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1. Introduction

Let p"* denote the n:th convolution of a positive measure g on R. Put

P(@)=]e™ u(dx) (1.1)
and
s(x)=inf (log ¢(a)—ax), (1.2)
acd

where A denotes the interior of the set of a for which ¢(a)< co. Let furthermore
m(a) and v(a) stand for the meanvalue and variance of the probability measure
H,, where

ax

e
U(dx)= u(dx). 1.3)
(@x)= g (@) (
We have m'(a)=v(a) and hence the mapping 4 —a—m(a)em(A4) is one to one
unless v(a)=0 ie. p is concentrated at a single point. Let us write d for the
inverse mapping, d=m™'.
Cramér 1938 showed that if 0e 4 (and v(0)>0) then

@i‘ihgb(oye%%) [1 +0 (i)] (1.4)

-0 Vn

for 1 <X=0(}/n). Here %=(x—nm(0))/)/nv(0), ®(x)=(2n)" /2 E exp (—y*/2)dy,

—
and A is a certain power series. (Cramér’s error term was slightly worse
because the Berry-Esseen theorem was not known at that time) He also

showed that if, in addition, u has a non-vanishing absolutely continous com-
ponent with respect to the Lebesgue measure, then for fixed c¢ satisfying
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106 T. Hoglund

m(0)<cem(A)

L ([nc, 00)) = e [1 +0 (1)] (1.5)

2 nv(d(c)) d(c)? n

Blackwell and Hodges 1959 showed that if the support of u is contained in a
coset of a discrete subgroup of IR, then (after a suitable normalization)

(e, o)) = ! [1 +0 (%)] (1.6)

2nnuv((c) 1 —e

where again ¢ is fixed and m(0) <cem(A).

Bahadur and Ranga Rao 1960 pointed out that (1.5) holds (with O(1/n)
replaced by o(1)) in all cases not covered by (1.6). (We are still excluding the
case v(0)=0.) Petrov 1965 showed that the convergence in (1.5} and (1.6) is
uniform when ¢ stays away from m(0) and the boundary of A.

The object of this paper is to give a unified formulation of these results, and
to give conditions under which our approximation holds not only when x/n (or
¢) belongs to compact sets but also when x/n is close to co.

Related results can be found in the book [8] of Ibragimov and Linnik and in
that of Petrov [10]. See for example Ch. 14 of the former. A k-dimensional result
which is related to ours in the continuous case was given by Borovkov and
Rogozin 1965.

2. Results

We shall need two functions namely

t()=e"*(1- 0/ D) (2.1)

and

oo 1 Texp[A(e—1-i&)]
p(A’S)_Zn ! 1—sé't d

— T

¢ (2.2)

7 is completely monotone ((—1)" t™(4)=0) and satisfies t(0)=1/2 and

1—%<r(ﬂ)]/2nl<1, 2>0. (2.3)

For p the following is true

lim p (3 e"“) —t(va?), (v>0,a>0) (2.4)

H
-0 12

and for fixed 0<s<1 as A—»>

(2.5)

ol s):m [1+0 G)]

Some of these statements will be proved in Sect. 5.
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Let G(u) stand for the smallest closed subgroup of R containing all the
differences of the numbers in the support of p. Then either G(p)=R, G(u)=I1Z
for some 0 << o0, or G(1)={0}.

Theorem A. (i) If G(u)=1R, then
@ * ([x, 00)) ="M t(nv(d(x/n) d(x/n)*) [1+o0(1)] (2.6)

uniformly in x when d(x/n) stays within compact subsets of An[0, o). The error
o(1) may be replaced by O(I/ﬂ) if Condition 2.1 below is satisfied.
(i) If G(u)=IZ, then

W ([x, 00))= " g (M,e—”ﬁ("/"”) [1 +0 (1/15)] (2.7)

uniformly in x when a(x/n) stays within compact subsets of An[0, o) (and x
belongs to that coset of G(u) that contains supp u"* ).

The theorem remains true if we replace p"*([x, «0)} by u"*((— o0, x]) and
An[0, ) by An(—00,0] (this is why we used the absolute value sign to the
right in (2.7)). Note that we formally get (2.6) from (2.7) if we let [—-0 and use
(2.4). Note also that we have not assumed that u has finite total mass (the left
tail may be infinite) We may write O(min(n~'% (nd(x/n))~')) instead of
0(1/]/ﬁ) in (2.7). The same remark applies to (2.6) under the additional Con-
dition 2.1 below. Also, the error o(1) in (2.6) can be replaced by the smallest of
0(1) and O(max (n~ 2, x/n—m(0))).

Condition 2.1. lim sup |¢(a+ia)| < ¢(a) for some acA.
la] = o0

It follows from Lemma 4 in [1] that the inequality in Condition 2.1 holds for

all aeA if it holds for some. This was pointed out to me by R.N. Bhattacharya.

Corollary. All the results described in the introduction follow from Theorem A,
provided we replace the errors in (1.4), (1.5) and (1.6) by o(1). They follow as they
stand if we use the modified error terms mentioned above.

We already known that the results of Section 1 hold so we will only sketch a
proof.

Proof. Define 2 in (1.4) by z* i(z)=s(m(0)+z}/v(0))+z%/2 and note that s'(x)=
—a(x), d'(x)=1/v(d(x)), x/n=m(0)+X3/ v(0)/n, and hence that nv(d(x/n)) d(x/n)>
=(1 +0(>€/]/ﬁ)). When G(u)=1R (1.4) now follows from the inequality |t(2(1+¢))
—t{4)| = Const.|¢| t(4) valid for |¢|<1/2 and 1=0. When G(u)=I1Z we need in
addition a refined form of (24) namely |p(4, e ") —1(Abh%)|<Const.(b
+ A~ Y2y 7(Ab?) valid for b>0 and />0.

The remaining results of Sect. 1 follow via (2.3) and (2.5). Note that Con-
dition 2.1 is satisfied if p has a non-vanishing absolutely continous component

with respect to the Lebesgue measure. The normalization mentioned just before
(L.6)1s I=1.
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If u(dx)=e*"dx then (2.6) holds not only when x/n belongs to compacts but
uniformly for x/n=m(0). It can also be verified that the same is true when 4 is
concentrated on (0, ©0) and there defined by u(dx)=e~*dx. A similar remark
applies to (2.7). There are more measures with this property, namely measures
satisfying the following condition.

Condition 2.2. The support of u is bounded to the right, sup supp p=r< oo, and;
(1) Gw=R.

For some ¢>0 and some L that varies slowly at 0
u([x, 0))=rF—x)°Lr—x), for x<r. (2.8)
(i) G(uw=IZ.
u(r—10>0. (2.9)

Theorem B. Suppose that Condition 2.2 is satisfied and that 0<beA. Then the
approximations (2.6) and (2.7) hold uniformly in x when x/nzm(b).

Here again the error terms can be improved. We interprete the right hand
side of (2.6) and (2.7) as 0 when s(x/n)= —co. The letter b occurs in the
formulation of the theorem just to cover cases where 0¢ A.

3. The Discrete Case

We are now going to prove Theorem A and B when G(u)=1!Z, and shall assume
that =1 and that supp g is a subset of Z itself. This is just a normalization.

In Theorem A we consider only values of x for which x/nem(A4), but in
Theorem B it may happen that x/n=r. Let us first point out that if Con-
dition 2.2 holds, then s(x)= — o for x>r, s(r)=log ui(r) and

p(nv(@(r), e~ *)=p(nv(cw),e”*)=p(0,0)=1.

So the conclusion of Theorem B is true for x/n=r. It therefore suffices to
consider values of x for which d(x/n) is finite.
By Fourier inversion

1 T i .
,u"*(y)=ﬁ [ e p(a+in) da (3.1)

Sum both sides of this identity over y from x to oo, put a= d(x/n), note that
s(x)=log ¢(d(x)) —a(x) x ‘ (3.2)

and thus conclude

W ([x, 0) =M [ (G, (3.3)
Here
L (@)=~ i W@, (3.4)

21 Y 1—e

— T
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where

7a(®) =ﬂz)(+a—;°‘) e ixm@ — [ giote—m@) () (3.5)

The usual approximation here is to replace y, () by exp(—o?v(a)/2). This
approximation is a good one provided v(a) stays away from 0. Theorem B
covers, however, cases for which this is not true. We will instead approximate
7,(2) by exp g(), where g(a)=v(a) (e~ **—1+ia).

This will be done using the following standard estimates:

y"—em <n max(yl )"y —etl,  le"—1—q|<%lgl? €l

and |g| <v(a) «*/2. Hence (with obvious notation)

UO(2 2 eua2/2
i -egnmax(zh ey fly—1-q+ £ (36)
2
But 1 —cos«=— o for || <7, and hence
7
2 2
EE (3.7)
and
. 2\?
[1—se ™2z (1—s5)*+s (?{) o2, (3.8)

The following proposition is a consequence of the definitions of I, and p and the
estimates (3.6), (3.7) and (3.8).

Proposition 3.1. Define I,(a) and y (o) as in (3.4) and (3.5). Let 0<é<2/n> If
|7,(00)] S e ov@e (3.9)
and
7o) —1—v(a) (e — 1 +io)| < Buv(a)**|af? (3.10)
Jfor |o| =7, then

I1,(@)— pnv(a) 5| £ C ( 3.11)

B + 1 )min ( 1 1 ) (
Vo /n &n Vs Vénv(a)(1—s)? '
Jor n22+1/6. Here s=e~" and C is an absolute constant.

Proof of Theorem A. The moments | |x—m(a)/* u,(dx) are never 0 or 2o and they
are continuous functions of a and hence bounded away from 0 and oo when a is
bounded away from the boundary of 4. The estimate

2

o . 2
ly—1—¢q|= y—1+7v +uv e‘”‘—1+ifx+%

o ap? (3.12)
<= (e =m@)l? u,(dx)+ (@)
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therefore shows that for cach compact K< A there is a constant B=B(K) such
that (3.10) holds for all aeK. The minimum to the right in (3.11) is by

Lemma 5.2 dominated by 6~ /% p(nv(a), e~*) max ¢*/* and hence Theorem A will
ack
follow from the following lemma.

Lemma 3.2. Let y be a measure with G(u)=7Z. Then, for each compact K< A
there is a positive constant 6 =35(K) such that

| A, (o) S e vt@a? . (3.13)

for aeK and |o| <.

Proof. By a standard estiamte
|Ay() S e v@r3 (3.14)

for {al <cla)=v(a)/f|x —m(a)l® p,(dx) (see Ch.XVI of [5]). So (3.14) holds for

|ol £c=min ¢(a)>0. The function (a,2)—j,(2) is continuous, the set C
aek

={(a,®)|aeK, cZla|<n} is compact, and |g ()<l for (a,@)eC (see [5],

Lemma 4, p. 501). Therefore max |i,(x)| =g <1, and hence (3.13) holds with

(a, a)eC

5=min [%, (log é) / (n? max v(a))]. (3.15)

ack

Proof of Theorem B. Let us start with a lemma that can be proved in a similar
way as Lemma 1 of [7].

Lemma 3.3. Let u be a measure on Z such that pu(r)>0 and u(r—1)>0 (t=1) but
w(x)=0 for r¥x>r—1t. Then for each beA there is a constant C = C(b) such that

pr—1 .,
p(r) ¢

§ (x—m(a))t p (dx)—(—1t)
for all a=b. Also

< Ce‘a(t+ 1)

\m(a)—r—i—t

3.16)

Hr=t) (
pu(r)

é Ck eva(t+ 1)

—t
O‘U,H(O)Zl—‘zu(r ) e—at+0(e—a(t+l))

u(r)
Oua(it)=———”(;(;)t) e~ 4 Qe D)

(3.17)

for azb. Here

Onua(x): z nua(xl) :ua(x2)‘ (318)

X1—Xp=X

Lemma 3.4. Let pu be a measure on Z such that max sup u=r< o, and let beA.
Then there is a constant c=c(b)>0 such that
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(o) se=er @ (3.19)

for all azb and |a|<n if and only if p(r—1)>0.
Proof. We have

1|4, = (1 —cos 2.x) °p,(dx)

2>(1—cosa) 2%u,(1) (1 —cos &) 2 u(r) u,(r—1). (3.20)
But
1 (1) p,(r = 1) = pu(r) p(r — 1) €= (e /() (3.21)
and e*"/¢(a) increases with a. Also, 1 —cosa=2a?/n? for |«| <m. Hence
2 2
=1, (2] o 10 utr = 1) g0 e (322

for azb. A glance at (3.16) now shows that 1—|4,(2)|*22ca?v(a), and hence
that (3.19) holds for some constant ¢ >0, provided u(r—1)>0.
Conversely, with ¢ as in Lemma 3.3

=1, (0)|* = (1 = cos 1) 21, (£) + O(1 = 11y (0) — "py(1) — 1ty — 1))

:1—<;c2)satv(a)+0(v(a)1+i—) (3.23)

contradicting (3.19) unless t=1 (put =2 rn/t and let a — o). The lemma follows.
The relation (3.16) with =1 implies in exactly the same way as in [7] p. 176
that

17,()—1+v(@)(e”"*—1+ia)| < Const. |af* v(a)? (3.24)

for azb and |af<n. Also v(a)e”’<Const. for a=h. Proposition 3.1 is thus

applicable with B=Const.}/v(a) and d=the ¢ of Lemma 3.4. Hence (note that s
=¢ "< 1)

Const.

1 1
I (a)— J =< 1 in {1, ——— 3.
1@ ptrota, 1= [ s min (1, o) 029

for azb. So Theorem B follows from Lemma 5.2 and the following remark:
From (3.16) (with t=1)

n(r—m(a))=nv(a)+0nuv(a)?. (3.26)
But
n(r—m(d(x/n)))=nt—xecZ, (3.27)

and hence nv(@(x/n))2c>0 for b=Zd(x/m)<oo and n large. Also, if
no(d(x/n) <4, then no(d(x/n)) differs from one of the integers 1,2,..., 4, by at
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most O(1/n) and hence (see (5.5))

pno(d(x/n),s)=z min p(k,s)+0 (l)
k=1,.., 40 n

1 (3.28)
= min pk,0)+0 (—) =c>0
k=1,.. 40 n
for large n.
4, The Continuous Case
Our starting point is again (3.3), but we shall here use the representation
L{a)= [ e ™ 1i*(dx) (4.1)

nm(a)
which is a direct consequence of the definition of p,. Make the substitution
x—»nm(a)+x}ynov(a) in (4.1) and define D (a, x) by
1, * (= 0o, nm(a) +x 1/ no(a)) =(x) +y 2¥(x)+D,(a, x) (4.2)
where

o fxmm@) (i) w3

61/ n1/v(a)®

Then I,(@)=I,(a)+1I,(a), where

I'(a)= T e~ P(dx)+y }o e~ ¢ (dx) (4.4
0 0

o0

I'(a)= | e"** D,(a, dx).
0

Here we used the abbreviation

t=al/ nv(a). (4.5)

Some calculations show that

I(@)=1(%) (1+76(1), (4.6)
where
1—¢t?
0O =1+ _ (4.7)

()Y 21

It is easy to see that 0Z20(1)<4 for 0<t=<1, and the inequalities
1— 22ty 2rne £1—1t7 2+ 317 %2 11/12 (see [4] p. 179) applied to (4.7) yields
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063t (1 -2 +317 %1 <381 for r=1. Hence

0=0()<4min(l, 1/1) 4.8)
for t=0, and thus in particular |6(t)] £4. We conclude:

I,(a)=1(nv(a) a®) [1 +° J1x—m(@)® p(dx)

> 4.9)
Vn/v(ay?

where [p] <2/3.

By a partial integration

Il(a)=—D,(a,0)+t | e D,(a,x)dx (4.10)

0

and hence

I, (@)=2sup |D,(a, x)|. (4.11)
Lemma 4.1

k
ID(a,x)|£C 4@ )+6 (T log T 4.12)

TV/n

for 1 Tgﬂ and all x. Here C is an absolute constant,
k(@)= lx—m(@)|" u,(dx) v(a)~"?,

and

6.(T)=  max |4,
1= alks(@)Vol@ =T

Proof. The letter C denotes absolute constants in this proof. By Essen’s lemma
(see [5] p. 538)

1 51D (a,) 24 M(a)
<— n —_

ID,(a. %)< _js al dot— = (4.14)

for §>0 and all x. Here
ks
M(@)=max|@'(x)+7 89| < C [1+ ]/(f)] (4.15)
n

By a variant of the estimates in Ch. XVL5 of [5]

(D (a,a) < C-27 4( 9) e~ Pot(l+a?) (4.16)
for «| <1/n/ks(a). It is clear that

|D (@, ) SO,(TY +e %2 ( ks(@) |ox |3) <6(Ty+C (1 k(@ ) 4.17)

Vn ol Y/n
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for 1/n/k4(a) £ |o| £ T/ n/ky(a). Put. S =T7/nfks(a) in (4.14) and split the integral
to the right into two parts: || <]f/k ) and ]/_/k (@)={of=8S. The lemma now
follows from the estimates above and the moment inequalities 1 <k;(a)’ <k (a).

Let us sum up (note that t(A)=c/)/1+1).
Proposition 4.2. Define I,(a) as in (4.1) and 0,(T) and k (a) as in Lemma 4.1. Then

[1,(@)—t(nv(a) a?)|

< C(nv(a)a®) [%%L (;41(2+6¢,(T)" log T)Y/nv(@a®+1 ] (4.18)

for 1= Tg]/r_z, and acA. Here C is an absolute constant.

Proof of Theorem A. Choose the compact K< AN[0, o). In the same way as in
the proof of Theorem A in the discrete case one finds that k (a) and v{a) are
bounded away from 0 and co when acK. Also, the function (a,®)— j,(¢) is
uniformly continuous on K xR and |d,()|<1 for a%0 (see [5], Lemma 4,
p. 501). Hence sup 8,(T) <1 for each T'< co, and if Condition 2.1 is satisfied then

ask

also sup 8,(0)<1. Theorem A follows.
aeK

Proof of Theorem B. Theorem B is a consequence of Proposition 4.2 and the
following two lemmas. Note that it suffices to consider large a, Theorem A takes
care of the remaining values,

Lemma 4.3. Suppose that p satisfies Condition 2.2 (i). Then

{ (x —m{@)* p(dx)~ S’i“) . k=23 ... (4.19)
as a— oo, where
=(-1F Y (];) (—a) % (4.20)

Proof. Put v(y)=y° L(y), y>0. Then (Theorem 2, p. 283 of [5])

x

[yevldy)~

o LK) (4.21)
0

and hence (Theorem 2, p. 445 of [5])

1
. aF(k+")L(a)
fem ™y vdn)~ e (4.22)
o a
as a— o0. The lemma now follows from the identity
[ (x —m(@)f p,(dx)=(=1DFf (y=§ nv,(dn) v,(dy)
kork
=) ( )J" v, (@dy)(— [ v (dm) (4.23)

j=0 J
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where
~ay (4
v.(dy) :#ﬂ (4.24)
fe*v(dn)
0
Lemma 4.4. Suppose that u satisfies Condition 2.2(i). Then
sup sup|f,(ao) <1 (4.25)

la|zd azb
for any >0 and some beA.

Proof. Again using the fact that v varies regularly at O one finds that v, (dy/a)
converges weakly to y°~! e~ ¥ dy/I'(c) as a~ 00, and hence that v,(ao)— 1/(1 —ic)
uniformly in «. But g (x)=¢"*9 (~0a), and hence (4.25) holds for all large b.

5. The Functions 7 and p

By the definition

T(A)y=e*? ?_e‘xz/z dx

Vi Vor

The substitution x* —x + A therefore gives

(5.1)

—x/2

1
21/ 2w

e

e Norw)

:f dx (5.2)

and hence

(~1'() (=1 (—1/2\ % e *dx
— —21/5( )j——~>0. (5.3)

5 (X+Z)n+1/2
The inequalities (2.3) are (1.8) p. 166 of [4].
It follows from (2.2) that

n

[ e) o0 in
p(hs)=> > e t—s" !

n=0 m=0 n! 2n

;\an
___22 —A
h ¢ n! g

j’ eié(n+m—).)dé (54)
L sinm(n4+m—4)
(n+m—A4)

and hence in particular that

p(hs)= ) e""j—:sm (5.5)

n+m=2A

when AcN.
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Lemma 5.1. lim p(v/I?, e~ "*)=1(va?) for v>0 and a>0.
-0

Proof. Make the substitution ¢ —/¢ in (2.2). Then by dominated convergence

1 + o0 e—v§2/2

hmp(lz, l“>=§; | P dé=1(va?). (5.6)

Here we also used Parseval’s relation.
We will not take space to prove (2.5).

Lemma 5.2. There are positive numbers ¢ and Ay such that

. 1

p(4, s) = c min (1, m) (5.7)
for A=Aq and 0<s<1.
Proof. Put

1 = e~lo¢2/2
Ay §)=—— .

Pl 5)= 2n 7, 1—se* da )
and note that

100 )= Pl S min (1 ! ) (59)

£ 2 = M A’(l__ )2 * .

We may replace (1 —se®)~! in (5.8) by

. 1-
Re(l—se*)~ 1z 5

“(1—5)?+2s(l—cosa)’ (5.10)

But 1 —cosa=«?/2 and hence

)V s), (5.11)

P4 5)2—=

1/— 8rnyi (-

where

1k /2
=—o —a
gL() o f

docgc min (1,%) (5.12)

for some ¢>0, provided L>1.

References

1. Bahadur, R.R., Ranga Rao, R.: On deviations of the sample mean. Ann. Math. Statist. 31, 1015-
1027 (1960)

2. Borokov, A.A., Rogozin, B.A.: On the multi-dimensional central limit theorem. Theor. Probabil-
ity Appl. 10 No. 1, 55-62 (1965)



A Unified Central Limit Theorem 117

3. Blackwell, D., Hodges, J.1..: The probability in the extreme tail of a convolution. Ann. Math.
Statist. 30, 1113-1120 (1959)
4. Feller, W.: An introduction to probability theory and its applications. Vol. 1, second edition,
New York: Wiley 1950
5. Ibid., Vol. 2, second edition
6. Cramér, H.: Sur un nouveau théoréme-limite de la théorie des probabilités. Actualités scienti-
fiques et industrielles, No, 736, Paris: Hermann 1938
7. Hoglund, T.: A refined saddle point approximation. Ark. Mat. 12, 173-180 (1974)
8. Ibragimov, LA, Linnik, Yu.V.: Independent and stationary sequences of random variables.
Groningen: Wolters-Noordhoff 1971
9. Petrov, V.V.: On the probabilities of large deviations of sums of independent random variables.
Theor. Probability Appl. 10, 287-298 (1965)
10. Petrov, V.V.: Sums of independent random variables. Berlin-Heidelberg-New York: Springer
1975

Received April 1, 1978



