)<x}. For any subset A of S x S let ZA denote the indicator 
function of A. Then there exists a subset W o of S x S, with p2 (W0) = 1, such that 
for every pair (p, q) in W o there exists a left-continuous distribution function 
Fpq such that 

lim 1 ,-1 - ~ XD(~I(MmP, Mmq)=Fpq(x), 
n~oo r i m = 0  

at every continuity point x of Fpq. Furthermore, if ~ is the function defined by 
J(p ,  q)=Fpq for each (p, q) in W0, then (Wo, ~ )  is a probabilistic pseudo-metric 
space, more specifically, a Menger Space under the t-norm T m. Finally, if (p, q)~ W o 
then Y(Mp ,  Mq)=~(p ,  q). 

The domain W o of ~ need not be a Cartesian product. Thus ~ is not a 
probabilistic pseudo-metric in the usual sense. Notice that (p, r) could fail to 
belong to W o even though both (p, q) and (q, r) do belong. This deficiency could 
significantly reduce the usefulness of the triangle inequality. The following 
theorem removes this difficulty. 

Theorem. The mapping ~ has an extention ~*  whose domain is all of S x S 
such that (S, ~*)  is a probabilistic pseudo-metric space satisfying Menger's triangle 
inequality under the t-norm T,,. Moreover, for every p,q in S, ~*(Mp,  Mq) 
= i f *  (p, q). 

Proof To construct the mapping i f *  we first let 

G (x) = liminf F,(", ) (x) 
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where 
n--i 

F(n) -_1 ~ Xm~)(Mmp, Mmq) �9 
~q (X)-n m~o 

We now define ~ *  on S • S via ~ *  (p, q )=F*  where iv* is the left-continuous 
function which agrees with Gvq at each continuity point of Gv~. 

It is obvious that ~ *  extends Y to all of S • S. In showing that (S, ~*)  is a 
Menger space, it is only the triangle inequality which is not immediate. To verify 
the triangle inequality we use the fact that T,n is nondecreasing in each place and 
the inequality 

F(nr ) (x  + y)  ~ T m (F(nq) (x), F(~ ) (y)) 

which is proved in [1]. It follows that for each j >__ n, 

Fp(~ ) (x + y) > T m (fp(~) (x), Fq(~ ) (y)) 

> T m (inf {Fp(~ (x): k > n}, inf {F~(~ ) (y): k__> n}). 
Thus 

inf{F(pk~)(x + y): k >n} > T~(inf{F~vgq)(X): k >n}, " (k) lnf{F~ (y): k>n}). 

Taking the limit and utilizing the continuity of T m we obtain 

G~ (x + y) >= Tm (Gv~ (x), G~ (y)). 

Since Gp~ is a nondecreasing function there exists a nondecreasing sequence x, 
converging to x with the property that x ,+y  is a continuity point of G;~ for 
each n. Thus 

F *  r (x  n %" y) = Gpr (X n %" y) ~ T m (Gpq (Xn) , Gqr (y)) >_ T m (rpq (x,,), V q~ (y)). 

Using the left-continuity of F% and F*q and the continuity of T,, and taking the 
limit as n---, oo we obtain 

F*~ (x %" y) _>__ T~ (F*q (x), F* (y)). 

Finally it will be shown that for each p, q in S f f*(Mp,  Mq)=f f*(p ,  q). To 
this end, let p, q be in S and let x be real. Then, 

l n - 1  
Gu; Mq (x) = liminf F~)p Mq = liminf ~ ~, ZD(:,)( M'~ Mp, MmM q) 

n-,~ n- ,~ m=O 

:liminf![Z~lo)~m~,(Mkp, Mkq)+xv(~,(M~p, Mnq)-Zmx,(P,q)] . 

= a ~ ( x ) .  

This implies that Y* ( M p, M q) = Y *  (p, q). 
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