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Summary. We consider Smoluchowski’s model of coagulation in colloids: n
particles move in three-dimensional euclidean space according to Brownian
motions independently of each other as long as the particles are at a distance
greater than R. When two particles come to within a distance R they stick
together and form a “double particle”, which itself is in Brownian motion -
and so on. In the Boltzmann-Grad-limit n— oo, nR=constant, we prove
“propagation of chaos” and derive the kinetic equations for the densities of
the k-fold particles.
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1. Introduction

In [19] Smoluchowski developed a theory of coagulation in colloids based on
Brownian motion. For a survey of his ideas see the beautiful lectures [18],
part III: Theorie der Koagulation (p.593-599), cf. also [5]. The underlying
model may be described as follows. Consider n particles in three-dimensional
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euclidean space, each particle being surrounded by a sphere of influence of
diameter R. The particles move independently of each other, according to a
Brownian motion, as long as their distance is greater than R. When two particles
meet at a distance R they stick together and form a “double particle”, which
itself is again in Brownian motion - and so on. Smoluchowski found on a
heuristic basis an explicit formula for the average concentration of single,
double, triple etc. particles at time t.

Our aim is to put Smoluchowski’s theory on a firm mathematical basis. It
turns out that it holds rigorously in the limit with n—o0, R—0 in such a way
that nR remains constant. We refer the reader to [13] for a heuristic derivation
of the kinetic equations for the densities of the k-fold particles as well as for an
introduction to the basic ideas of the proof. In this paper we give detailed
proofs.

To explain the meaning of the limit n R =const let us consider for a moment
the case of particles moving in general d-dimensional space R? with d =2 (after
that we restrict ourselves in the rest of the paper to the case d=3). Suppose we
are given n point-particles in a bounded set 4 <IR? with volume V, each particle
being surrounded by a ball of diameter R. Every particle moves according to a
Brownian motion (with the diffusion constant D) as long as it does not meet any
other particle. What is the average time 7 in which a tagged particle does not
undergo a collision? Let (w(t)), <, be the path of a Brownian particle; denote by

(1.1) We(t)={x+w(s): xeR% x|SR, 0<s=<1}

the Wiener sausage, swept out by a ball of radius R during the time interval
[0, £], having the volume | W, (t)| and

(1.2) C(R)=capacity of the ball with radius R.

Then the mean free time T should be such that

(1.3) n|Wx(T)i=V  for small R.
By a scale transformation we get
(1.4) | We@®)=l{x+w(R?s): |x| <R, 0Ss=<t/R*}|
2
~ R {Lr“’(R 9. 1xl<R. 0§S§I/R2}
R R

=R*|W, (t/R?)|
and therefore the condition (1.3) reads
(1.5) nR|\W,(T/R*)\~V for small R.

The asymptotic behaviour of the volume of the Wiener sausage for t—oco is
given by (cf. [20] and [9]; for a use of the Wiener sausage in connection with
the Feynman-Kac formula see [17] and [13])
t-C(R)-D, dz=3
(1.6) [We(@)l~ 14D -1t
logt

(t—00).
d=2

>
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From (1.5) and (1.6) we get for R—0:

nR*-(T/R?- C(1)- DV, d=3
47'5DT/R2_ 47DT ~V
log(T/R?) (1/n)-(log T—logR?)

1.7)

2

Neglecting the term (1/n) - log T we arrive at

(n/V)- RT=2- C(1)- DI,

>
(1.8) Tz{|(n/V)-(2n/llogRl)'D|‘1a =

dz3
d=2.
We can write (1.8) in the following form (using the right normalization of the
capacity):

(1.9) Tx|@n/V)-C(R)-D|""  (dz2)

(according to [16], Chap. 3.5, at the top of p.81, the capacity of a set B—R?,
which is contained in an open unit disc, is given by (Robin constant of B)~!; for
a disc B of radius R the capacity can be computed as 2n/|logR|.).

Back to the case d =3: Because of (1.8) and (1.9) the limit #n R =const is the
limit of constant mean free time (the so called Boltzmann-Grad-limit) or
equivalently the limit in which the number of balls in the (fixed) volume V times
the capacity of a ball is constant.

The organization of the paper is as follows:

In Sect. 2 we formulate the problem and the result precisely, in Theorem 2.1
for the case of unlabeled particles (disregarding their multiplicities) and in
Theorem 2.2 for the general case of particles with multiplicities. To describe the
result in the former case, write for Borel sets A <R> and times t=0

(1.10) N(t; A)=number of unlabeled particles in A at time ¢.

Then if the initial distributions of the n particles (n € IN) are such that N(0; A)/n
converges in probability for n— oo (nR=const) for all Borel sets 4 =R? (and if
the correlation functions at time 0 satisfy a certain natural boundedness con-
dition which we do not formulate here), the same holds for N(¢; A)/n for all t=0
(this is another formulation of what is called propagation of chaos), and in fact
N(t; A)/n— [ dx p(t, x), where p(t, x) is the solution of the kinetic equation

A

ia—p(t, x)=D - Ap(t, x)—4nRDn(p(t, x))*.

(1.11) p

In Sects. 3 and 4 the four main propositions 3.1-3.4 are stated and the proof of
Theorem 2.1 is given by means of them. We give the proofs of Propositions 3.1-
3.4 in Sects. 5-8. The basic idea of the proof of Theorems 2.1 and 2.2 is the same
as used by O.E. Lanford III in his work on the derivation of the Boltzmann
equation ([10-12], cf. also [21]), namely to develop the correlation functions in
a perturbation series and to estimate the norm of every term of the series
uniformly in R. Therefore, in order to prove the convergence of the rescaled
correlation functions for R—0 it is sufficient to show the convergence of every
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term of the series. In substantiating this scheme in the present case of Brownian
motions some stochastic flavour comes in related to the Wiener sausage as
indicated above. In Sect. 9 we sketch some additional ingredients needed for the
proof of Theorem 2.2. Auxiliary results of a technical character, which are
needed in the proofs given in Sects. 5-8, are collected in the last section.

Finally we mention briefly other work on related stochastic models: After
the pioneering work of M.Kac [7] propagation of chaos was proved for
different stochastic models, e.g. in [14], [1]. In these cases however the collision
rule is purely stochastic, which is not so in Smoluchowski’s model. Problems of
coalescing and annihilating random walks on the lattice Z¢, where the passage
to the Boltzmann-Grad-limit is not necessary, are treated in [2, 3].

Acknowledgement. We thank Hans Engler who helped us very much to understand the problems in
partial differential equations raised by this work.

2. Result

We begin with some basic notation.

(i) Initial data.
Let two numbers A>0, D>0 be given, fixed for the rest of the paper. To
every neN there corresponds a positive number R >0 by the relation

(2.1) 4nRDn=A.

A~! means the mean free time, called by Smoluchowski “coagulation time” (cf.
(1.9) with V'=1). When we write n— o0 in the sequel this implies always R—0
according to (2.1) and vice versa. Suppose further that we are given a symmetric
probability density 7'®(x,, ..., x,) (n€eN, x,eR?) such that

(22) | odxydx,7Px,, ..., x

n
fxi—x| =R

)=0 forall i+k (i,k=<n).

n

Expectation with respect to the initial distribution 7'® will be denoted by E®,

(if) Time evolution.

Starting with n particles, each of them moves according to a Brownian
motion with diffusion constant D, independently of all other particles as long as
it is at a distance >R away from them. At time t=0 ecach particle has
multiplicity 1; at the first time ¢ when the distance between a pair of particles,
say particle i and particle k, is R, the following happens (notice that triple and
higher collisions do not occur with probability 1): with probability 1/2 the
particle k is annihilated, the multiplicity of the particle i is augmented by the
multiplicity of particle k, and particle i continues to describe a Brownian motion
with the same diffusion constant D as before. With probability 1/2 the analogous
event happens, with the role of k and i interchanged. For simplicity we assume
that D and R remain constant after collisions, an assumption which is not
unreasonable according to [18, 5]. The notation (x,, ..., x;; ky, ..., k;) means
that the particle at x; has multiplicity k,e N (1 Zi<j).
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(iii) Correlation functions.
Analogously to (1.10) where the multiplicities of the particles are disregarded
we define for labeled particles

(2.3) N(t; A, k)=number of particles with multiplicity k,
which are at time ¢ in the Borel set A  (keN).

The j* correlation function p{®(t;x,,...,x;; ky, ..., k;) for labeled particles
(Xy, .., X5k y, .., k)E(RPY XN/ can be defined by

M J’
24 Y .Y [dx1 dx p (X, X ke, k)
kiel kjeIAx..
=E<R>[ (Y N AKD)(Y NG A k) —1).. (Y Nt A, k) —j+1)]
kiel koel kjel

for all Borel sets A<R? and all subsets IcIN  (1<j<n).

This is sufficient for the definition of p{®(t; x, k) for almost all xeR*/ and all
keIN/ because of the symmetry of the moment measures under permutations of
the coordinates (cf. [15], p.299). The j* correlation function p{®(t; x,, ..., x,) for
unlabeled particles (x, ..., x;) is defined similarly by the spemal choice of I N
in (2.4). In particular pi®(t; x, k) and p{®(z; x) are related by

2.5) PR x)="Y pP(t; x, k).

kelNJ

Especially for t=0 the correlation function p{®(0; x) can be expressed easily in
terms of the initial density z'® by the relation

2.6)  pR0;xy,...,x)
=nn—=1..(n—j+1)fdx; ;.. .dx,nPx,, ..., x) (=j<n).
Since n tends to infinity it is reasonable to rescale the correlation functions:

n~p®(t;x), j<n

®);. 3j

2.7 fi x)= {0 i>n (xeR*),
—i B (4- o .

(2.8) fj(R)(t; X, k):{g Pj (t;x, k), j:z (xeR3Y).

(iv) Norms.
The L*-norm of a function f;: (R*/—R is given by

2.9 | ;| =inf {M: | f;(x)| <M for almost all xeIR*/}  (jelN).
Given a positive number z, define on the space

(2.10) Y={f=(f, fs ...): f; is a measurable function
on the space R*/ into R, }
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the norm
2.11) [Ifl|z=$u1132*j|\1'jll-
jiz

Now we are ready to formulate the theorems. We assume two conditions on
the correlation functions to be fulfilled at time t=0:

Assumptions

(C1) there exists a number z>0 such that sup || f ®(0)||, < oo
R

(C2) there exists a function py: R* >R, such that

J
lim fj(R)(O; Xiseees xj)= H Polx)
R-0 i=1

almost everywhere (jeNN).

Theorem 2.1. Under the conditions (C1) and (C2) the following holds for all t20:
(@) N(t; A)/n—>[dxp(t,x) in probability as R—0 (A<=R? bounded Borel set),
4

where p(t, x) is the unique solution in L* of the kinetic equation
0 2 e .
(2.12) Ep(t, x)=D-Ap(t, x)—A(p(t, x))> with initial condition p,.

(b) propagation of chaos, i.e.
j
lim f®(t;xy,...,x)=[] p(t,x;) almost everywhere (jeN).
R—0 i=1
Theorem 2.2. Under the conditions (C1) and (C2) the following holds for all t=0:
(a) N(t;A,k)/n—[dxp(t;x,k) in probability as R—0 (A<R® bounded Borel
A

set, keN), where the functions p(t;x,k), keIN are the unique solution in [° of the
system of kinetic equations

13 Zpxk=D-4p(: b
+40 Y p(6%,0)-p(tsx,)) =2 ), p(t;x,K)- p(t; x, 1))
iz1

i+j=k
with initial condition p(0;-,k)=p, for k=1 and p(0;-,k)=0 for k> 1.
(b} propagation of chaos, i.e.

J
im Ot x,, .. x5k, k) =T o %, k)
R0 i=1

almost everywhere (k,;eIN; jeN).
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Remark 2.1. To realize condition (C2), let be given a bounded domain A<R?
with volume V which remains fixed. Distribute n particles in the domain
A with |x;—x, /2R for ik in such a way that N(0; A)/n— [dx p,(x)

A
stochastically as n— oo (4 <A Borel set). If V=1, then the number of particles
per volume is n/V=n, thus A~" in (2.1) can really be interpreted as the mean free
time (cf. (1.9)). However in order to get the spatially homogeneous case, ie. to
realize (C2) in such a way that the limit function p, is constant on the whole
space IR?, the volume V has to tend to infinity at the same time as n tends to
infinity, in such a way that (n/V)- R remains constant. Regrettably the proof of
the Theorems does not work in this case because of technical reasons. In the
proof of the norm estimate given in Proposition 3.3 we have to use the
inequality R=<constn~!, which we cannot replace by R<const(n/V)~" if V
tends to infinity (see (7.31), where we use (7.30) and (7.21)). However the
statement of the Theorems should remain true also in the spatially homo-
geneous case; in this case the functions p(¢) and p(t; k) are independent of x and
one can solve explicitly - this is the result given originally by Smoluchowski -
the Eqs. (2.12) and (2.13) by

(4po t)k_ !
(I+7pg it

Po

2. =
(.14 PO=171

p(t;k)=p, (k= 1).

Remark 2.2. In this paper we restrict ourselves to the case of dimension d=23.
For the norm estimate in Proposition 3.3 we need an estimate of (cf. Lemma 7.1,
(7.11) and (10.4))

(2.15) % [ dxf(tx), where f(tx)solves the problem
|x|>R
0
—fX)=D-4{(x) >0, |x|>R
(2.16) ft,x)—1 |x|lR

f(0,x)=0 |x|>R

(2.16) has a simple explicit solution in the case d=3 (cf. Lemma 10.1), whereas
the formulas do not look so pleasant for d=+3. Therefore we do not know
whether the proof of the theorems goes through in the case d==3 without
essential change.

3. Notation and Formulation of the Main Propositions

In this section we state the Propositions 3.1-3.4 on which the proof of Theo-
rem 2.1 is based. To avoid cumbersome notation we consider only the case of
unlabeled particles in Sects. 3-8 and sketch in Sect. 9 the ingredients needed in
addition for the proof of Theorem 2.2 in the case of labeled particles.
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Continuation of the list of basic notations, begun in the last section:

(i) Sets.
B DR={x=(x,...,x)e(R?; |x;— x| >R for i%k; i, k<j} (jeN),

(32)  B®= 1) {x=(x,....x)e(R:|x,— x]SR} =R*\DP®  (jeN).
k

=j
k

If the context is clear we omit sometimes the indices R and ;.
(if) Brownian motion.

(3.3) (w;(t)o<,, ieN are the paths of a sequence of independent Brownian
motions on R?, each of them with diffusion constant D.

’’’’’ fO0=(@,(1),...,0;()); if the context is clear we write sometimes only
w(t) 1nstead of w (). The path o shifted by t=0 is denoted by w;, i.e. @ (s)
=o(s+1) (s20).

(34) (@()y<, is the path of a Brownian motion on R* with diffusion constant
2D. For x=(x,,...,x;)eRR* denote by

(3.5) E=E, ., the probability measure corresponding to the Brownian mo-
tion (a.)1 ..... j(t)).ogt starting at time t=0 at (x,,...,x;); define P, similarly for
Brownian motions with diffusion constant 2D.

X

(3:6) pi(t;x,y)=(@nD1) > exp(—|x—y[?/4D1)  (jeN,xeR*, yeR)

is the transition density of @, _;(z), whereas

(B.7) y=>4{®(t;x,y) (x,yeR>) denotes the (appropriately defined) density of the

measure K—P(w, ()eK, B{® is not hit during [0,7]). We will make use of

the following four properties of q'®:

(3.8) g%, ) =4y, %),

(3.9 ¢{® is continuous in every point (£;x, y)e(0, co) x DR » D),
(3.10) q'®(t;x,y)-0 if y converges towards a point yo€B®,
(3.11) g®(t;x,3)—0 if |y|-o0

(for (3.8) and (3.9) see [16], Theorem 4.3; (3.10) follows because all points in B{Y
are regular, see [16], Proposition 3.3).

(iii) Hitting times.
Denote by Ty the first hitting time of a set K. Special abbreviations:

..........

(3.12) T{® =Tyw  (sometimes simply T,
(313) T<R _]/_]+1_TI\ for K= U{"x j+1|§R}9

,,,,,

(3.14) T = Tiewa: x| < ry-
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(iv) Special measures.
Define for jeN, >0, xe(R?*Y¥*!, h>0, R>0 the following measures:

(315 pB(t;x,dy)

.....

(measure on (R?)/*+1),
L316) P x,dy)
_________ J(t+h)edy)

(measure on R3Y),

(B.17) R, (t;x,dy), e, (t;x,dy) are the weak limits of u®(t;x,dy) respec-

J
tively e{:D(t;x,d y) as h—0 (the existence of these limits will be shown in Sect. 5).

(v) Operators.
Given kelN, 0<it, <t,<...<f,<t, deline the operator A{®(¢;¢t,,...,1,) on
functions f;, e[*((R*Y**) by

(B18) (A0t ) S ) ()
= (k) (k) (R) - (k) (k—1)
i i 19 >
= [ dxOf 60 [ e x®,dxtY)
)

R3 +k) R3G+k—1

(R) lk=1) g (e—2)
€ix 1t —15x ,dx"“ %)
IRS(j*’k*Z)

. 0 . (0
!egli)l(tk_tk_px(l),dx( ))q(jR)(t_tkix( ), x).
R3J

Furthermore define for jeN, t >0 the operators
(3.20) S;0))=[dyf;(0)pit;y,%)  (feL*(RY),xeRY),
(3.21) SPOHEX=]dy ,0)dPExy)  (fel*(RY), xeRY).
C;. 1 DP(R3VHD) 5 (R is defined by
(322) (Cyy 1 fi1 D)

=ii1fj+1(x1, s X X) (i ELP(RAVED) x=(x,, ..., x)eR?).

(3.18)~(3.22) give rise to operators AR(¢;1,,...,1,), S(t), S®(t) and C acting on
the space of sequences Y into Y by the formulas

(3.23) (APt 1y, o ) )= AR o 1) [k
SON;=S;0f,  SPOf);=50f
(Cf)jzcj+1fj+1 (feY.jeN).

This ends the list of the notation basic for the rest of the paper and we can
now state Propositions 3.1-3.4:
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Proposition 3.1. Let t>0, R>0, xeR3Y*Y jeN be given. Then the weak limit
(3.29) lim e\ ®(t;x,dy)=€e'B (t;x,d y)
h—-0

i1
exists.

Proposition 3.2. The rescaled correlation functions f{®(t)(jeIN,t=0) have a series
expansion of the following form:

(325 fREx)=ES ) f20)(x)
(A ff dy L dg (AR, 1) fR(0),().
kz1

O<ti<...<ti<t
Proposition 3.3. Let z>0 be given. There exists a universal constant ¢ < oo and a
positive number t,, which only depends on D, A and z, such that the following
estimate holds uniformly in R:

(3.26) 15 ] de e d ARE L, L) F RO,

O<ty<...<t <t

<c- (%)k/z POl (keN;0Se<1),

0

Proposition 3.4. Assume condition (C1) and denote by f©(0) the function in Y
which is given by

j
F1205xy, ,x)=T]po(x)  (jeN,x,eR5).
i=1
Then for all keN and jeN

(327) lim  [..f  dey . dg (ARG, 5) FR0),)

R-0 O<t1<..<tp<t

= J..f dt . dnSt-1)CS(t,—t,_,) C ... S(t,—1,) CS(t) f(0),(x)

O<ti<...<tp<t

almost everywhere.

4. Proof of Theorem 2.1 by Means of Propositions 3.1-3.4

Let the rescaled correlation functions f®(0) be given. Suppose that the con-
ditions (C1) and (C2) are satisfied. Assuming furthermore that Propositions 3.1-
3.4 hold, we prove Theorem 2.1 in this section. There are two reasons why it is
possible to prove Theorem 2.1 for all times t=0 in contrast to the Boltzmann
equation (for the latter case, cf. [10-12]). Firstly the kind of convergence to be
proved for t>0 is the same as supposed in (C2) at time t =0, namely almost-sure
convergence. Secondly the following Lemma 4.1 shows that also condition (C1)
still holds for t >0, and in fact with the same parameter z. These two facts enable
us to extend Theorem 2.1 successively to all positive ¢, after having it proved for
small times t.
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Lemma 4.1. Let R>0 be given. Then
(4.1 1ROI<1pPO)  for all jeN, t20.

Jj i

Proof. Compare the system of coalescing particles with a corresponding system
of particles which start with the same initial distribution but move according to
independent Brownian motions without coalescing. Then we get

(42) PREX) (S0 /PO ae. (£20)
and therefore

(4.3) Lo @I =18, PO 1500 (£20).

J J J

The proof of Theorem 2.1 consists of three small steps.

Step 1. 1t is sufficient to prove the statement (b) concerning the propagation of
chaos: We repeat here the simple argument, given in [10], p. 108/109, because it
shows the basic role of propagation of chaos. According to the definition of the
rescaled correlation functions (cf. (2.5), (2.7)) we have for Borel sets 4 =R?
(44) E®[N(t; Al =n[dx, £ (;x,)

A
and

(4.5) E®[N(t; A*1=E®[N(t; A)- (N(t; A)— )]+ E®[N(; A)]
=n® | dx;dx,f{P(t;x,x,)+nfdx fP(t;x,)
AxA A
and therefore

(4.6) E®IN(t; A)fn]=fdx, f{0(t;x,)
A

E(R)[(N(IQA)/")Z] = j dx, dxzfz(R)(ti X1, X,)+ l/nfdx1f1(m(t;x1)-
AxA A

By (4.1) condition (C1) holds also for f®)(¢), so, if we assume the statement (b)

about the convergence a.e. of the fj(R)(t), we can apply Lebesgue’s theorem and

this leads to

(4.7) lim E®[N(t; A)/n] = [dxp(t,x)

n— oo

Hm E®O[N(; A)n)*1= | dx,dx,p(t,x;) p(t,x,)=([dx p(t,x))*

n— AxA

which implies statement (a) of Theorem 2.1. By the way, a similar argument

given in [10] shows, that conversely if we assume the convergence almost

everywhere of the f®(1) as R—0 as well as sup | f®(1)],< o0 (t20), then (a)
R

implies (b).
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Step 2. Proof of (b) for small ¢.
Let t, be as in Proposition 3.3 and choose 7, <min{(1z)~!,¢,}.

(i) As suggested by (3.27) and (3.25) we define for jeIN
48) f20=5,0/°0)
+k;(—/l)" [oof  dty...dnS@t—5)C... St,—t,)

O<ti<...<tp<t

CS(tl)f‘o)(O))j.
That this series is well defined at least for ¢t <(4z)~! is shown by

Lemma 4.2. There exists a universal constant ¢ < co such that

@49) 12 [ dt;...dgSt—1)C...S(t,—t) CSE) S C0)],,

O<ty <. . <<t
Sc- @A O0);  (z0).

(I f©0)||,< o0 by (C1) and (C2)). The proof is much simpler than that of the
corresponding estimate (3.26) in Proposition 3.3, so we omit it.

(ii) Since the estimate (3.26) is uniform in R we get from (3.27) and (4.8), (4.9)
(4.10) flziiré 0= 2 ae (jeN,r<i)

(it1) the series (4.8) factorizes, i.c.
J
(4.11) £19(xy, 0% Hf(o) t;x)  (t<(Az)~';x,eR3 jeN).

To prove this multiply the series for f{®(¢;x,) by that for f{9(t;x,) (for
t<(Az)~! there are no problems of convergence because of (4.9)) and get just the
series for f{9(¢;x,,x,). The computation is based on the following three facts:
factorization of f{°(0) according to (C2);

510 (©e) = @6.02)

for functions g, L*(IR>); the operator C;,, is by Definition (3.22) the sum of i
operators acting on pairs of coordinates.

(iv) f{9(¢) is the unique solution in L of the kinetic Eq. (2.12) on the interval
[0,7,]: (4.8) and (4.11) imply

(4.12) [O0=8,0f0)~A[dt, S, (t~11) Co(f{Vt) ®F{V(t1)
0

T
=8:(t) fo)(o)_i‘gdh Spe—1t1)( 1(0)(t1))2-
Considerations from the regularity theory of partial differential equations, which
are more or less standard and therefore omitted here, show that (4.12) has a
unique solution which is moreover in the class C2((0,c0) x IR?). This implies
that f{°(t) agrees on the time interval [0,7,] with the unique solution in L of
the kinetic Eq. (2.12) with initial condition p,.



Smoluchowski’s Theory of Coagulation in Colloids in the Boltzmann-Grad-Limit 239

Step 3. Extension to all t=0.
Define for t€[0,1,]

413) fP@0=S;001)
+ Y (= o] dey . dgSG-t)C...

k21 O<ti <. <t <t
Sty ty) CS(H)f(O)(fo))j-
From Lemma 4.1 it follows sup || f ®(,), < o0, hence condition (C1) is satisfied
R

at time f,, and in fact with the same z as assumed at time t=0. Moreover,
according to what is proved in step2 we have lim f{®(i;)=/f"(0) ae. and
R-0

F19(0) factorizes. Therefore condition (C2) is also satisfied for f(0) and we can
apply Theorem 2.1 proved so far for te[0,7,] (Notice that the number of
particles at time %, is no longer fixed, i.e. the situation at time £, is slightly
different from that assumed at time 0, where we started with the initial
distribution 7® of n particles. However this circumstance does not cause any
essential change in the proof). Observing that 7, depends only on D, z, 4 it
follows that the conclusion of Theorem 2.1 when applied to the initial cor-
relation functions f®(Z,) holds in the same time interval [0,,].
This implies that the [*-function

@, 0
f(l())(t —_fO)a iO

solves (2.12) with initial condition p, in the time interval [0,2%,]. But (2.12) has
a unique [*-solution, Therefore Theorem 2.1 is proved for all te[0,2%,]. In this
way we can extend the result to the whole positive time axis. Hence Theorem 2.1
is proved.

[

t
t<2%,

(4.14) g(t)z{

IIA A
lIA A

5. Proof of Proposition 3.1: Existence of the Measures ¢®(¢; x, d y)

The aim of this section is to prove Proposition 3.1. Thereto it is sufficient to
show that the weak limit of the measures u{"®(r;x,dy) as defined in (3.15) exists
as h tends to zero. The proof of the following lemma will be given in Sect. 10
(here and in the following sections we state a series of computational or merely
technical lemmas, the proofs of which are postponed until Sect. 10. They will be
numbered by (10.) with 1<i<8 according to the order in which their proofs
appear in the last section).

Lemma 10.2. Let t>0, xelR*, R>0(j=2) be given. Then the measures
{1 R(t;x,dy): 0<h<1} have a uniformly bounded total mass and are tight.

Because of this lemma we have to prove that all convergent subsequences of
the measures u%® have the same limit. The idea to attack this problem is
similar to that of It6-McKean [6], Chap. 7.7, where the convergence of the
charges dzh=' B(Ty<h, Ti(w, )=o) to the equilibrium charge is shown (with
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zeR? and Ty as defined in (3.14)). The Green function of the domain IR/ is
denoted by

(5.1 G(a,b)= [dsp,(s;a,b).
0
For the rest of this section, j and R are fixed, so they can be dropped (B

=B, u® =" R) Assume for the moment the following two lemmas being
proved:

Lemma 5.1. For all a, xeR3/ the limit

(5.2) lim [ u®(t; x,d y) G(a, y)
h—0

exists.

Lemma 5.2. Let p be a measure on RR* and h,(keN) a sequence of positive
numbers such that h,—0 and p™—y. Then

(5.3) lim | u™(t;x,dy) G(a,y)=[u(dy)G(a,y)  for all a¢dB.
k—o0

Then the proof of Proposition 3.1 is finished because a finite measure on R*/
is uniquely determined by its Newtonian potential, more precisely: let u and v
be finite measures on IR*’ such that

(54 fudy) Gla, y)=[v(dy)G(a,y)

almost everywhere, then p=v (see [16], Chap. 3, Prop. 1.1). So it remains to
prove Lemma 5.1 and 5.2.

Proof of Lemma5.1. In the course of the proof we write e.g. B(w(t+h)
=y;Te(t,t+h]) instead of the correct but cumbersome

fdug\®;x,u){p;(h;u,y)— g (h;u, y)}.
Using time reversal (cf. (3.8)) we get then
(5.5) 8mRD[u™(t;x,dy)G(a,y)

=h~*{dyP(w(t+h)=y;Te(t, t—l—h])ofdslz(w(s)zy)
0
=h‘1Ofdsjdyﬂ(w(s)=y)FJ’,(w(t+h) =x;T<h,T(w,)>1)
(0]

=h~'[dsP (B is hit during [s,s+h],
0]
but not during (s+h,s+h+1t]; w(s+t+h)=x).

To handle this expression more easily we define the “t/2-escape-times from B” in
the following way (notice that the usual escape time from B corresponds to the
case t/2=o00):

(5.6) TO =inf{s 2 0: Ty(w) > t/2}

T®+D =inf{s> T 1/2: TB(coS+)>t/2} (nz1).
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Observe that T™+1/2 is a stopping time (but not T™ itself). To write (5.5) in a
more appropriate manner we use

Lemma 10.4. Let acR3/, xeR3/. Then

(5.7 [dsE (B is hit during [s,s+h],
0
but not during (s+h,s+h+t]; w(s+t+h)=Xx)

= Ofoals Y [B(T™els,s+h];o(T"+t/2)edu) g (t/2;u,x)+ o (h).
0

J
nzl

Proof. In Sect. 10,
Furthermore, given xeR?/ fixed, define the function F: [0, 00)—[0, c0) by

(5.8) F(s)=> [B(ST"<0;0(T™+1t/2)edu)q'®(t/2;u, x).

J
nzl
Then we get from (5.5), (5.7) and (5.8)

(59)87RDju™(t;x,dy)G(a,y)= h‘l?ds(F(s)—F(s +h)+0Mh)  (a,xeR3).

0

Since the function F is decreasing and vanishes at infinity we get from (5.9)
h
(5.10) lim 8w RD [u™(t;x,d y) G(a, y)=limh~* {ds F(s)=F(0).
h-0 h—0 0

So Lemma 5.1 is proved.

Proof of Lemma 5.2. Given h,—0, u®)— y, define for beR*/
(5.11) gi(b)=[u™(t;x,dc) G(b, o),

(5.12) gb)y=1limg,(h) (the limit exists by virtue of Lemma 5.1).
k— o0

Then we have to show
(5.13) g(ay=[u(dc)Gla,c) for all a¢dB.
For the proof we use the following

Lemma 10.5(a). The function g defined by (5.12) is continuous in every point
b¢oB.

Proof. Postponed until Sect. 10.

The function ¢—G(b, ¢) is not bounded, so we cannot pass immediately from
(5.11) to (5.13). However for t>0 the smoothed function ¢—{dbp(t;a,b)G(b,¢)
is continuous and bounded. This suggests the following trick: let 1 >0 and a¢0B
be given and consider

(5.14) jdbp('c;a,b)g(b)=jdbp(r;a,b)klim g,.(b).
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Proceeding formally - the justification is given in Lemma 10.5(b) - we get
(5.15) Jdbp(z;a,b)g(b)=1im [dbp(z;a,b)[ 1™ (t;x,dc)G(b,c)
k—oo
=lim [u®(t;x,d c)[dbp(r;a,b) G(b,c)
k- 00

=fudc)fdbp(t;a,b)G(b,c)
={dbp(z;a,b){udc)G(b,c).

Here we have used the above remark and the weak convergence u®—pu. By
Lemma 10.2, y is a finite measure, hence the right hand side of (5.15) is finite. If
7—0 in (5.15), the left hand side converges to g(a) by the continuity of g at a¢dB
(Lemma 10.5), and the right hand side converges to |u(dc)G(a,c) because the
function b—[u(dc)G(b,c) is an excessive function (cf. [6], p.244). So (5.13) is
proved, and the proof of Proposition 3.1 is finished.

6. Proof of Proposition 2: Derivation of the Perturbation Series

a) Heuristic Derivation of the BBGK Y-Hierarchy

We begin with a heuristic consideration. The change é p'®

(¢, x) during ot is due
to free Brownian flow on the one hand and to the collision of one of the
particles at x,...,x; with an additional particle on the other hand:

(6.1) 8Pt x)=D- ApR(t;x)- 5t +38,4, pi°(2; x).

J

0
To find 6,y P (1;x) we write the diffusion equation EP p(t,x)=DAp(t,x) in the

form of a continuity equation

(6.2) %p (t,x)+div(—D gradp(t, x))=0

giving to the term — D grad p(t, x) the meaning of the density of the particle flux,
i.e. the flux of particles which streams through a surface element d o during the
time interval d¢ is given by

(6.3) —D#i-gradp(t,x)do-0t (7 is the normal vector at the point xed o).

Apply this consideration to our system of j particles x;,...,x;. The surface at
which a collision with an additional particle x;, ; can happen is

C~

(64) S(Xl, ...,Xj)=.

13

l{xj+1€]R3: Ixj+1—xk|§R(1§k§j)a|xj+1_xi|=R}-

i

Observing that both colliding particles move according to a Brownian motion
with a diffusion constant D, we have to replace D by 2D in the formula (6.3) and
get
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Rt Ve _ 5 P R) (;.
6.5) P Pt;x)==2D | oldx;, )i -grad,,  p® (6%, ..., %X, ) 6t

where o =surface measure on S(xj, ..., x;)
fi=normal vector at S

grad;, , =gradient with respect to the variable x;, ;

Inserting (6.5) into (6.1) we arrive at the so called BBGK Y-hierarchy (this is the
usual name for the corresponding hierarchy in the case of deterministic dy-
namics given by Newton's equations, see for example [10]):

5]
(6.6) a—PSR)( x)
=D-ApPt;x)—-D | oldx;,,)i-grad; 0 (5%, 0, x4 )

S(x1..00,x5)
(jeNN).

Having (6.6) we could pass to the corresponding integral equations for all jeIN
which would give us a series similar to that desired in Proposition 3.2. However
there are analytical difficulties to derive (6.6) rigorously, in particular one has to
be sure that the normal derivative of p{?,(f) exists on the boundary D'®,. One
can formulate this problem in terms of partial differential equations, but D',
is not a smooth manifold and it does not seem to be easy to overcome the
difficulties caused by the corners.

So we prefer a purely probabilistic procedure, giving first a combinatorial
derivation of a series for p®(r) involving first hitting times and then transform-
ing this series into the des1red one with the help of Proposition 3.1.

b) Derivation of the é-Series

Let R>0 be given, fixed in this section (and therefore omitted sometimes). We
use the abbreviation

(6.7) ¢, (dt;x.dy)

=BT}, ;>T y+0s T 1840, (T

yi+1)€4Y)
(xeR?U*D; the ¢, (-;x,") are therefore measures on [0, c0) x R3),

.....

Proposition 6.1. p(R) t) can be developed in a series of the following form
8

(6.8)  p{(t;x)=(ST) PP (0D (x)

+ Y (=0f27F | dx®p®0;x%) | Fé; ldey;x®, dx=1)

kz1 R3G+R) ©.1)
§ @ty = x® D, dxk o)
{t1,1)
j.éj-*-l(dtk__tk—l;x(l)7dx(0)) g —1,;x9, x).

(k- 1,2)
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Proof. In the following we write p; simply for p{®, B(T, ;>t; w, _(t)=x) for
g$®(t; y,x) etc. and we use the explicit definition 2. 6) of p J(O) Furthermore in

order to avoid a formal contradiction, we think of a particle which is annihilated
as being “coloured” and use this new terminology. A particle, after being
coloured, is allowed to move on freely without interruption, but ceases to
interact with other particles. It is disregarded from this time on.

A subsystem of {1, ...,n} is regarded as if it were coloured if and only if one
of its members is coloured.

For abbreviation we define the following:

Sg=the first time at which the system K is coloured (K <{1,...,n}),
K/l—the time at which K is coloured by the particle i (i¢ K),
b =the probability measure induced by the process of coalescing (colouring)
_ Brownian moterns starting at yeR>",
P=F, =[dym,(y)E;
J={1,...,j},
Loy j(t)=x}s
nm),=nn—1...(n—k+1) for k=n.

We work with the following definition of p;(f) which turns out to be equivalent
to the definition (2.4) (with I =IN) ‘

.....

(6.9) p;(t; x)=(n)j}3(F; J is not coloured
by any other particle i¢J during [0, ¢])
=(n),P(F; S, _;>1).

.....

The main idea of the proof is the decomposition (6.11) below, which is first
applied to the last term of (6.9).
Let fori=j+1,...,n

(6.10) A;={F;t2S, i Si,.,5i=S1, . ji}

A, is the event that in the stream of {l,...,n} the system J is coloured for the
first time by the (still living) particle i. It therefore depends on the other particles
outside J Ui, whereas, for instance, the event {t=S, _ ;;} alone, by our conven-
tion, does not depend on k¢ Jui. Then we have

(6.11)  P(F;S, _;>t)=P(F)—P(F;J is coloured by a particle i¢J)

_P(F)—P (Fm_ () Ai>

i=j+1

.....

_P(F)- Y P(FrA)

i=j+1
=P(F)—(n—j)P(FnA,,,) (symmetry of ).
In our original language (6.11) means roughly speaking that the probability of

surviving of a subsystem J is equal to the probability of the free motion of J
minus the probability that J is destroyed by a particle not in J.
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Now, we apply the same argument to the last term in (6.11) and then
successively to all terms in which events of the form

{S1....,j+k=S1

..... j+k~l/j+k}

are still present. We get for example

(6.12) P(F; EZ8y oSt e1=S1, 1)
=13(F5t281, )_(”_j_l)p(F§tgsl,...,j/j+1§

wdlit+l
S, j+1/j+27S1 ..... j+2:S1,...,j+1/j+2)
=ﬁ(F;tgsl,...,j/j+1)—(n_j_I)P(F;tg
Sq . Lyir1251,., j+1/j+2)

+(m—j—1)(n—j—2)P(F;t=5,

..... 1281, 2=

etc. By inserting (6.11), (6.12) etc. into (6.10), we obtain

(6.13) Pj(t§x)=(n)j'ﬁ(F)—(”)j+1 -P(F;t2S8;, ji+1)
+(n)j+2'P(F;thl,...,j/ﬂ—lgSl,‘..,j+1/j+2)

In view of the fact that

(), B(F)=(n);- [ dym, ) B(T;,. ;> 15 0y, (0=2)
=(S,(t) p;(0)) (x)
and
(M1 PUF312S, jie)
=27,y JAY ) PUF5 2Ty e
=270 dyp s O NPT, > o O=x 12Ty )

etc., the identity (6.13) is exactly the desired series (6.8).

¢) Passage from Proposition 6.1 to Proposition 3.2

Observing the Definitions (3.16), (3.18) and (2.1) and the rescaling given by (2.7)
it is, in view of Proposition 6.1, sufficient for the proof of Proposition 3.2 to
show

Proposition 6.2. Let j,keN, >0, ueR*/ be given. The measures &%), are defined
by (6.7). Then
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6.13 dx® p (R) 0; x(") A(R) (dty; x®, dx®-1
1

| fer*l(dtZ—tl;x““l),dx(k‘z))
(r1,1)
. . (0
| fe(ﬁ)l(dtk—tk_l, xM, dx(©) qg-R)(t—tk, x9, u)

(lk 1,0)

t t 1
=(@8nRD)[dt, [dt,... | diff
o] 11 -1
L Jdx® plR (05 x9) el (ry s X, dx* 1)
e§+)1(tk*tk_1§ x, dX(O))QgR)( —L,x xO, ).
Proof. We proceed by induction, beginning with the integration with respect
to the variable ¢,. To this purpose we need the following two lemmas:

Lemma 6.1. Let ¢>0, a>¢, jeN. We consider functions ¢: [¢ 0] xIR3 >R,
which have the following three properties

(6.14) @ is uniformly continuous,
(6.15) @t,»)=0 if yeB® and te[e o],
(6.16) lim max ¢@(t, x)=0.

x|~ e£tZa
Then for all se[0, 0—¢]
(6.17) I §é i di—s;x,dp o, y)

(e+s5,a)

=8nRD | dtfe;, (t—s;x,dy)o(t,y) (xeR3VTY),

£ts

Proof. At the end of this section.

Lemma 10.6. Let ¢>0, a>¢, jelN, given a function ¢: [¢, o] x R =R, which
satisfies the properties (6.14)-(6.16) in Lemma 6.1. Then the function
@: [6,a—e] x R3UTDLR | defined by

(6.18) @(t, x) f dsfe;  (s—t;x,dy)9(s, )
t+e

has again the properties (6.14)—(6.16).

Proof. In Sect. 10.

To prove Proposition 6.2 with the help of Lemma 6.1 and Lemma 10.6, we
first change slightly the domain of integration in (6.13). We replace
{0<t, <...<1, <t} by the domain
(6.19) {(t, .. t) t_ te<t,<t—e t,_,+e<t, ,<t—2g

Le<ty<t—ke} (e<t/(k+1))

and prove (6.13) with this new integration domain on both sides. Then letting
&¢—0, we are finished.
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To prove (6.13) in this modified form, we begin with the last integral

(6.20) j jéj+1(dtk_tk—1 > x(l), dx(o)) Q§R)(Z_Ik > x(O)’ u).
(t-1+e,1t—2)

Setting

(6.21) o(t, 2)=¢(t—1; Z,u), a=t—s¢, 1€[e 0],

we see that ¢ satisfies the properties (6.14)-(6.16) if we notice that 7 <« implies
t—r2e and if we use the properties (3.9)-(3.11) of ¢{®. So we can apply
Lemma 6.1 to ¢ and get for s=t, , (t, | <t—2¢=0—¢ according to (6.19)), that
(6.20) is equal to

t—¢
(6.22) §od e =t 15 xD,dx) g —1,; x\9, u).

tke-1te
We continue inductively by setting

(6.23) P(t, 2)= ]ﬁ dsj‘ejﬂ(s—'c;z,dy)(p(s, y), 1€le a—c¢].

T+e

Because of Lemma 10.6 we can again apply Lemma 6.1 to this function @, and
proceeding step by step in this manner we finally get the desired formula (6.13).
So Proposition 6.2 is proved.

We end this section with the

Proof of Lemma 6.1. To save notation, we give the proof of formula (6.17) for
s=0 only.

Step 1. For fixed 1 e[¢, o] the following holds:

(6.24) 87RD [e;, (t; x,dy) (¢, y)
=limh ' [P(ow, _(t+h)edy;
h—0

T, >T1 e Ty €6 TR 0(5Y).
To prove (6.24) it is sufficient to assume j=2 and to show

(6.25) limh=' [P, (w(t+h)edy; T, ,e(t, t+h]) e, y)=0.

h—0

Because of (6.14) ¢ is uniformly continuous, i.e. given #>0 there exists 6>0
such that

(6.26) [y =yl =R +0 implies ¢(t, yy, y,) <7
for all te[e a] (notice (6.15)).
Furthermore
(6.27) limh='{P,  (w(t+h)edy; Te(t, t +h]) o(t, y)
h—-0

=limh! ] P _(wt+hedy; Te(t, t+h]) o, y)

X1X2
h—0 [y1—y2l SR+35
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(a detailed proof can be given along the lines of (10.16) (see the proof of Lemma
10.2)).
By (6.14) and (6.17), ¢ is bounded, and therefore we get from (6.26) and (6.27)

(6.28) lmh=' [P, (w@+h)edy; T, et t+h]) o(t, y)
h-0

<n-limh ‘P, (T, ,€(t, t+h])- [lol <const - n;
h-0 -

in the last inequality we have used the explicit computation done in Lem-
ma 10.1.

Step 2. Passage in (6.24) from w(t+h) to w(T, _;;.1): Again let te[e o] be
fixed. Then

(6.29) h="{P,_ . w0y, t+h)edy;
T, ;>T, e €6t R]D 01, y)
:h_lf j P(Ty, ;>T. . j+1€8d7

@ t+h]
oy, ATy, i+ €AW jdypj(t_i_h_'f; u, y)olt, y).
By virtue of the assumptions (6.14)-(6.17) there exists to any given #>0 a 6>0
such that for all h<d, all Te(t, t+h], all ue R/
(6.30) [fdy o, y)pt+h—1; y, u)—@(t, u)| <e.
By (6.24), (6.29), (6.30) we obtain

(6.31) 87RD fe; 1 (t; x,dy)o(t, y)
—limh=! [ (T,
h—0

oy, (T, yiv1) €AY 0, ).

Step 3. Passage from [dte(r) to [é(d1).
Due to (6.16) and its uniform continuity, ¢ can be approximated in the sup-
norm by finite sums of the form

T v Th, e € EHR],

.....

(6.32) Yol (01w (;<=[e o], K,cR? compact rectangles).
il

In view of (6.31) and (6.32) it is therefore sufficient to show

(6.33) idt}li_l:réh_ljf;(Tl’wj>Tl .... gir1 €@ t+hl o0 (T i41€K)
=£Ec(T1 ..... 2T peacdty oy (T yi41)€K)
for rectangles I <[ o] and K<R?/.
(6.33) follows from the fact that
t=>P(T,, ;>T, _ jie1St oy (T j41€K)

is the distribution function of a measure which is absolutely continuous with

respect to Lebesgue measure. The measure I->P(T; yiv1€1) 1s ab-

.....
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solutely continuous because it is majorized by

I- Z P1x1+1( J+IEI)

R
and each measure
I_>Pli+1( j+1€I)

X

is absolutely continuous with a density given by Lemma 10.1.
Hence Lemma 6.1 is proved.

7. Proof of Proposition 3.3: Estimate of the Norm, Uniformly in R

In this section Proposition 3.3 is proved. The operator A®(¢; ¢, ..., t,) as

defined by (3.18) is essentially a product of k operators of the form {%,(t, _; .,

—t, i3 %, dy) (1Zi<k). In Lemma 7.1 we give the basic norm estimate for one
such operator, and in Lemma 7.2 we iterate this estimate. Then we are ready to
prove (3.26) by integrating over the set {0<t, <...<t,<t}. During this section
we use the notation

(7.1) h(s)=1/)/2aDs  (s>0).

Lemma 7.1. Given jeN let F: R*/>R , be a function which satisfies the follow-
ing four conditions:

(7.2) F is uniformly continuous,

(7.3) F(»)=0 for yeB® (we will also write B=B{ for simplicity),
(74) |IF|<oo,

(7.5) FeL'(R3),dy), where dy denotes Lebesgue measure on R
Then

(7.6) fdx[el® (t;x,dy)FWZjA+R-h@t) [dyF(y) (>0).

Proof. Since F has the properties (7.2)-(7.4), the arguments given in the proof of
step 1 in Lemma 6.1 ((6.24)-(6.28)) are applicable to F leading to

(7.7 fe; 1(t;x,dy)F(y)=(@8nRD)™ 1hmh‘lj"P (t+hedy;
Tl, >T ]/j+le(t t+h])F()/)

hence we can estimate (notation §, means that the i™ coordinate is missing)

(7.8) fe;i1(t; x,dy) F(y) <(8nRD)~! Z hmjaly1 dy,

=1 h-0
...dyjpj_l(t—f-h'xl,...,ﬁ-, X5 Y1 Fien V)
~h='fdy, fdzP, (o ;. E+R)=(x; X;, )5

YisZ

z]+1—h z]+1(wh)>t) F(y)

(we have used time reversal, cf. Lemma 10.1 (10.4)).
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Integrate both sides of (7.8) with respect to dx and interchange {dx with lim
h—0
on the right hand side (we indicate at the end of the proof why this interchange

is allowed) and get

j S~
(79 fdxfe; . (t;x,dy) F()S@nRD)"Y limh~1{dy,..dy,...dy

i=1h—0

'jdyij.dzgl,z(Ti,j+1 <h, Ti,j+1(w;)>t)'F(J’)-

i

The main effect of the integration over dx is that (recall the conventions (3.5),
(3.4) and (3.14))

(7.10) h='{dzP, (1,1 ShT ;. (0f)>1)
R3
=h"'dzB _ (Tx<h Tp(®;))>1)
R3

—h" [dzB(Ty<h, To(@;) > 1)
R3

is independent of y;. Moreover letting h—0 we can compute the limit of (7.10)
explicitly with the help of Lemma 10.1:

_ R
(7.11) limh=" [dzB(Ty<h, To(@)>1)=8 1t RD (1+ )
i LA Tk Tu(@; Jarbi

So we get from (7.9), (7.10) and (7.11)

(7.12) fdxfe;, (t;x,d)F()<j-(1+R/Y2rDt)[dyF(y).

Therefore Lemma 7.1 is proved. It only remains to say a few words about the
above interchange of [dx and lim. It is justified by Lebesgue’s theorem, if we
can show h~0

(0t +h)=(xy,x;,1); T<h, T(w;)>1)

Y1,z

(7.13) sup h~'fdy,[dzP,

O<hgl

fdy,..dy;p;_ @ +h;xy, x5V, y) F)EL (R3VHD, dx, cedxg ).
(7.13) can be proved by the same arguments as given in the course of the proof
of Lemma 10.6 (10.58), which we therefore omit here.
Lemma 7.2. Let j, keN and f;, e [*(R*Y*Y). Then for all R>0 and all times
iy o5ty tsuch that 0<t, <...<t,<i the following estimate holds:
(714) HAgcR)(ta t17 AREE] tk)fj+k”
k—1
SJU+D . GHR=DA+R-AE) [TA+R Aty —t) | fal.

i=1

Proof. For fixed xelRR*Y** we can write with a certain function F*—1

(715) (AP @5ty 8 [0 ()
— j dx(k’fﬂk(x(k)) j es}i)k(tl;x(k)’dx(k—l))F(kﬁl)(x(k—l))

R3G+K) R3U+k-1)

<1yl FAX® i, 23, d 1) P (=),
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By Lemma 10.7, F*~1 satisfies the conditions (7.2)-(7.5), so we can apply
Lemma 7.1 and get

(7.16) APE ) fry ) ()

J

<(+k—1)(1+R-h(t,)) | dx& DFE-D(xE-D)

R3G+k-1)

Since F*~% can again be expressed in the form

(A7) FEOEE D)= [0, (1, — 5 X0, dx®2) -2 (xtk-2)

we can apply Lemma 7.1 successively and after (k—1) steps the last factor is
given by

(7.18) §odx® e (g, —1,_y;x0,dx) gt —1,;xP, x)
R3G+D R3J

Zj(1+R- h(tk - tk_1))jd x© Q;R)(t — 1 X(O)n X)
SiA+R-h(t—14_4))
(we have applied Lemma 7.1 to the function xP—g{®(t—1t,;x”,x). This is
possible by (3.9)-(3.11)).
Altogether we have shown

(7.19) APty ., 0) fi(X)
k-1
SIfellGHEk=1)-G+k=2)...j-(1 +“R-h(t1)).ﬂ (I+R-h(t;,  —1)

for all xeR3U*M_ Therefore Lemma 7.2 is proved.

Proof of Proposition 3.3. By the definition (2.11) of the norm || ||,, we have

(720) |24 [.§  dt, .. dt AR, . ) fRO)],.

O<ty<...<tpe <t

=s.u11){(22)*j|Mk Joof dey o d AR, ) RO
jz

O<ti<..<tg<t

In the case k>n we have f,(0)=0 for all jeN (cf. the convention (2.7)), we can
therefore assume without loss of generality

(7.21) k<n.
Because of (7.14) in Lemma 7.2 we can further estimate (7.20) by
(7.22)  sup {22)72jG+1) ... +k= 1) f50)]
jz
k-1

fo.f dey .. At (1+R-h(t,) [TA+R-h(t;  —1))}

O<ty<...<t<t i=1
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Given keNN, consider the function jo>F()=2"7j(i+1)...(j+k—1). F, has its
maximum at j=k+ 1, and Stirling’s formula shows

277G+ 1) ... (j+k—1)

(7.23) sup sup

. Kk
kz1 jz1 k'
2k)!
gsupk"‘suka(j)=supk"‘2"“1u=c< 00,
k21 jz1 kz1 k!

Inserting (7.23) in (7.22) and using furthermore | /5, (0)| <2/** || f®(0)]|, we can
estimate (7.20) by

(7.24) ¢ (A2l | f )], 1
K dry ...dtk(l+R-h(t1))_]_[(1+R-h(tH1 —t,).

O<ti<...<tx<t

By (7.21) and (7.24) it is sufficient for the proof of (3.26) to show: there exists a
constant ¢ < oo, which depends only on D, 4 and z, such that

k—1
(725w . dt,..dg(1+R-h(t) - [JU+R-h(t, —1)

i=1

O<ti<...<ti<t i
(e (R>0,k=n,0=1<1).

To prove (7.25) multiply out the product

k-1

(1+R-h(tl))-‘n (1+R-h(t;, 1)

. . k C L
To a given i (0Zi<k) there exist exactly () terms containing i times the
i

k
factor 1, and (k—i) times a factor of the form R-h(-). Each of these () terms
can be estimated by !

t k—i t t t
(7.26) (R.jdsh(s)) fde 1-fdey1 .. | ded
0 0 g i

ti—1

[for the proof of (7.26) use estimates of the type

t T t t
(7.27) [dt, . bty —1) | di, 1= (dsh(s)[dt,, ,1
tp 0 tp

tp+1

0=t,=0].
The computation of (7.26) gives

k—i 4i
(7.28) R¢- ( 1/221%) f—' (notice t<1/1<1)
n .

. . 1 .
SRFHY/2/m DYt M2 T (setting ¢, =max{1,})/2/nD})

1
§c'{ tk/sz_l‘_"‘.
1
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By (7.26) and (7.28) we can therefore estimate the left hand side of (7.25) by
k u k k tki2 pk—i 1

(7.29) ke (i)clt/ R ‘i—'.
i=0 -

Because of (2.1) there exists a constant ¢, depending only on D and / such that
(7.30) R=

Taking into account the assumption (7.21) we can insert (7.30) into (7.29) and get
the upper bound

k k 1 k~i1
k 1k k2 i ()L
(7.31) Kkt i;O (i)cz (k) T
iz (R\K i) < ok .
S(eyep) 2y (l>l—' (use ki/i! <é* for all icN)
i=0 .

<(cqcyef it 2%

Setting ¢,=(2ec, c,)* we get the inequality (7.25), and therefore the proof of
Proposition 3.3 is finished.

8. Proof of Proposition 3.4: Almost Sure Convergence

The core of the proof of the almost sure convergence (3.27) is the following

Proposition 8.1. Let F'®: R*>R, (R=A/4nDn; n=1,2,...) be a sequence of
functions with the following properties

(8.1) F™® is continuous for all R,

(8.2) lim F®(x)=:F(x) exists almost everywhere,

—

(8.3) there exists a function FeL}(R3) such that F®(x)<F(x) a.e. for all R

(8.4) sup | F®|| < oo.
R

Then it follows for all t>0:

(8.5) lim [ x,dy)F® )= [dyp,(t;x,, ) F )
]Rs

R—-0OR3
for all x=(x,x,)eR>xIR> with x, $Xx,.

To show Proposition 3.4 we proceed in the following way: in Sect. a) we
prove Proposition 8.1, in Sect. b) we explain how the general problem (3.27) is
reduced to Proposition 8.1 and in the final Sect.c) we give some error
estimates needed for the reduction.
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a) Proof of Proposition 8.1

(i) Setup of the proof:
The idea of the proof is to split up

(8.6) Pt x,dy)=[g Pt —1;x,du) e (c;u,dy),  © small

and to approximate the right hand side of (8.6) by ¢{®(t—1;x,dy). We make
precise this consideration by firstly letting R—0 and after that letting t—0: For
all ©e(0,1) we can write (using occasionally the notation e§"®(¢;x, y)d y instead
of e P (t; x,dy)):

B7) [eP(t;x,dy) FP(y)=1lim [} P(t; x,d y) F®(y)
h—=0
=lim [du ¢t —7;x,u)fef+® (t;u,d y) FO(y)
h—0

=limf{dyF®@y) [ dueP®(@;u)gPC—1;x,u)
h—0

uy—y|=n
Aluz—yisn

+lim[dyF®@) [ dued®(r;u,y) g5t —1;x,u),
h-0 |u1 -y|zn
v|uz—ylzn
where # is a positive number.
For the proof of (8.5) it is sufficient to show the following three estimates:
For all >0

(8.8) Iim lim lim {dyF®(y) [ dued®(r;u,y)q¥¢—1;xu)=0.
-0 R—0 h>0 |u1 —ylzn
viluz—ylzn

To every ¢>0 there exists #>0 such that

(8.9) lim lim Im{dyF® @) [ duedP(r;u,y) g0 —1;x,u)
7—0 R0 h-0 ‘ul —y|Zn
Alua—y| =7

<[dyF()p,(t;x,(v, ) +e.
And finally: to every ¢>0 there exists #>0 such that

(8.10)  lim lim limfdyF®(y) | duel®(t;u,y) g5 ~1;x,u)

t50 R0 h=0 ut —y| <y

A qu—y =1

Z[dy F)p,(t;x, (3, y)—e.
(ii) Proof of (8.8).
Since ¢®(t —; x, u) is bounded uniformly in x, u, R and t€(0,¢/2) we have to
show
(8.11) Iim Iim [im [dxF(y) | duel®(t;u,y)=0

-0 R—0 h—0 uy —y|zg
ux —yi 2y

v

(F as given by (8.3)).
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However by means of spatial homogenity the term

(8.12) { dueld®(r;uy)
|u17y 21
Vi|ur—y|=1
= | dued®@u,—yu,—»,0= | dvel®(z;0,0)

|wg—y|zn |v1
v|uz—yizn v o2

zn
27

is independent of y. Hence (8.11) follows from Lemma 10.8.

(iii) Proof of (8.9).

Let £>0 be given. The function (s, v)—p,(s; 0, v) being uniformly continuous,
say in [t/2,0) x R, there exist 1,>0 and >0 such that

(8.13) max max {p,(t—7;x,u): lu, —y|<n, ju, —yl=n}
=p,(t;x (v, y)+e  forall y.
With this # and t, we get for all 1=7,
814) IimfdyF®@y) |  duel®(t;u,y) g0 —1;x,u)
h—0

u—y|=n
Aluz—y|=n

<lim [dy FRQ)(p,(t;x, (3, y) +¢)- [du e§*O(z;u,0)
h—0

<{Jdy FRW) p, s x, (v, y)+e- JdyF(y)}-(1+R/)/2nDx)

by Lemma 10.1.
Letting first R—0 and then 7—0 we get (8.9).

(iv) Proof of (8.10).
Let 7€(0,1) be given. By Lemma 10.3

sup sup supsup e (r;u y)=c< 0.
R O<h<l u ¥

So we can estimate
(8.15) lim Iim §dy F®(y){du el (z;u,){p,(t—7;x,u)~ gt —7; x,u)}
R-0 h—0

éc-jdyﬁ(y)ﬁ%,,xl(ﬂ,zét—f)

=c-fdyF(y)}Eﬁl_xz(TRét—f)=0

because, by assumption, x, #x, and lim B(T;<t—1)=0 for any a=+0, acR>.
R-0
As a result of (8.15) we can derive (8.10) if we can show

(8.16)  lm lim LmfdyF®y) [ duel®(w;u,y)p,(t—7:x,u)
t—»0 R-0 h-0 |u1 —y|=n
Aluz —y| =7

2 [dyF(y)p,(t;x,(v,y)—e
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Analogously to (8.14) one finds #>0 and t,>0 such that for all <<t

(8.17) lim lim lim{dyF®(y) [  duel®(t;u,y)p,(t—7;x,u)
150 R—0 k-0 lul_y <
Auz~y| =9

>lim lim llmjdyF(R)(y)(pz(t—r x,(y, ¥))— &)
t—»0 R-0 h-0
| dued®(z;u,0)
NHE
={dyF()p,(t;x,(,y)—¢)-lim lim lim [ duef®(z;u,0).
-0 R—»O h-0 u1|§'l
Atuz| =0

Again by Lemma 10.8 the second factor is equal to 1 and hence (8.10) follows,
and the proof of Proposition 8.1 is complete.

b) Reduction of Proposition 3.4 to Proposition 8.1

Definition. Let jeN. Denote by &, the set of sequences {F{®} (R=4/4nDn; n
=1,2,...) of functions F®: RYSR .+ satisfying the followmg five properties
(8.18)~(8.22):

(8.18) every F{® is uniformly continuous
(8.19) F®(x)=0 for xeBR (for all R)
(8.20) }1{111; F®(x)=F;(x) exists a.e.

(8.21) there exists a function FeL'(R*)) such that F{X' < F for all R

(822) sup|FP| < co.
R

We now reduce Proposition 3.4 to Proposition 8.1 in three steps.

Step 1. Reduction to pairs of particles.
We would like to use Proposition 8.1 in a more general form as follows: if
{F{®}eF,(jeN) then

(823) lim | &R, (t;x.dy) FR ()

R0 R3s

j .
= Z j.dypj+1(t;x7(yayi))}7j(y) for x=(x1,...,xj+1)eIR3““)

i=1R3
such that x;+x, for i=k.

To prove (8.23) we note that the same arguments as given in (6.24)-(6.28) are
applicable to F® (observe (8.18), (8.19), (8.22)), and we get
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(8.24) (R (t;x,dy) FIR(y)
=(8nRD)~ 1hnéh‘lfdij(R)(y)Ec(wl’_‘_’j(t+h):

T1 ~~~~~ j>T ..... ]/]+le(t’t+h])-

We would like to replace the right hand side of (8.24) by the following upper
bound

(8.25) (87RD)~ i h='fdy FP(y) B(w,

t+h)=yT, ;€ t+h])

.....

=(8nRD)"* z 11mh"1j"dyF(R)(y)

=1 h-0

jdzP Jo+h)=x;T, ;  <h T, (0;)>1)

(use time reversal in the last equality).

The error caused by the replacement of (8.24) by (8.25) actually tends to zero in
the limit R—0 in view of the following

Proposition 8.2. Let x=(xy,...,X;, ;)ER*Y*V such that x, % x, for i+k. Then

(826) Lm(BnRD)~'limh~"'[dyF®(y)

R-0 h—0
deP ((D(I-}-h) X3 1}+1:h37—;]+1( )>t El(w )<t):0
for all i<jand all k, | such that 1<k<I<j+1.

Furthermore

(8.27) Il;i_rré(8 nRD)? ﬁh‘l fdy F® ()
JdzB (ot +h)=x;T; ;.1 ShT, ;y (0)> 1T SH)=0
Sor all i<j and all k=i such that kj+1.

Proof. Postponed until Sect. c).
To compute (8.25) in the limit R—0 we can apply Lebesgue’s theorem using
(8.21) and Lemma 10.3. By Proposition 8.1 we get just (8.23).

Step 2. Convergence of AP(t;1y,...,1,.) f110).

Let 0<t, <...<t, <t be fixed and consider APy, .., 1) [79(0) as defined
by (3.18).

Begin with the last integration with respect to d x'® and apply (8.23) with

FR®)=qP(—1,;5,x) (xeR? fixed).
Proceed inductively by considering in the next step

(8.28) P}(f)l (x):j‘e(jli)l(tk—tk—l ;%,dy) Fj(R)(J’)-
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Lemma 10.7. {F{?,}, defined by (8.28), belongs to the class §,, ,, if {F®}e;.

Proof. (8.20) is just given by (8.23) in step 1. The remaining properties (8.18),
(8.19), (8.21) and (8.22) are verified in Sect. 10.

Back to the proof of the convergence of A[N(t;1,,...,1,) fF1(0): Applying
Lemma 10.7 step by step, we end with

(5.29) JAxPfEO0: X EB ), (ERIE,

Because of (8.21) and condition (C1) Lebesgue’s theorem is applicable, and we
obtain by (8.20) and condition (C2)

(830)  fim [ £{5,0:x%) FE () = [d X1 0,03 ) Fy (<),

Thus we have proved the existence of the limit

lim (AR5, ..., 1) f{R0)(x)  for all xeR>.

R-0

Proceeding inductively, this time beginning with (8.29), we can apply the explicit
formula for F;, (=1 lim Fj(f)k as given by (8.23). Using notation (3.20) and (3.22) we

identify in this way the limit as

(8.31) (Sit=1) Cii 1 Sjo i (=1, 1) Ciya o C S5 (8 ) 20D (x).

Step 3. Application of Lebesgue’s theorem.
By (7.14) and assumption (C1) we have

(8.32) APty ., RO A+ )H(1+11(t1+1 ) 5Ol

k-1
<const(l+h(t) [[ (1 +h(t;,,—1t)) forall R.
i=1
The right hand side of (8.32) is integrable over the set {0<t,<...<t,<t},

therefore we can use Lebesgue’s theorem to conclude (3.27) in Proposition 3.4.
What remains to do is only to give the

¢) Proof of Proposition 8.2.

(i) Reformulation of the problem.

Because of (8.21) there exists FjeL'(R*/) such that F®<F, for all R. So
replacing F{® by F, in (8.26) and (8. 27), and using Lemma 103 we are sure that
we can apply Fatou s lemma to (8.26) and (8.27). To prove (8.26) and (8.27) we
have therefore to show

(8.33) lim limR - 1h‘lufdzP Sw(t+h)=x;...)=0

R—-0 k-0

where y=(,,..., ;)R> is a given point such that y,+y, for i%k.
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Moreover using the technique of decomposition of the time interval [0, £+ h]
by appropriate intermediate time points (it is demonstrated for example in the
proof of Lemma 10.3, so we omit the details here) we can get rid of {w(t+h)=x}
in (8.33). Therefore it is enough to prove that, given a point y=(y,, y,)e(R%)?,
Y1%+V,, (8.34)(8.36) hold:

(834) Tim TmR~'h='[dzP, (T, s<h T, s(0f)>t; T, () £1)=0,

R0 ho0 Yi,¥2.2
(8.35) 11{11*13) }lng Yhotfdz P, (T s Sh Ty s(0) >0 T, (w;) <1)=0,
(8.36) 11{111(1) }.H%R YWt {dzP, , (T, 35h T, (w;)>t; T, 3 <h)=0.

{8.36) can be shown quickly: let n=|y, —y,|/3 and consider only R such that
R<#. Then

(8.37) hmh"ljdz AT 3Sh T s(wf)>t; T, 3 <h)

Yi:¥2,

=limh™" | dzP, , (T, <h T, s(0)>1; T, ;<h)
h—-0 lz—yil=n

<limh™' | dzP, (T, 3=h

h—0 lz—y1l=n

=Imh~' | dzP,_ (min |&@)|<R)=0
h—-0 |z —y1| <7 0=<s=h

because |z—y,|<x implies |y, —z|= R+ and PO( max lo(s)|=n)=0(h).

Therefore it remains to show (8.34) and (8. 35) The proof of (8.35) is quite
similar to that of (8.34), so we omit it and give the details only for (8.34).

(i1) Proof of (8.34).
For all 7e(0, t) an upper bound of (8.34) is given by I, (t)+I,(t), where

(838) I,(t)=Tim GmR-1h~!

R=0 h=0
JdzP, (T3S0 T (@) >15 Ty H(0))S1)
(8.39) I,(t)=Iim ImR~1h~!
R—0 h—0
-fdzP visn (T3S h T 5(w,)>1;

T, (0;)>7, Ty (0], ) St—1).

We have to show lim I, (t)=1lim I,(t)=0. The proof is based on the following

t—0 -0

Lemma 10.8. For all >0

(@) Iim lim imR-'h~1 jdzP( max |w(s)|=n;
-0 R-0 h-0 h=s=Zt+h
Tr=h, Tx(w;)>1)=0.
(b) lim [im limR~*h~1 jd - max Joy(s)—y,|21;
t=0 R-0 h0 h<s=Zrt+h

T,,=h T ,(@)>1=0 (y;eR?).
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To apply this lemma, choose n=|y, —y,|/3. We begin with I, (r) and decompose

(840) R~'h~'[dzP, a2 T3S Ty (@) > Ty ,(0,)Z1)
=R *h '|dzP (T;, 3 =h, Ty s(0])>1;

Tl,l(wh )=t max o (s)—y,|>n)
h<s=t+h

+R™'h= fdzP, . (T 3<h T, 4(0;)>1;

1,2(wh)§fa may |w,(s)—y,|=n).
h=s=Zt+h

The first summand on the right hand side of (8.40) is handled by Lemma 10.8(b).
Since

Y1.¥2,%

(8.41) {T, ,(w)St, max |w,(5)—y,ISn}c {max Icoz(S) Vol >n}

h<s=t+h h<s=<t+
(R<n; recall |y, —y,|=3n),

the second summand in (8.40) is estimated by

(842) R~'h='[dzP, (T, 3<h T, s(@7)>1; max |w,(s)—y,|[>n)

h<s=Zt+h

=R-1h~ lde Y1z T1,3§h, T1,3(w;)>f)
P, ( max |w,(s)—y,[>n)
h<s=t+h

because w, is independent of w,; and w;. Letting h—0, R—0 the first factor
tends to a finite constant by virtue of Lemma 10.1 and becomes in the limit
independent of 7. After that, letting t—0 we see that the second factor tends to
zero. So lim I, (t)=0 is proved.

-0

In order to handle I,(t) similarly, decompose

(8.43) I (1)<hm IimR~'h='fdz | dv,dv,P, ,, (0, ,(t+h)=(v;,0,);

0 B0 [or—y1| 27
T,,3=h, Tl,3(wh )>1)

+lim ImR~'h~"fdz | dvdv,P, | (0, ,@+h)=(v,0,);

R-0 k-0 |o2 —y2l 29

T1,3§h, T1,3(a):)>1:)

+1im imR~'h~'[dz ] dvydv, P, . (@, 5(t+h)
R-0 10 {lvr —y1l =n, lva —y2| Zn}
=(,v,); Ty 3sh Ty 5(0))>7) P, (T; ,St—1).

The first term on the right side of (8.43) can again be treated by Lemma 10.8(b),
the second is already handled by (8.42). To estimate the third term observe that
lyi=val=3n, lv,—y|<n, lv,—y,/<n imply |v, —v,/Z#n, and hence, if we
choose a fixed point a€IR? such that |a|=#, we have
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(844) P, (T, ,=<t—1)=P(Tx<t—1) forall (v,,v,) such that |s,—y,|<y
for i=1,2.

Therefore the last term on the right hand side of (8.43) is bounded by

(845) Iim ImR~'h~' [dzP, (T, ;Sh T, s(0})>1)- P(Tx<t—7)

Yi.

R—0 -0
—Tim R~'82RD(1 + R/)/21D7)- BTy <t—1) (by Lemma 10.1)
R-0

<87nD(lim P(Tx<t—7)+lim R/Y2nD7)=0 for all t>0,
R-0 R-0

whence lim I, (t)=
-0

This ends the proof of (8.34).

9. Additional Ingredients for the Proof of Theorem 2.2
a) Heuristics and Statement of Proposition 9.1

In order to give a heuristic derivation of the BBGK Y-hierarchy in the case of
labeled vparticles, we proceed much as in Sect. 6a. Now the change
0.1 P(t; x, Iy consists of two terms: a positive one representing the increase of

pi®(t; x, 1) due to formation of I-fold particles, and a negative one representing
the decrease of p!®(t; x, 1) due to destroying I-fold particles. Hence the following

hierarchy seems to be plausible:

@) = PRt x, 1)
J
=D ApPEx)+2D Y 3 Y | eldx,,y)
i=1 p+a=1 Si(x1,...,x5)
i-grad, o (X x5, 0 s b P L )
=) I o@xi )n-grady,, pfR (5%, x;, 134 p)}
rz1l Sixi,...,X5)
where
Si(xl,...,xj)={xj+le_=IR |X;4 1 —x /2R for 1Sk<j], Ix;4+1 =% =R}
o=surface measure of S;(x,, ..., x,)
Ai=normal vector at ~ §,(x,, ..., x,).

In view of the result for unlabeled particles we expect that the rescaled
correlation functions f® tend in the limit R—0 to functions f{* satisfying the
following hierarchy (recall that f® is defined by (2.8) and 4 by (2.1))

0 W=D 47

+2/1 Z {2 J+1 lf](-i(z)l( ) J+1,if;'(2)1(t)} UEN)7
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where the operators C},,; act on functions g: R*V*DxN/*!>R in the
following way:

9.3) (Cj++1,ig)(x1:"-=xj;lla-”:lj)
Z g(xlz' ’xjsx l7"'7li_1)p5li+17"'7lj7q)>

p+a=10
(94) (C‘]T+l ig)(xla"' xj;lla"'alj)
=Y gxq, ..., Xp, X5 by s yp) (LeEN, 1Si5)).

pz1

Furthermore, the form of the limit hierarchy (9.2) suggests that propagation of
chaos holds since one can check that product functions

St x, D)= Hp(t x, ) (jeN)

satisfy the hierarchy (9.2) if and only if p(t) satisfies Eq. (9.2) with j=1.
However, for the same reasons as in the case of unlabeled particles we do not
derive (9.2) via the hierarchy (9.1). Instead of that we work again with an
appropriate series for f{®(t; x, I). Our aim is to prove
Proposition 9.1. Let ¢, be as in Proposition 3.3. Then the limit
9.5) lim f®(; x, )= f{0@; x, 1)
R-0

exists for almost all xeR>/, all IeIN/, all t [0, t,/16) and satisfies

9.6) f;°>(r)=sjf;°>(0)—2z§dtlSj(t—tl)

e

{% CJ+1 ij(-?—)l(tl)_Cj——i—l,ifj(g)l(tl)} UEN)

1

1

The proof is sketched in the next section b.

As before in the case of Theorem 2.1, Proposition 9.1 implies Theorem 2.2
first for te[0,t,/16): Iterating (9.6) we can express f{”(t) in the form of a series;
multiplying out two such series we can derive propagation of chaos similarly as
before. Furthermore, observing that

©.7) Y A0 % D=p(; %),

iz1
where p(t) is the unique L®-solution of the kinetic Eq. (2.12), one can show that
the solution of the Eq. (9.6) for j=1 is the unique L®-solution of the system of
Egs. (2.13). Finally, one can proceed quite analogously as before to extend these
results to all times ¢ =0.
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b) Sketch of the Proof of Proposition 9.1

The basic ideas of the proof of Proposition 9.1 are the same as were used for the
proof of Proposition 3.1-3.4. We only need some additional ingredients in order
to handle the complications caused by the correct counting of the multiplicities.
Therefore, we only sketch the proofs and omit the details.

First we have to develop p(R’(t x, I) in a perturbation series similarly to the
way it was done in Proposition 3.2 for p(R)(t; x). For this purpose we again work
with the following definition which can be seen to be equivalent to that given in
(2.4)

9.8) PR(t; %y, ..., x5 Ddxy . dx;=nn—1)...(n—j+1) [dyn,(»)
P P, (the particles 1, ..., j survive in the time interval [0, ¢];
o, .. f{edx,...dx;; w,(t) has multiplicity [, for 1<i<)),

.....

where, as previously defined, P denotes the probability measure induced by the
coalescing Brownian motions startmg in yelR*" (in particular, P respects the
collision rule that after a collision between two particles p, ¢, the partlcle p resp.
q disappears with probability 1/2).

Let jeN, [eN’ and xeIR3’ be given. We use the notation

99) =21
(9.10) m=|l|—J,
(9.11) J={1,...j}, S={i+1, ..., j+m},

={j+m+1, ..., j+m+k} (k=0).

In order to compute p(z;x, ), we first define all the streams leading to the
right multiplicity [/ at time ¢, then we compute the probability of their surviving
in the time interval [0, t]. We notice that such a stream survives as long as it
does not meet any other particle. A special case of this is the following stream,
which is defined by the particles 1, ..., j+m as follows:

(9.12) F={First particle j+m collides with another particle i <j+m and disap-
pears, then j+m—1 collides with another one and disappears, ..., and lastly j
+1 collides with a particle ieJ and disappears; T ;>t, @, (f)=x and (1)
has multiplicity [, for 1 i<},

Because of the symmetry of n, we obtain

©0.13) PO x, h=);(n—))...(r—j—m+ 1) [ dy) B(F; Sp> 1),

where

Sp=sup {s=0: the stream F survives in the time interval [0, s]}.

We need some further definitions for the formulation of Proposition 9.2 as well
as for the norm estimate.
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(9.14) I, =set of those permutations y of Su S, which satisfy:
if y,,7,€S8 resp. y,, 7,€S; then p<q imply 7,<7v,-

9.15) B; (yel,, 0<i<k) are the events described by the following four
conditions (during the time interval [0, t]):

(1) The particles collide in the order y;,,, > -+, V41 (i.€. first particle y;,,, .,
collides with one of the other particles i<j+m+k and disappears, then
Vitm+k_1> and so on).

(i) Any particle y,€S is restricted to collide only with particles of the set
Jus.

(iii) The particles inside the system J S form the right stream F (see (9.12)).

(iv) There are exactly i collisions between particles p and g with peJuS and
q€S,, with other words there are exactly i collisions with the stream F.

After these preparations we can formulate the analogue to Proposition 6.1.

Proposition 9.2. Let jeN, [e N/, m=|l|—j. Then

k
(9.16) PO x, = 3 (=1F[dypf0, 1(0:9) 3 X 2B(B)).

Kz 0 7€l i=0

Proof. We proceed as in the proof of Proposition 6.1 by using the same
argument given there. In the first step the stream F is destroyed by the particle j
+m+1. This happens at the collision time Ty, ; of the particle j+m+1 with
one of the yet living particles in the stream F. In the second step the system
(F,j+m+1) is destroyed by the particle j+m+2, at the collision time
T, with

F,j+m+1/j+m+ 2>

T, =T,

F.j+m+1/j+m+2="Flj+m+ 1>
and so on.

In this procedure two points are to be observed. On the one hand, the times
of collisions caused by the particles j+m+1,...,j+m~+k are well ordered as
just described. However, they are not ordered with respect to the times of
collisions between the particles inside the stream F. All arrangements are
possible. These possibilities are classified by the elements yel,. On the other
hand the system (F, j+m+1, ..., j+m+k—1) is destroyed with probability 1 if a
collision happens between j+m+k and F, and it is destroyed with probability
1/2 as in the case of coalescence if the collision happens between j+m+k with
one of the particles j+m+1, ..., j+m-+k—1. Therefore, in view of the definition
of P, we have to multiply by a factor 2 at every collision with F. If k=1, there
exists at least one collision with F, i.e. i>1. This explains the weight 2° of B,(BY)
in the Proposition. Hence Proposition 9.2 is proved.

We formulate the perturbation series (9.16) in terms of the rescaled cor-
relation functions f®.

Corollary 9.3. We denote by
9.17) IRt x, h=1/4nRDY"**[dy f5, (0:y) ¥
yelk

jrm+k

k
_ZO 2B (Bl
(jeN, k=0).

4
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Then f{®(t) can be developed into the following series

(9.18) IR x, =Y (=)A= 0@ x, D).

k=0

Proposition 9.4. Let t, be as in Proposition 3.3. There exists a universal constant
G< oo such that the following estimate holds uniformly in R:

E=j+k | (B DI <LE L\ R 2 2\
1) ¥ MR s () ool e

Jor all jeN, keN and t£1,/16.
Proof. Denote by
(9.20) B=/{the particle j+m+k is the first to collide in the time interval [0, ¢]

with another particle in JuSUS, and disappears; then the particle j+m+k
—1,...; lastly the particle j+ 1; the particles 1, ..., j are still alive at time ¢ and

oy, O=x}.

From the symmetry of the initial distribution 7, we get for all ye I, (k=0)

k
©.21)  fdy .05y 3 2 B(BYS2*[dy fi5,,:(0; ) B (B),
i=0

and by using the notation (3.18), we can write the right hand side of (9.21) in the
form

t t t
(9.22) 2. (4rRDY"™*(dt, [diy... | dt,.,,
0 tq

tm+k—-1
(Air]t?—k(t; (S A j(f;n+k(o))(x)-
9.21), (9.22) and (3.26) imply

¢ )<|l|~j+k)/2

023 ARG D2 e (- RO 22
0

forall R,j, k,! and t£1.

The cardinality |[;| of I, is just the number of the different possibilities for
placing k indistinguishable balls in m+1 cells (namely the m+1 “cells” which
are built from the time intervals between successive collisions in the system
JUS: (0,2, (t;,t5)s ..., (£, 1)) so that

©.24) ‘Fkl:(m-kl-f—k—l)_(m—!-k)!

k C omlk!”’
which can be estimated as in (7.23) by

(9.25) IL]<const2™**  (meN, kelN).
k
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By inserting (9.25) into (9.23) we get with a universal constant €< oo:

) (m+k)/2 _
026) ARG Dl se- 2 ()70, 2
0

¢ (t—tﬁ)m/ (i SIRTECIRCEY

. . rAY? 1
From the summation of (9.26) over m =0 together with the fact that (——) <=

to/4 2
for t<t,/16 we get (9.19).
Now we are ready to give the

Proof of Proposition 9.1.

Step 1. lim f®(r)= f{O() exists a.e. (t<1,/16).
R-0

By virtue of (9.18) and Proposition 9.4 it is enough to show that every term
of (9.18) converges a.e. in the limit R—0: When we have j, ke N, le N/, £ <t,/16,
the limit

9.27) 113% IRt x, =1, (t; x, ])
exists for all xeIR>/ with x,=x, for p#g4.

The proof of (9.27) is the same as already given for Proposition 3.4. We only
have to notice the following point: Because of (ii) in the definition (9.15) of B}, -
for the sake of simplicity, we only consider the special case that v is the identical
permutation - the particles j+1,...,j+m cannot be killed by one of the
particles j+m+1, ...,j+m+k. Therefore in the case that a particle j+1,....j
+m collides with another we have slightly to change the definition of the
measures e, (¢; x, dy). The existence of these new measures is proved in a way
similar to the proof of Proposition 3.1. We only have to work with the Greenian
domain ‘

{xeR*U+T"0: |x —x [>R for p=j+1,...,j+m;

g=j+m+1,..,j+m+k}
instead of the whole space IR*Y+™+9 a5 used before.
Step 2. Transformation of the series ) (—1}A""*I, ,(t;x,1) into the desired

kz0
form (9.6).
The idea is to split up every I;, (k=0) into two parts according to what
happens at the last collision time.

(9.28) I (8 %, =17, x, D+ 15,(t; x, D),

where I/, indicates that the multiplicity of the particles 1, ..., j inside the stream



Smoluchowski's Theory of Coagulation in Colloids in the Boltzmann-Grad-Limit 267

F becomes the right multiplicity [ not before the last collision of F with other
particles, whereas I, indicates that the multiplicity of the particles 1, ..., j inside
F becomes the right multiplicity ! already before the last collision of F with
other particles.

Then one can check the following identities

(9.29) > (—1F )J"*"I;’k(t; x, 1)

k=0

~(5,0 10O DA dty (5,61, ZC,H”H ) s,

(9.30) (=1L (s x, D)

kz1
t
:—ZAgdtl (Sj(t t) Z Ciivs ;(f)l 1)) x, ).

For the proof we have to write down the explicit series for £/ (,) and to
compare the series of the left hand side with that of the right hand side. The case
(9.29) is straightforward, whereas in the case (9.30) we have carefully to compare
the terms with the same number of collisions during [0, ¢]. The details are
somewhat involved and are omitted. Thus Proposition 9.1 is shown and hence
the proof of Theorem 2.2 finished.

10. Technical Lemmas

In Sect. a) we collect three computational lemmas. Lemma 10.1 gives explicit
formulas e.g. for P.(Tz<t) with xelR? in particular it shows, how such
probabilities depend on R. Furthermore we give detailed proofs for Lemma 10.2
and 10.3 in order to demonstrate two techniques which sometimes are used at
other opportunities without any more comment: The first is the use of the fact
that the processes w; —®,, w,+®, are independent (this is a characterizing
property of normal distribution) and the second is a decomposition of the time
interval [0, t] by appropriate intermediate times.

Sections b), ¢), d) contain the remaining technical lemmas, in the order in
which they are needed in Sects. 5, 7 and &.

Survey of Sect. 10:

a) Basic computational lemmas 42
Lemmas 10.1, 10.2, 10.3

b) Lemmas needed for Sect. 5 44
Lemmas 104, 10.5

¢) Lemmas needed for induction steps (in Sect. 6 and 8) 49

Lemmas 10.6, 10.7
d) Lemma 10.8, needed in Sect. 8. 51
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a) Basic Computational Lemmas
Lemma 10.1. Let P(T,=<t) be the probability, that a Brownian motion with

diffusion constant D, starting from x€R?>, hits the ball {yeR?>: |y| SR} during the
time interval [0, t]. The following formulas hold:

R 2 o s

ﬁf due™"", |x|=R

X 7T (Ix|-R)/2yDt -
10.1 P(T,<t)= >0
(101)  R(Te=n= [ x<r 0

(10.2) %PX(TRgt)zerD-W-MnDt)3/2 exp (— (x| —R)?/4D1)
(10.3) [ dxP(Ty<t)=2Dt- C(R)+4 - (2m) ¥2(C(R)*(2D1)!'?
|x} >R

=47nRD - t+8(nD)Y2R%. (1?
(where C(R)=2nR is the capacity of a ball with radius R),

(104) limh~'[dxP(Tze(t, t+h])=limh ' [dx P(Tx<h, Ta(wf)>1)
h—0

h-0

d
o7 | dxP(Ty=0=4mRD(1+R-(D1)~'7).
|x] >R

Proof. P(Ty=t) (|x|>R, t>0) is the solution of the heat conduction problem

(10.5) (%f(t, X)=D-Af(t,x) (t>0,|x|>R)

ft,x)—»1 if |x]JR (t>0)
f0,x)=0  (x]>R).
Therefore, [4], Chap. 9.10, p.247, formula (2) gives us (10.1), which in turn
implies (10.2)-(10.4). To prove the first equality in (10.4), use time reversal (cf.
(3.8)) and the convention on notation as used before (see for example the
beginning of the proof of Lemma 5.1):
(10.6) fdx P(Tx<h, Tg(w;)>1)
={{fdxdudvP(w(h)=u, T=<h)- P,(w(t)=v, Ty>1)
={{{dxdudvP(w(h)=x, Ty=h)- P(o(t)=u, Tz>1)
=[dvP(Tye(t,t+h])=[dx(P(TySt+h)— B (T <t)
= [ dxP(Tzx<t+h)— [ dxP(Tx<0).

|x| >R |x}>R
Lemma 10.2. Let j=2, R>0,t>0, xeIR?/ be fixed. The measures
(10.7) u® B x,dy), 0<h=l

are tight and have a uniformly bounded total mass.
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Proof. We first show boundedness. Since

(10.8)  8xRDu"®(t;x,dy)
<h! Z Rci,xk(wi,k(t+h)6dJ’idYk; E,kE(t,t—}—h])

1=i<k=j

-P

X1seers Xy enes Xy onns

lo+hedy, . ..df...dJ,..dy)
it is enough to consider the measures
(10.9) wBdy)y=h"'Pw(+h)edy; Te(t, t+h])
where x=(x;,x,)eR*xR> T=T,,.
By (10.2) the total mass

(10.10) [ utdyy=h='P(Te(t,t+h])=h~'P,_ _, (Tre(t, t+h])
RS

is bounded uniformly in 5.
To prove the tightness of the ™, 0<h <1, we pass to new coordinates in R>
x R? defined by the following bijective map o: R* x R*->R?*x R?

(10.11) (X1, X5)=(X; —X,, X; +X,).

Using a basic property of the normal distribution we get that the transformed
process

(10.12) (o(w (1), @,(1))o <=(0,)— @, (), @ () +w,(H))o <t

is again a pair of independent Brownian motions, this time with diffusion
constant 2 D.

Noticing that the Jacobian of ¢ is 8 we therefore have the following
decomposition

(10.13) h='P(o(t+h)=y; T<h, T(w)>1)
=8-h™ P (Bt+h)=y, —y,; To<h, T(w;)>1)

X1— %2

’Ecﬁxz(a_’(t‘l‘h):% +¥,).

The second factor on the right hand side of (10.13) makes no problem, so it is
enough to show the following: given x€R>, the measures

(10.14) h='P(w(t+h)edy; Tre(t, t+h]), O<h=l1

are tight.
Given ¢>0 we can find a >0 such that

(10.15) k' [ dyP(ow(t+h)=y; Te(t,t+h])<e for all he(0,d].

PIzR+1
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This can be done because

(10.16) h=' | dyP(w@+h)=y; Tre(t, t+h])

[y ZR+1

=h~' | dyfPB(whedy; Tp<h)-q®(t; 1, x)

[¥[ZR+1

<consth™! | dyP,(Ix<h)

pIZR+1
(use time reversal and sup g{0(¢; u, x)=const < ).

Using the explicit formula given by (10.1) one can check that the last expression
tends to zero in the limit A~—0. Hence (10.15) is proved.
Furthermore there exists a compact set K= {y: |y|<R+1} such that

(10.17) sup 6" { dyP(o(t+h)=y)<e.
KC

s=hs1

Together with (10.15) we get

(10.18) h=* [ dyP(o(t+h)=y; Tze(t, t+h])<e for all he(0,1].
KC

Hence (10.14) follows, and therefore Lemma 10.2 is proved.
Lemma 10.3. Let t >0 be fixed. Then

(10.19) sup sup sup sup R~'h~!

R he(0,1] xeR® y;eR3

Cfdy, Py (0, e+ ) =x; I Sh, T (wy) > 1) <.
R3

Proof.
(10.20) R~ 'h~! Ldszyl,yz(cu(H—h):x; & <h, TR (w;)>1)
R
t
_R-Uh1 {dy, [P, . (a) (§+h> cdu; T <h T (1) >112)
~qP(t/2;u,x)  (use sup sup g5 (t/2; u, x)=c < 0)
ueRE xRS
<c-R'h1{dy, P, (T <h T{N(w;)>1/2)
—c-R-'h-'[dy, P, (Ty<h, To(@;)>1/2)
=c- R 1ht [ dzP(Tx<h, Ty(@;7)>1/2) independent of x and y,.
R3

By (10.4) this last expression is bounded in 7 €(0,1] and R, hence Lemma 10.3 is
proved.

b) Lemmas Needed for Section 5

Lemma 10.4. Ler j=2, B=B®, aeR*/, xeR*/. Then
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(10.21) { ds P,(B is hit during [s, s+h],
0
but not during (s+h,s+h+1t]; w(s-+t+h)=x)

:Tds Y [P(T™els, s+h];

0 nx1

(T™ +t/2)edu) g (t/2; u, x)+ o(h).

J

Proof. In the case x € B, both sides of (10.21) are equal to zero. Hence we assume
x¢ B. The left side of (10.21) can be defined precisely in the following way
(assume h <t/2; notice that T"™ +1/2 is a stopping time; write g instead of ¢{*):

(10.22) OfdsZ [ [P(T™edt; o(T™+1/2)edu)
4]

nz1 [s.s+h}

fdvq(t/2;u,v)q(s+h—1;0,%).
Using time reversal we get

(10.23) |fdvq(t/2; u,v)p(s+h—1;0,x)—fdvq(t/2;u,v)q(s +h—1;v,X)|
—P(Te(t/2, t/2+(s+h—1]; 0(t/2+(s+h—1) =x)
=[{P(T<s+h—1; w(s+h—1)€dv)q(t/2; v,u)
<constP(T<s+h—1)<const P,(T<h)

uniformly in ueR%), te[s, s+h]. But the assumption x¢ B implies P(T <h)

=o(h). Hence we can replace g(s+h—1; v, x) in (10.22) by p(s+h—17; v, x) and it

is enough for the proof of (10.21) to show that the following difference tends to
zero in the limit h—0:

(10.24) lh'l?ds Yoo | [P(T"edt; o(T™+1/2)edu)q(t/2; u,x)
0

n=1 [s,s+h]

‘h_l}odsz [ [P(T™edt;0(T™+1t/2)edu)

0 n21[s.s+A]
fdvq(t/2;u, v)p(s+h—r; v, x)|.
But given ¢>0 we can find h, >0 such that (use (3.9)-(3.11))

(10.25) lq(t/2; u, x)— [ dvp(s+h—1; x,v)q(t/2; u, v)| <¢
for all h<h,, all te[s,s+h] and all uelR?/,

Therefore (10.24) is bounded for all h<h, by

(10.26) g-h1 Tds Y P(T™el[s, s+h]).
0

nz1

With the notation

(10.27) G(s)= Y. P(o0>T"25)

nz1
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(10.26) can be written in the form (notice: G is decreasing and G(0)< o)
0 h

(10.28) g-h™' [ds(G(s)—G(s+h)=¢-h™' {dsG(s)<e- G(0).
0 0

Hence Lemma 10.4 is proved.

Lemma 10.5. (a) The function g: R* >R, defined by (5.2) in Lemma 5.1, or
explicitly by

(10.29) g(a)=1lim h~* TdsjdyPa(co(s)zy)Py(Tgh, T} >t; wit+h)=x)
h— 0
(xeIR? fixed)

is continuous in every point a¢ 0B,
(b) (5.15) can be justified.

Proof. We introduce the notation
(10.30) h(y)=P/(T =h, T(w;)>1; w(t+h)=x).

In the proof of (a) let a point a¢ 0B be given and fixed. Proceed in two steps:

Step 1. Given 1 >0, the function

b—limh~' [ dsfdyp(s; b, y)h(y)

h—0 T

is continuous (this limit exists, cf. the proof of the similar fact for (10.29)).

Proof. Given &>0 there exists a compact K <IR*/ such that

(10.31) p(t; b, u)Seexp(—|ul)
for all u¢ K and all b such that |h—al=1.

We decompose the integral
(10.32) h=* [ dsfdyp(s;b, y)h(y)
=h~' fds{dup(z;b,u)[dyp(s;u, y)h(y)
0 K

+h=' {ds [ dup(z;b,u)fdyp(s;u, y) h(y).
0 K¢

By (10.31) we can estimate the second term by
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(10.33) e-h! Oj)dsjdu exp (—|ul) [dyp(s; u, y) h(y)
0
=¢-h~'[{dyduexp(—|ul) G, y)h(y)
<S¢ -h ' [dyP(Te(t, t+h], w(t+h)=y)
-sup [ du exp (—[ul) G(u, y)
=g-h~'P(Te(t, t+h])- const

(because sup | du exp (—|ul) G(u, y)=const < ).
¥y
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By (10.2) there is no problem with the first factor. Therefore it is enough to
consider the first term on the right-hand side of (10.32). To given £>0 choose

6 >0 such that

(10.34) Ip(z; a, u)—p(z; b u)l <e
for all ue K and all b with |b—a|<$.

Then we get for all b such that |b—a|<d:
(10.35) |h~* [ds[dup(z;a,u)[dyp(s;u, y)h(y)
0 K

—h=" [ ds[dup(z;b,u)[dyp(s;u, y) hO)
0 K
<e-h ' [du[dyG(u, y) P(T £h, T(w})>1; w(t+h)=Xx)
K

<e-(sup [duG(u, y)- h~ ' P(Te(t, t+h]).
v oK

Because of sup | du G(u, y)< o0, step 1 is finished.
v K

Step 2. Since a¢ 0B, there exists § >0 such that aeD;, where

(10.36) D;= () {xeR¥: |x;—x,|SR—0 or |[x;—x,/|=R+0}.

LEk=]

Part (a) is proved if we can show

Tim sup lim A" {ds {dy p(s: b y) h(3)=O0.
(10.37) lim sup lim 5" { ds fdy p(s: b, ) ()

Choose # >0 such that

(10.38) (J K,=Dy,, where K,={yeR>: [y—b|<n}.

beDs

Decompose {dy= | dy+ | dy and consider first | dy:
Ky Kl‘; K¢
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(10.39) h‘ljds j dyp(s; b, y)h(y)
<1:8h YfdyP(T <h, T(w;)>t; o(t+h)=Xx)

for all t=<7,, if we choose 7, such that p(s; 0, y)<¢ for all |y|=# and all s<t,.

Because (10.39) holds uniformly in b, it remains to estimate the term | dy. Since
Ky
beD; implies K, =D, because of (10.38), we get uniformly in beD;:

(10.40) =t {ds | dyp(s; b, y)h(y)

0 Ky

<h~ 1jdsj"dyp(s b,y)- sup h(y)

yeDsj2

=1- h’1 sup P(T<h, T(wf)>t; o(t+h)=x).

yeDg;2
But P(T,<h, Tx(®; )>1t)=o(h) uniformly on the set
{zeR?: |z|£R-6 or |z|=R+6},

hence (10.37) is proved.

Finally we sketch the proof of (b) omitting the details which are quite similar
to the arguments just used for the part (a). Consider the sets D, 6 >0 defined by
(10.36). Then there exist functions f;: R3/—[0, 1] (6>0) such that

(i) f, is continuous,

(i) supp f;<D,,

(i) f5(x)11 as 8]0, for all xe ] D;.
6>0

One can show (the proof is omitted) that for every 6>0

(10.41) sup sup h- ljdsjdyp(s b, y)h(y) <

O<h=1 beDs
which implies

(10.42) sup sup fi(b)g,(b)<oo  (6>0).
k21 beR3J

Given §>0 we can apply Lebesgue’s theorem because of (10.42) and so justify
(5.15), where we replaced g(b) by f5(b)g(b):

(10.43) §dbp(z;a,b) fy(b)g(b)=[dbp(t; a,b) f;(b) ;}LI?Q gi(b)

= lim Jdbp(z; a,b) f,(b) g.(b)

[ dbp(t; a,b) fy(b) [ude)Glb.c)  (6>0).
Letting 610 we get from (10.43)
(1044) [dbp(c; a, b)g(b)=[dbp(z; a,b)| udc)Gb.c) (acR¥, 1>0).

So part (b) of Lemma 10.5 is proved.
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¢) Lemmas, Needed for Induction Steps

Lemma 10.6. Let ¢>0, a>¢, jeN and a function ¢: [e,a] xIR*’>R , be given
such that ¢ satisfies the following three properties

(10.45) @ is uniformly continuous,
(10.46) o(t, y)=0 for all te[e o] and yeB®,
(10.47) lim max ¢(t, x)=0.

x| >0 eLtZa

Then the function @: [e, a—e] x R3VTVSR | defined by

(10.48) @, x)= } ds]ejﬂ(s—t;x,dy)(p(s,y)

t+e
has again the properties (10.45)-(10.47).
Proof. As sometimes before (cf. (6.11)-(6.15)) we can replace the measure
€;,1(s—t; x,dy) in (10.48) by
(1049) e, ,(s—t;x,dy)
=limh P (o,

h—0

>T,

L. jli+

Jt+hedy; T; 1€(, t+h]).

Clearly ¢ satisfies (10.46). To prove the continuity of @, decompose

x—t—egf2

(1050) @, x)= | dsfdug; ,(¢/2;x,w)fe;, (s;u,dy)o(s+t+e/2,y)

&/2

:j.du qj+ 1(8/2’ xy u)h(tn u):
where
a—t—g/2

(10.51) ht,wy= [ dsfe;, (s;u dy)o(s+t+e/2,y).
&2

One can check that |h|| < o0 and that given # >0 there exists 6>0 such that
(10.52) |h(t,w)—h(t,w)|<n Tfor all ueR3V*+D and |t—1|<é

(use the same properties of ¢ and the explicit formula (10.2) and notice that the
integration in (10.51) is over s> ¢/2). Hence it follows for [t —¢'|< ¢
(10.53)  |p(t, x)—o(r, x')
<|fduq(e/2; x, uyhit, u)— [ dug(e/2; x, w) h(¢', )|
+1f duq(e/2; x,u)h(t’, u)— [ dug(e/2; x',u) h(t', u)]
<n- [duq(e/2;x,u)+[|h] §dulq(e/2; x, u)—q(e/2; X', u)l.
Applying Lebesgue’s theorem to the last term when x’—x, we conclude from

(10.53) that ¢ is continuous in every point. Therefore the proof of Lemma 10.6 is
finished if we show that ¢ satisfies (10.47). Let >0 be given. By (10.47) there
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exists a compact set K =IR*/ such that

(10.55) o(t,y)<n for all te[e o], yeK"

Hence
a—g/2
(10.56) @, x)= | dsjej+1 (s+&/2;x,dy)-n
g/2
a—g/2
+ I dSIéHl(S—l—e/Z;x,dy)HgoH
g2 K

<const;1+H(pl[jdsje]+1 s;x,dy)
(te[e, x—e], xe]R“”“).

In the last step we have used (10.2) and the fact that we integrate over sZ¢/2. In
view of (10.56) it remains to show

(10.57) lim jdsje (s;x,dy)=0 (K compact).

[x|—o0 ¢
For the proof we assume j=1 without loss of generality. Using the inde-

pendence of the processes @, —w,, ®,+w, (cf. (10.11)—(10.13)) and (10.16), we
get for any 6>R

(10.58) limh~! j dy[dzP, (w(s+h)=(x,,x,); T<h, T(w;f)>5)

h—0

=hmh‘1jdy [ dzP,_(o(s+h)=(x,,x,); TSh, T(w])>s)

K lz—y| g0

=limh~ 1jdy8 [ dzP,_ (@@+h)=x,—x,; To<h, Te(w;))>s)

h—-0 lz—y| <6
erZ(a)(s—i—h) X +x,)
Slm8-h~*fdy | dzP_(@+h)=x,—X,; TxEh, Te(w;])>s)

k>0 K |z-ylss

. sup Py, (@(s+h)=x;+x,)

limh™'F, _,, )

—hrnh P (Txe(s,s+h])-[dysup P,

K lal=20
Using again (10.2) and the fact that we have to integrate in (10.57) only over
se[s, o], we get (10.57). Hence Lemma 10.6 is proved.

Lemma 10.7. Let §; (jeN) be the class of sequences {F{™} satisfying (8.18)-(8.22)
Then for any sequence {F{®} in §; the sequence of functwns F® (R=A/AnDn),
defined by

(10.59) E® (x)=[e®,(t; x,dy) FR(y)  (¢>0, fixed),

J+1

belongs to &

j+1r
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Proof. (8.19) is obvious, (8.20) is already proved in Sect. 8b (see (8.23)). It remains
to prove the following three properties:

(10.60) there exists F;,_, L' (R*“* ") such that FY, <F, | for all R
(10.61) lim F® (x)=0 for all R,

|x|— o0
(10.62) sup [0 < oo,

because (10.60) and (10.61) already imply the uniform continuity of every F{®,:
by (10.61) it is enough to prove that F{{, is continuous. To this purpose choose
7€(0,¢) and write

(10.63) FRi)={dug® (t—7;x,u)[el® (t;u,d y) FP(y).

,+1 1 J+1

But (10.60) holds for all parameters t>0, so we can apply it in particular to
fegﬁ)l T;u,dY) F‘R)(y) Therefore we can use Lebesgue’s theorem to prove the
continuity of FJ

For the proof of (10.62) we again assume without loss of generality j=1.

Because of sup || F/®| <oo we have therefore to show
R
(10.64) sup sup e (t; x,d y) < o0
R x

but this fact follows from the explicit formula (10.2). In order to prove (10.61)
and (10.60) we proceed in the same way as in the proof of (10.57) above: first
reduce the problem to a one particle problem with the help of the independence
of w,—w, and w,+w, (cf. (10.58)). Then apply (10.2) which gives also the
estimate uniformly in R, as needed for (10.60). We omit the details which are just
the same as before.

d) Proof of Lemma 10.8

Lemma 10.8. Let #>0. Then
(a) lim lim ImR~'h~' [dzB( max |w(s)|Zn; Txsh, Te(w;)>1)=0.

-0 R—0 h—0 R3 h<s=<t+h
(b) lim lim ImR~'h~ 1j"dzP L max o, (5)—y,|=7n;
=0 R—0 h—0 h<sZt+h i

T,,,<h T, 5{w))>71)=0 ()HEIR )-

Proof. Using the independence of w, —w, and w, +w, one can deduce (b) from
(a) in the following way:
(10.65) {h max hIO)l(S) yilznie { max |, (8)=y)—(wy(s)—2)|zn}

<s=<t+ h<s=t+h

Vi max [(w(5)=y)+(0,() -2z}

h<s=t+
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implies

(10.66) [dzB, .( max |w,()—y,|Z0: Ty , <A T, ,(07)>1)

h<s=t+h

éjdzp_yl—z( max |CL_)(S)“(J/1_Z)|Z7I§T1,2§I"’ Tl,z(w;:—)>f)

h=s=t+h
HjdzB (TR ShTW(@))> 0B, max [6()~(,+2)|Zn)
Ssst4
There is no problem with the last summand. It consists of two factors the first of
which tends to a constant in the limit ~—~0, R—0 (independent of t; use (10.4)),
whereas the second factor becomes of the form P,( max |®(s)| =#) which tends to

0Ss=t
zero for 1—0.
To handle the first summand on the right hand side of (10.66) we assume

R<#/2, and get
(10.67) hmh dzB( max |@(s)—z|Zn; Te<h, T(@;)>1)

h=s=t+h
=Tmh~' | dzB( max |@(s)—z|=n; To<h, Ta(@;)>1)
h0 [zj=)2 h<s<t+h
<limh~'[dzB( max |®(s)|Zn/2; TR <h Tx(®,))>1).
h=0 hss=Zt+h

Now we can apply (a) to this last expression, hence (b) is proved.
Turning to the proof of (a), assume R <# and use the notations

(10.68) K={xeR3 |x|<n}, L=K'={xeR*:|x|z2n}.
By time reversal (a) is equivalent to

(10.69) lim lim limR~*h~ ! [dzB(1} <1;Te(r, T+ h])=0.

7—+0 R0 h—0

In order to prove (10.69) consider first

(10.70) limh~ 1jdLP(TLsf Toe(r, r+h]):—§dzP(TRST)

h—0
By means of (10.2) an interchange of differentiation and integration is allowed
and
' d
(10.71) lim lim R~ jdz—P(TR_r) 0.
=0 R—0

Therefore it remains to consider

(10.72) fdzB(T <7; Tre(r,t+h])
K

<[dz | {B(T,edt,w(T)edu) B(Txe(x —t, T —t+h]).
K

[0.7]
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By rotation symmetry we can choose any point y on the boundary of L, ie.

(10.73) [yl=n

and write the last expression of (10.72) in the form

(10.74) § §dzB(T edt)- B(Te(r—t,z—t+h]).

[0,7] K

Using (10.2) once more as well as (10.73) we get

(10.75) TmR-'lim | [dzP(T,edr)-h~'B(Tpe(t—t,1—i+h])

R—0 h—0[0,7] K

- d
=HmR™" | [dzB(T,ed)—B(Ty<t—1)

R—-0 [0,7] K
<lim | [dzP(T,ed?t)-(4nD(z—1) 3>
R—-010,7] K

-exp(—(n—R)*/4D(r—1))
= | [dzP(T,edt)-(4nD(x—1)) *?

10,] K
-exp(—|y|*/4D(z—t)
= | [dzP(T,edt,w(T;)edu) B(w(t—1)=0)

[0.7] K

=[dzB(w(t)=0;T <7)
X

<B(1, <),

But lim Fy(T, <t)=0, thus Lemma 10.8(a) is proved.

=0
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