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In [1] Schweizer and Sklar introduced a very interesting class of probabilistic
metric spaces. The most important results in that paper are found in the next
paragraph.

Let (S, d) be a separable metric space. Let S be the carrier of a probability
measure P defined on a o-field that contains the Borel sets of S. Let M be a
mapping from S into S which is measure preserving with respect to P. Let P?
denote the product measure on § xS induced by P. For each real number x, let
D(x)={(p, q): d(p, q)<x}. For any subset 4 of Sx S let y, denote the indicator
function of A. Then there exists a subset W, of S x S, with P*(W,)=1, such that
for every pair (p,q) in W, there exists a left-continuous distribution function

F,, such that

n—1

e "
hmﬁ Z Xp(M™p, M q):F;Jq(x)a
=0

n— o0 m

at every continuity point x of F, . Furthermore, if # is the function defined by
F(p,q)=F,, for each (p, q) in W, then (W,, #) is a probabilistic pseudo-metric
space, more specifically, a Menger Space under the r-norm T, . Finally, if (p, ¢)e W,
then #(Mp, M q)=% (p, q).

The domain W, of % need not be a Cartesian product. Thus & is not a
probabilistic pseudo-metric in the usual sense. Notice that (p,r) could fail to
belong to W, even though both (p, q) and (g, r) do belong. This deficiency could
significantly reduce the usefulness of the triangle inequality. The following
theorem removes this difficulty.

Theorem. The mapping & has an extention F* whose domain is all of Sx §
such that (S, #%*) is a probabilistic pseudo-metric space satisfying Menger’s triangle
inequality under the t-norm T, . Moreover, for every p,q in S, F*(Mp, Mq)
=7*(p,q).

Proof. To construct the mapping F#* we first let

G g () = liminf F{5 (x)
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where
1 -
E?(x =; Z Y (M™p, M™g).

We now define #* on SxS via #*(p, q)=F}, where F} is the left-continuous
function which agrees with G, at each continuity point of G,

It is obvious that #* extends & to all of S x S. In showing that (S, #*) is a
Menger space, it is only the triangle inequality which is not immediate. To verify
the triangle inequality we use the fact that T, is nondecreasing in each place and
the inequality

F(x+y) 2 T (Fyp (x), EZ ()
Wthh is proved in [ 1]. It follows that for each j=n,

R (x4 3) 2 T (F 6, L )

> T, (inf (FY(0): k2 n}, inf {FO(): kzn)).
Thus

inf{EY (x+y): k2n} =T, (inf {F,Y (x): k=n}, inf{(F® (y): k=n}).
Taking the limit and utilizing the continuity of T, we obtain

Gy (X + 1) Z T,(G (%), Gy ()

Since G, is a nondecreasing function there exists a nondecreasing sequence x,,
converging to x with the property that x,+y is a continuity point of G,, for
cach n. Thus

Fr (o, +9)=G,x,+0zT, (épq(X) G M Z T, (4 (x,), . ().

Using the left-continuity of F, and F, and the continuity of 7,, and taking the
limit as n — o0 we obtain

F(x+y) 2 T, (5 (x), FL().

Finally it will be shown that for each p,q in S F*(Mp, Mq)=F*(p, q). To
this end, let p,q be in S and let x be real. Then,

1 "= 1
Gorparg(X)= hmlan]{;‘;,Mq—hmmf Zme)(M Mp, M™Mgq)
-hmmf [Z XD(x)(Mkp9M q)+XD(x)(anaM q)— 7D(x)(p> Q)]
=G, (x).

This implies that #* (M p, M g)=F*(p, q).
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