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§1. Introduction

The entropy of a point process on a finite interval of the real line was introduced
by Rudemo [15] and McFadden [10] and later generalised by Fritz [4, 6] to
point processes defined on finite measure spaces. McFadden calculated, under
certain differentiability conditions involving infinitesimal birth equations, the
rate of change of the entropy as a function of time in terms of the “conditional
birth rate” (i.e. the conditional intensity). A notion of “long-term entropy rate”
for a stationary point process defined on the whole real line is implicit in Fritz’s
generalisation of McMillan’s theorem [5]. As is to be expected this is the

infimum (over all T>0) of lH 1> where Hy is the entropy of the point process
over [0, T1]. ' T

In the present paper we develop a direct approach to the assymptotic
entropy rate of a stationary point process on the real line as “conditional
entropy given the past”. This is done under the assumption that the Palm
probability F of the process is absolutely continuous with respect to the
conventional probability P on the o-field %, of events occurring in {— oo, 0). If
dk,
dp
the point process then, as will be seen, it is natural to define the entropy rate as

denotes the corresponding Radon-Nikodym density and A the intensity of

dPp,
A—E(A,log A,), where A0=/1d~1§. It turns out that this is equal to the product

of 1 and the entropy rate of the discrete-parameter process of interpoint
distances under the Palm probability (Theorems 3, 3a).

The paper’s main results concern the local approximation of the conditional
information function. For each ¢>0 and n=0, +1, +2, ... let the random
variable & be 1 or 0 according as the point process has points in the interval
[ne, (n+1)¢) or not, and define

p.(F)=P(Eo=i|Fo),  p.ilETy, &8y, ) =P =11E0 1,855, .0)
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(i=0,1). Then, by Theorem 1 (which summarises certain auxiliary results proved
. 1 . . . i
in [117) gpg(llﬁo) —~A4, iIn L;—mean as ¢—0, ie. A, is the conditional

intensity at O (and therefore A,dt can be interpreted as the conditional
probability of a point in (0, 0+dr) given the past %), and it is natural to seek to
establish the behaviour of logp,(i|%,), logp,(i|& ;, &_,, ...) and other related
functions as ¢— 0. This is done in Theorems 4, 5 and 6 and their corollaries,
which are proved under a minimum of hypotheses. The justification and focal
point of these results is Theorem 6 which asserts that

1 1 1
glogps(ff)liil, &, ...)=E§f) (Iog/l“ —logg>—/10+o(1) v

in L, as e—0, where 17; is the first nonnegative point of the process and 4,
denotes for each ¢ the conditional intensity at ¢.

In the last section we show the connexion between the above results and the
notion of entropy over a finite interval. Using the likelihood function of the
given point process with respect to the Poisson process ([14,9]) one can
calculate the entropy and the resulting formula generalises the one given by
McFadden under his more restrictive conditions. It becomes apparent that the
above results are the natural extensions to the whole real line of corresponding
statements valid for finite intervals. As a by-product we obtain a direct proof of
McMillan’s theorem for point processes ([5]).

The author was prompted to do this work by an informal but stimulating
discussion he had with P.M. Lee and D. Vere-Jones. He is especially indebted to
the former for drawing his attention to the early literature on the subject.

§2. Notation and Basic Facts

The framework adopted here is mostly that of [11], with minor notational
changes. The probability space on which our point processes are defined will be
identified with the space of realisations; thus, for a point process on the whole
real line R, £ will be taken as the space of all subsets of R which have + 0 and
— oo as their only accumulation points. For any weQ and any Borel set Q =R,
N(w, @) will denote the number of elements of wnQ. The basic o-field & in Q is
defined as the minimal o-field such that N(w, Q) is an % -measurable function of
w for every bounded Borel set Q. If in this definition we restrict Q to range over
the bounded Borel subsets of (—o0, ), we obtain the o-field % of events
occurring “before time t” (— o0 <t < 0).

A point process on R is a probability measure P on (2, %) such that the
expectation E(N(Q)) is finite for every bounded Borel set Q. Stationarity of a
point process will be understood in the usual sense, i.e. as the invariance of P
under the action of any translation on the elements of Q. All point processes
considered in the present paper, which are defined on the whole real line, will be
assumed to be stationary.

The notion of Palm probability P, (i.e. of the conditional probability measure
given that the process has a point at #) will be assumed known. See [16] for
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instance. The intensity of a stationary point process is defined as A=E(N [0, 1]).
To prevent confusion we will denote expectations with respect to B, by E;,. We
can and will throughout choose regular (i.e. o-additive) versions of conditional
probabilities.

We label the points of each weQ

s <1y (w) <Tp(w) <7y (w) < -
in such a way that 7(w) <0=1,(0), and define

Glw) =74 (@) —t(w),  Glw)=—1o(w).

The palm probability F, of a stationary P is carried by the set Q,={weQ: Osw}
and for weQ, it is convenient to introduce

ni(w)={;, (),

especially when we consider the distribution of these random variables under B,.
It is well-known (see[16]) that under F, the sequence ...,%_;,%0,7,,... I8

1
stationary and that Eon,:}

Notice that #; is generated by the random variables 6, ,,{_,,{ 5, ....
Below we shall denote by { the vector (...,{_5,{_,,{_,), by n the vector
(--»M-3,M_5,1-,) and by x the element (...,x_3,x_,,x_,) of the space C
=..- % (0, 00) x (0, o). Product spaces such as C will be furnished with their Borel
product o-fields. Following (as in [117]) the practice of denoting measures by
their corresponding differentials we have the following lemmas.

Lemma 1. The probability measure P(8edt, (edx) on (0, 00)x C is absolutely
continuous with respect to dt Py(nedx) and

P(fedt, {edx)

=AP(m,=tln=
dtPO(ﬂedx) A 0(’70— 17’ x)

Lemma 2, If 0=<a<b then for P(Qedt, {edx)-almost all (t, x)e(0, o0) x C

P(t+aZy,<t+b|np=x)

Plast <blf=t{=0)="""5 o =)
s (1> 1l =

Lemma 1 is essentially Lemma 3 in [11], while Lemma 2 is implied by
Lemma 4 there. It follows from these Lemmas, from Lebesgue’s theorem on the
almost everywhere differentiability of monotone functions and from the assumed
regularity of conditional probabilities that

Mt x)=lim§P(N[(), O=10=t, {=x) (1)
£—0

exists for P(fedt, {edx)-almost all (¢, x) in (0, c0) x C and hence:

1
Lemma 3. lim —~P(N[0, ¢) = 1| %) exists P-almost surely.

=0
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We let A, =lim— P(N[t t+¢e)=1|#). The process A,, — oo <t< oo, can (and

will) be chosen :g 0be measurable. Clearly

Ao=M(0,0) 2
and it is easy to prove that

A, =M(O0+7, ). 3)

The next two theorems will be needed in the sequel.

Theorem 1. For a stationary point process the following statements are equivalent.

M) F or some (and then for all) teR, P, is absolutely continuous with respect
to Pon %

(i) For some (and then for all) teR, P(N[t t+¢)=1|7,) converges to A, in
L,-mean as e— 0.

(iii There is a non-negative, stationary and measurable stochastic process Y,

— o0 <t <, adapted to the aﬁelds — o0 <t < o, with EY,< co and such that
for any aeR the process

t
Nla, t)—(Yds, t2a

is an {&,, t=a}-martingale.
(iv) With B,-probability one the conditional distribution under By of n,, given 1,
is absolutely continuous with respect to the Lebesgue measure.

If the above statements are true and if X, denotes the Radon-Nikodym

dF,
densny — of with respect to P on the o-field #, (— o0 <t <o), then for every
teR

A,=Y,=1X, as. 4

Note that EA,=A. The random variable A, is the “conditional intensity of
the point process at t, given the past”.
For the proof of Theorem 1 see Theorems 9, 10 and 11 in [11]. Notice that

. . 1
statement (ii) is equivalent to the L,-convergence of ;E(N [t t+e)|F) to A,
1 e .
since —E(N[£,t+&)—Lyy (45>1) 0 as e— 0. Statement (iii) is somewhat differ-
B ez

ent from the one in [11, Th. 10] but the prbof is straightforward. The reader
who is familiar with Meyer’s theorem on the decomposition of submartingales
t

will recognise | Y,ds as the “predictable projection” of the point process after a.

For future reference note that (iii) and (4) imply that if Z,, 0=S¢t<7T, is a
measurable stochastic process on (Q, #, P), adapted to the o-fields #,, 0=¢=T,

! I, denotes the indicator function of A
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and such that

EE(AAZ,I) dt<co ©)

then > Z_ is integrable with respect to P and

0T

E Y Zri)=§E(AtZ,)dt.
0 T 0

=T

lA

This is a special case of a theorem in stochastic integration. See Proposition 2
on p. 89 of [2] (compare with Theorem 5.1 in [3, p. 444]). For the theorem as
used here see [1] and [9].

If statements (i)~(iv) of Theorem 1 are true, we denote by f(¢t|x) (t>0, xeC)
the conditional probability density (under B) of 4, given n=x, iec.

f(t[x):PO(y’OeZ;m:x). %

Theorem 2. If statements (i)~(iv) of Theorem 1 are true then

P(0ed, Ledx)=1 G £(s1%) ds) dt B,(nedx) ®)
and for P(Bedt, {edx)-almost every (t, x)e(0, o0) x C

P(z,eds|f=1, C:x)z(? f(ulx)du)_lf(t—l—slx)ds )
and .

M@, %)= £t1%) (}O £61%) ds)f (10)
Proof. (8) and (9) follow from Lemma 2 and (7). Notice that (9) implies

P(NTO,5)210=t, C=X)=(Tf(S\X)dS) (]? f(SIX)dS)_l (11)

and (10) is a consequence of this and (1).
Another implication of (9) is that if ¢(x, ¢, s) is a Borel function on C x (0, o)
x (0, o) such that the random variable ¢((, 0, 7,) is integrable, then

B 0, 7)10=t, C=x)= | d(x, 1, 9) =L g, 12)
0

{ flulx)du
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§3. Two Preliminary Theorems

Throughout the present paper log will denote natural logarithm. The absolute
continuity of a measure u with respect to another v will from now on be denoted
by u<v.

Theorem 3. If B, <P on &%,, then

E(dglog Ag)=2+1Eo || /(In)log feln) di |
Proof. By (2), (10), Lemma 1 and (7)

E(Aylog Ag)=E(M(0, {) log M(9, 0))

=°j? | M(z, x)log M(t, x) P(fedt, {edx)
oc

-1

Il

e (10§ s as) |

(i T f(s|x) ds) dt By(nedx)

iiff(tfx)(of f(slx)ds)

f@|x)log f(t|x)dt B(nedx)

O— 8

2
c
—Af :ff(tlx) log(f f(s]x) ds) dt By(nedx).

By the change of variable u= | f(s|x)ds we obtain
t

Oj?f(tlx) log (? f(s]x) dx) dt:} logudu=—1

which proves the theorem.

Of course both sides in Theorem 3 may be co. As usual we define 01og0=0.
In connexion with the hypothesis of the next theorem recall that ylogy= —e™*
for all y=0.

Theorem 4. [f R, <P on %, and E{A,logA,)<co then, as ¢—0

1 Ly

2 Elpo,o(m) log 4, | %) > Ag log 4, (13)
1 1 Ly

S Pl <elF)log| — Plo <&l Fo) ) - Aolog 4, (14)

f)—a}o (15)

1
log (E P(z, <619"0)) —log4,,

E<I[o, s)("71)
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1 1 Ly

“ho. (%) (iog <; Pz, <si970)> —iogAn) N (16)
L bty 2217 log P(x, 20 7) —> — 4, a7
- .

1 - L

gl{rlge}IOgP(Hgﬁ'/o)'a__s_’ —Ap. (18)

Proof. In the proof we shall make use of the following well-known facts. Firstly,
if V.and V,,n=1,2, ... are random variables such that ¥, >c for some constant ¢
and all n, V,—V in probability and limsup EV,<EV <0, then V,—V in L;-

n— Q0

mean. Secondly, if g is a Lebesgue integrable function on [0, 00) then, as ¢— 0,
t+e

p; | 1g(s)—g(®)l ds—0 for almost all t>=0, as well as in L,-mean.

t

Recall that

1 Ly

EP(T1<8]9-’O)'?AO (19)
and that, by Theorem 3

———1§j | f(t]x)1log f(t]x) dt By(nedx) < . (20)

c 0

By (3), (10) and (12) we have for P(6edt, {edx)-almost all (t, x)

E(l}, ,(t,) logA, |0=t, {=x)
=lt}€ fulx) log — f(u]x)

= du
" f(slx)ds ff(slx)ds

© -1 t+s (21)
=<; f(s[x)ds) E T (1) log f(ulx) du

t+£

—(logjf(slx)ds)- jfu|x)du]

which converges, for P(Oedt, {edx)-almost all (z, x) to

(T £ ds)_ |t 10 £(t1x)— el og | fs1)ds]
=M(t, x)log M(t, x)

by (10). This proves the a.s. convergence in (13). To prove L,-convergence note
that the left-hand side of (21) is = —e™ ' (as follows from the middle term of
(21)) while its expectation is, by (8) and the third term of (21),
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t+e

Af }0% } fu|x)log f(u|x) dudt P, (nedx)
cao t
t+£ (22)
HH ( I f(s]x) ds) 1og(j £(s]x) ds) dt By(nedx).
The second integral is less than or equal to
)L(j: z fi(t]x)log (Of fi(s]x) ds)_ dt Py(nedx) (23)

t+e

where we have set f, (tlx)=g { f(s|x)ds. This inequality follows from the fact

o0 ]

that j f(slx)ds= f f(s]x)ds, wh1ch is in turn a simple consequence of Fubini’s

theorem The mtegral (23) can be calculated by a change of variable (as in the
proof of Theorem 3) and is seen to be equal to

A [ (a,(x) —a,(x) log a,(x)) F(nedx) (24)
C

where a,(x)= jf (t|x)dt. Note that a,(x)<1. If we let 0, then a,(x)—1 and

(24) converges to J. It follows that the lim sup of (22) is less than or equal to

e—0

Af ?f(t]x)logf (t|x) dt By(nedx)+ A=E(A, log A,).
co

This and the remark at the beginning of the proof establish L, -convergence in
(13).

The proof of (14) is similar. The left-hand side is trivially = —e~! and
converges a.s. to A, log A, by (19). Its expectation on the other hand is, by (11),

j f(s|x)ds
—— Adt By(nedx)

ff(s[x)ds

t

(j: O(E ( Isf(slx) ds) log

L

t+&

i T (T ststmas)iog ;1 stsboyas) dr Binedn
C 0 t

z+s

+Af cjo( jf(s]x)ds) 10g<jf(s|x)ds> 1dtPo(nedx)

T

which is, by Jensen’s inequality, less than or equal to (22) and L,-convergence
follows as above.
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Turning to (15) note that by the triangle inequality

|Z0)

1
log (E P, < sl%)) —log4,,

1
g E(I[o, e)(TI)

1 1
§EP(’51<3|970) log (gP(T1<8|970)>

1
= E(lp, o) log 4., || 7)

and both terms on the right are uniformly integrable by (13) and (14). On the
other hand the left-hand side converges to 0 a.s. This follows from the above
inequality if A,=0, while if 4,>0 (i.e. if 8 and { take values ¢, x respectively
such that f(¢|x)>0) it follows from the fact that, by (12),

log <1 P(r, <¢l0, C)) ~log4, |10=t, C:x)

&

1
E (g I[o, €) (ty)

g s | s,
! | f(s|x)ds [ fisixyds'§ f(s|x)ds

where we can obviously assume | f(s|x)ds>0. By the triangle inequality the

t 0 -1
right-hand side is less than or equal to the product of j f(s|x) ds) and
t

VT fisio ds
loggw’ —log— fik) |1 | f(ulx)du
[ f(slx)ds [ fslxyds' = °
+jlogw—@‘)— Al — £e1) du
ff(slx)ds !
L e tog L pupyop LU g,
‘ [ f(slx)ds [ f(slx)ds

Clearly all three terms converge to 0. This proves (15).

Almost sure convergence in (16) is trivial while L,-convergence follows from
(15). Almost sure convergence in (17) and (18) follows from (19) and the
inequalities

—l—f—yglog(l—yﬁ -y (25)
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valid for 0=y <1, while L,-convergence follows from the fact that the left-hand
sides of (17) and (18) are =0 and both have expectation

1
EE(P(T1 =¢l %) log Pz, = €| %)) which by (25) is

g%E(—P(r1 <e|F))= -éP(N[(), e)=1)—> —Ai=E(—A).

This completes the proof of the theorem.
Now define the random rariable & to be 1 or 0 according as N[0, e)=1 or
N0, e)=0 and for any o-field ¥ =% define

p([|9)=P(,=il¥9) (i=0,1).
1 Ly
:C’_ .

1 1
Corollary. —Elogpg(fi,!g"o) +E &% (log/lf, —log > - Ao-

Proof. The left-hand side is equal to

1 1 1
—& (log (g pg(u«/ﬂo)) —logA,l) = (1—¢5) logp,(01 %)

and the result follows from (16) and (18).

§4. The Entropy Rate

If £ is a random variable or random vector defined on some probability space
(@, #, P) and taking only countably many distinct values x,, x,, ... | so that

Y P(l=x)= 1), then the entropy H(¢) of ¢ is defined by
i=1

H@=- Y. PE=x)logPE=x). 26)

If ¢ is a non-negative random variable with finite expectation, whose distribu-
tion has a probability density function f(¢), t=0, then its entropy is defined by

H() =~ f®logf(r)dr, 27

[¢]
and as is well-known —oo<H(&)<1+logE¢ Rényi [13] has given an in-
terpretation of (27) in terms of (26). He proved that if (27) is finite and if for each

k k k+1
r=1,2, ... we define the random variable £, by setting £,=— on {—g £ <i}, k
T 7 ¥
=0,1, ..., then

H(,)=logr+H()+o(l) as r—co. (28)
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A similar statement is true for N-dimensional vectors ¢ with non-negative
coordinates having finite means except that the dimension N enters (28) as
follows

H(E)=Nlogr+H(¢)+o(l) as r— . (29)

These facts form the basis for the definition of the entropy of a (not
necessarily stationary) point process on a finite interval, given independently by
Rudemo [15] and McFadden [10] and later extended by Fritz [4] to point
processes on finite measure spaces. (It is clear how the supporting probability
spaces for such point processes can be introduced along the lines of §2). To be
specific let 7, <7, <--- <7 be the points of such a point process on the interval
[0, T] (where N=NT[0,T] is of course random) and assume that EN <o and
that the conditional distribution of t=(7,,7,,...,Ty) given N =k is absolutely
continuous for any k= 1. Rudemo and McFadden defined the entropy as

- {Z P(N =k)log P(N =k)

+ ). P(N=k)-(entropy of 7 given N =k).

k=0

Fritz proved that this entropy is equal to the generalised entropy

E, ( —log 3—;) (30)

of the probability measure v (in the space of realisations) of the given point
process with respect to the measure u=e” I, where IT is the probability measure
of the standard Poisson process on [0, T]. (E, denotes expectations with respect
to v). In fact [4] and [6] deal with point processes which are defined on any
atomless finite measure space (X, U, m) and satisfy E(N(X))<co. It is shown in
[6] that if for every partition A={G,,G,,...,G,} of X with m(G)>0 (i
=1,2,...,n) we set

£4=(N(Gy), ..., N(G,)

and
EA:(I(N(Gﬂg 1}» ---aI{N(Gn); 1)) (31)
then
dv .
E, ( —log @) =inf {H(,) + E(N(X)) - log ( max m(G,)} (32)
4 1<isn

=i1;1f{H(EA)+ zn: P(N(G)z1) logm(Gi)}'

i=1
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(In this case v is agaln the probability measure of the given point process and u
=¢" ™ ]I, where IT is the Poisson process on (X, 2, m). Note that if v<u then all
three expressions are equal to — co).

In the present paper we are concerned with the entropy “rate” of a
stationary point process on the real line. Recall that if ...,¢_, &, &,, ... is a
stationary stochastic process such that each ¢, takes only finitely many values

1
then, as n— oo, EH(éO, &y, &, 1) converges to

H(éoli—pf—z» )

33
=E[—-Y P(o=x|E_, & ,,..)logP(éq=x|E_1,E_,,..)] (33)

and that if we let

pn(x0: ceey xn-l)'":P(éo:xo’ ey én—lzxn—i)’
then

1
———logpn(£0: “hey én—l)

converges a.s. and in L,-mean to a random variable whose expectation is equal
to (33).

For the rest of the paper we shall assume that P is a stationary point process
on (— oo, 00) with intensity A and satisfying the following hypotheses.

dP,
(I) B,<P on %,. (As in §2 we set A, =2 de).

(IT) E(A,log Ay)< 0

IT will denote the standard Poisson process on (—oo, o) and I, its Palm
probability. E will always denote expectations with respect to P.
Employing the notation of §2 we see from Theorem 3 that

Eo[—j feimlogf (tln)dt] exists and is finite. We denote this expectation by
0

Hnoln_1,n_,,...) or H(ngln), since it is the analogue of (33) for the discrete-
parameter process

-':7]—1:;705’717--' (34)

In fact we are in exactly the sort of situation investigated by Perez [12], since
the distribution of (34) under I, is the product measure - -@nR7n&--- in

x (0, 00) x (0, o0) x ---, where = is the measure in (0, o0) with density e %, t=0,
with respect to the Lebesgue measure. Using Perez’ generalisation of McMillan’s

theorem we see that ——log O (s Mys -+-» H_ ;) CONverges in L,-mean to a

all,
random variable with expectation

T B(moedtln) . R(nyedt|n)
Eo H rod) 27 n(dn ”(dt)]

=HMoln-1,1-2,---)—E1o).

(35)
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(j}? (s +++»N,—1) denotes the Radon-Nikodym density on the o-field
0

97(1’[0, Ny e 77,,41) generated by Nos M5 --vs 17n~1>' WC Can H(’?o"l—u H_2, )
the entropy rate of (34) under F,. Note that if we replace the measure I1,,

restricted to % (g, Ny, -.-» N,— 1), DY the measure e %I, we can eliminate the
term E(7,) in the right-hand side of (35).

Let us return to the point process under P. We treat such a process as the
message from some source but assume that for technical reasons the receiver has
only ¢-accuracy, ie. cannot distinguish between two points arriving within
time ¢ of each other. To simplify matters further we subdivide the real line into the
intervals [ne, (n+1)¢), n=0, +£1, +£2, ... and assume that the receiver can only
distinguish between the events {N[ne (n+1)g)=1} and {N([ne (n+1)g)=0}.
The message then becomes discrete with a two-letter alphabet and Shannon’s
classical theory applies. Let &=l m+1)z1y #=0, £1, £2,... (cf (31)) and
set p(il&% 1, &5, ..)=p.({|Z%5) (i=0,1), where %; is the o-field generated by
& L&,

Lemma 4. If Y and Y, ¢>0, are integrable random variables such that Y,— Y in
L,-mean as ¢—0, then E(Y,|& |, & ,,...)> E(Y|\%,) in L,-means as e—0.

Proof. If AeZ, and 6>0 then there is £,>0 such that for every ¢ with 0<e=<e,
there exists A4,e#; satisfying P(AAA,)<d. If for instance A is of the form
{N{J)<c} for some interval J =(— o0, 0) and if we take A,={N*(J)<c} where
N®(J) is the number of intervals [ne (n+1)g)cJ such that & =1, then
P(AAA)SP(N(J)E=N*(J)—0 as ¢— 0, and one can use standard arguments to
extend this to arbitrary AeZ,. Now P(AAA,)<J implies E|P(A|Fg)—1,|<26
and it follows easily that if Y is an integrable random wvariable, then
E(Y|Z)— E(Y|%,) in L;-mean as e—0. The lemma follows from this and the
triangle inequality.

Lemma 5. Let Y, Y, (n=1, 2, ...) be non-negative integrable random variables and
4, (n=1,2,...) o-fields of events in a probability space, and set Z,=E(Y |%,). If
Y —-Y,Z,—Y and Y logY, —YlogY in L ,-mean, then Z logZ, — YlogY and
Y logZ,—YlogY in L -mean.

Proof. We can easily prove that Z, logZ, and Y, logZ, converge to YlogY in
probability by considering a.s. convergent subsequences of {Y,} and {Z, }. Now
Z,logZ,= —e" ' while by Jensen’s inequality

E(Z,logZ,)=E(E(Y,|9,) log E(Y,|9,)

(36)
<E(E(Y,log Y,|%,) = E(Y, log Y,)

which converges to E(Y logY). It follows from the remark made at the be-
ginning of the proof of Theorem 4 that Z,logZ, — YlogY in L,-mean. The L,-
convergence of Y, logZ, will follow if we show that (Y,—Z }logZ, —0 in L,-
mean. To this end note that, for any ¢>0, {|{logZ,|>c}e¥, hence
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E(Y,~Z, [logZ)ScE|Y,~Z,J+ | (Y, +Z)llogZ,dP

{|log Zn| >c}

=CE|Y,~-Z,|+2 | Z,|logZ,dP

{|log Zn| >c}

=cE|Y,~Z,|+ [ |Z,logZ,|dP+ | Z logZ, dP

{Zn<e™ °} {Z,log Zy >}

F. Papangelou

since {logZ,>c}c{Z, logZ, >c}. The uniform integrability of Z logZ, K (n
=1,2,...) now implies that we can make the right-hand side arbitrarily small by

first choosing ¢ sufficiently large and then n sufficiently large.

Theorem 5. Under (I) and (1), as e—0

Ly

1

Eps(llfil, )— A4,

1 - 1 s Ly
Epe(llé—lo ) 1Og (gpe(“é-la )) — AO logAO
1 . . L

El?a(olf_p ) logp,(0IE 4, ...) —> —4,

1 Ly
- (1=&) logp, (01C= ;. ) =4

(37)

(38)

(39)

(40)

1
Proof. (37) follows from (19) and Lemma 4 if we take Y=4,, Y;:;P(r1 <e|Fp)

(38) follows from (14) and Lemma 5, while (39) follows from (37) and (25). Again
(37) and (25) imply that there is convergence in probability in (40). On the other

hand the left-hand side of (40) is £0, while its expectation is
1
SBLE(1— &o)log p.(01F0)1 7))
1
=—E(E( —&5175) log p,(01F5))
1 i € e €
=~ E(p.(0|5) log p.(0]70))
which converges to E(—A,) by (39).
1 1 1 Ly
Theorem 6. ——10g p,(¢H1¢% 5, )+~ &6 { log ., —log | —— 4.
Proof. The left-hand side is
1 & 1 e & 1 £ 7%
—~ Co{ log{ 2 p.(1]75) | —log 4., — (1= o) logp.(01 %o).

By the corollary to Theorem 4 and (40) it is sufficient to show that

1 1 1 1 1
~&Glog (" p(1 l%)) —— &5 log < p.(1 lfcf)) -0,
& & & &

(41)
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But clearly

| & (mg(lmll ))—log(lps(llg"cf)))

1
[z (} 1o (éps(u%)) ~tog 1 .017)

1
-E [gpa(u%)-

)]

|

=E|p,(117) log (1 p.g(luo)) < p11%) log( psmf;))

g n.11)) e (! 1155)

and the result follows from Lemma 5.
We now derive a number of corollaries from these theorems. Let

1
X(EHIEE 1, &, . )= —.ZO pe(i1&% 1, & 5, .. ) logp (i1E5 1, &5, ...

Clearly E(x(£51¢% 1, .. ))=H(&IEL ..
Corollary 1. Under (I} and (1), as e —0

1 1 1 Ly
S Hles ...)—(glog;) PALIE 1, )= A= Aglog Ao,

This follows from (37) and (39).

Corollary 2. Let n(s) be the greatest integer such that n(g) e <1. Under (1) and (II),
as ¢—0.

neE)—1 1 n(e) -1
ZO (SIS TN (10g) Z P(&G=11& -1, )
k=
L 1
— [(A4,—A,log A) dt.
0

In fact, by stationarity, the expectation of the absolute value of the difference
between the two sides is

1
n(s)sE‘ HEle 1,...)—<ilogg)P(éa=1lzal,...>

—% {(4,—A,log A) dt| +0(1)
0]

and this converges to 0 by Corollary 1.
Corollary 3. Under (1) and (I1), as e —0

1
%H(é%lé’il, &, ...)=(§logg> P(N[0,e)21)+A—E(Aylog A,)+o(1).
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From this we see that if n(s) is as in Corollary 2, then

H(E, &, Eyma 881, 80, )
=n(e) H(Zo1¢% 1. 625, --0) (42)

= (% log %) P(N[0,e)21)+A—E(Aylog Ap)+0o(1)

as ¢— 0. We comment on the connexion between this and (32) at the end of the
paper.
Corollary 4. If in addition to (1) and (1I) we assume

(1) (on[f(tm)]dt)logs——»O as ¢—0
0
then
1 1
;H(ﬁ%lf‘_l,fiz,...)=/110gg+/1——E(/1010gA0)+0(1).

To prove this we make use of the following lemma.
Lemma 6. P(N[0,e)=21)=4¢—AE, (j (e—=1) f(t]n) dt).
0

Proof. By (8) and (11)

P(N[0,8)=1)=] gf P(N[0, &)= 1]|8=t, { =x) P(0edt, {edx)
Cc 0

t+e

} f(s]x)ds Adt B(nedx)

.

By Fubini’s theorem this is equal to

wo(?( f dr) Fisln) ds)

0 \max{s—g, 0)

Ot 8

i

t+e

[
PN

]

O 8

f(sln) dsdt).

0 €

=J.E, (j‘ sf(sln) ds+°joef(sln) ds)
_JE, (:j;sf(s[n) ds+e [1~(jjf(s]17) ds])

which implies the lemma.
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This shows that

1
A logl——lP(N [0,e)=1) logvl
& & &

g, (y —1) f(t|n)dt> llogl

<IE, (f f(tln)dt) lloge|
0

which, combined with Corollary 3 and (III) establishes Corollary 4.
Condition (I1I) is relatively mild and ensures that f(t|5) does not “explode™
too fast as t— 0. It is satisfied for instance if E¢( sup f(|n))<co for some £>0.

O0=r=e

The function

t7'(logt)~2 if O<t<Le !

f(”x):{o if t>e!

is an example (renewal process) for which the conclusion of Corollary 4 is not
true.
A glance at (29) justifies the following definition.

Definition. We call A—E(AjlogA,)=E(A,—AylogA,) the entropy rate of the
given point process and denote it by H.
We can now reformulate Theorem 3 as follows.

Theorem 3a. If By <P on %,, then

H=lH@mnoln_1.n_,,...)

where the conditional entropy on the right is taken with respect to the Palm
probability P,.

By Fubini’s theorem and Jensen’s inequality

He=—1 | Eo(f(tin) log f(tin) di

< i °j° Eo(f(tln) log Eo(f (¢ln) dr.
Setting F(t)=E,(f(t|n)) we have

Corollary 5. H< — A | F(t)log F(1) dt. If { F(t)log F(t) dt < oo, then there is equa-

o] 0
lity if and only if for almost every t=0 f(tln)=F(¢) Py-as., ie. if and only if the
point process is an equilibrium renewal process.

Thus amongst the point processes with a given F(f) the entropy rate is
maximal for the renewal process. It is easy to prove that the entropy rate of the
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superposition of two independent point processes is less than or equal to the
sum of their entropy rates.

Note that Corollaries 1-4 followed from Theorem 5. We now turn to Theo-
rem 6 and look at one important consequence. First define

ps(i07 il’ et inléa—la 58—29 )=P(§%=10, ey fi'—:inlfila éE—ZJ )

Corollary 6. Let n(c) be the greatest integer such that n(s)e<1. Under (I) and (1I),
as g—0

1 ng)—1
—10g P (o, +oos Eipy 11851, €55, 00) <log) Z &

1
[ Adi— Y logA,,.
0

0=<; =1

Proof. Since p,(&, ..., EE 1, ...)=[] p,(&léi_,,...) we deduce by stationarity
k=0

that the expectation of the absolute value of the difference between the two sides
is less than or equal to

1
n(e)eE | ——logp,(&Hlet 1 -.)— ( log )f‘

1 1
-—Ef/ltdt-l-—g- Y logA, |+o(l)
0

O<ri<e
and the result will follow from Theorem 6 if we show that
1 1 1
= Y logd,—~ZlogA,, o
€ O=s1<e

Again by stationarity

1 1
El- Y logA, —=¢&logd,
O=Zti<e &
1
én Br n(e) E( Iyio, 522 ;(8 llog A,

1 n(e)—1
=1, E( kZO Lo v vosz 2 |10g/1ril>

ket <(k+1)s

and the last expectation converges to O since the integrand converges to 0 as.
and is dominated by Y  |logA, | which is integrable by (6).

O=rs1

§5. Connexion with the Likelihood Function

Let us now consider the entropy of our stationary point process over a finite
interval, say [0, T]. We assume hypotheses (I) and (II). By Theorem 1, for any
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aeR and any t>a
1 Ly
- P(N[t, t+a)Z1|F,, ) —— E(A4,1F, ) (43)

Set A, =E(A,|#,,,)- 1t is known that the existence of the above limit in L, for
a=0 and every te(0, T] implies P <IT on % 1, and that the corresponding
Radon-Nikodym density (likelihood function) is

= ] 4. - exp [f (1—Ap,,) dt]
0L =T

(See [14, 17, 1, 9]; cf. also [8] for the case of marked point processes.) If instead
of the restriction of IT to #, 5 we consider as in (30) the measure e’ I1, we
obtain the modified density hy=e Th;, and the corresponding information
function is

T
—loghy={ Ao ydt— Y logAgy .. (44)
4]

0=u=T
If we denote by H the entropy of the point process in [0, T] as defined by Fritz,
then
H,=E(—loghy)= j EAp, ndt—E( Y logAy ). (45)

0t =T

One can prove as in (36) that E(Ay ,logA, )SE(A,logA)<o. Since
E(Alog Ao, ) =E(A}, ,log Ay ) it follows from (6) that

E( Z 1Og/l[o f,)) j‘E(A[o ) 1Og/l[o z)) dt. (46)

0=y, =T

From this and (45) we obtain
T

Proposition. H,= | E(4, ,(1—logA, ) dt.
0

The reader is invited to check that the proof of this proposition goes through
without the assumption of stationarity; we shall not go into this here. Under
stricter assumptions involving the infinitesimal birth equations the above pro-
position follows from (3.6) in [10]. Similar calculations have been given by
Brémaud [1] and Grigelionis [8] in connexion with the mutual information
between two point processes. Cf. also [7].

Now notice that by Lemma 5

L
A=y 0y 1084,y o) — > Aglog A, (47)
Ly
AglogA;_, o — = Aglog 4, (48)
T

as t— o0. Since, by stationarity we have HT—j E(A;_, ol —logA,_, ) dt, we
obtain:



210 F. Papangelou

1
Corollary. H= lim — H

T-+00

This corollary shows that the entropy rate H as defined above agrees with
the one which is implicit in Fritz’s generalisation of McMillan’s theorem
(see [5]). In fact in the present case we can obtain this theorem directly from (44)
and identify the limit as follows. Let ¢ be the o-field of shift invariant events in
Q.

Theorem 7. Under hypotheses (1} and (II)

1 -
lim (—?Iog hT> =E(A,—AylogA,| #) in L,-mean.

T

In fact, if we set

T
[ 4, -exp [—jAtdt]
0

0=t =T

then, by (6),

1 T
E ’—log hT——log hy

1 T
é? E( Z IIOgA[O,ri)_logAriI)-i__IE’A[O,l)_At’ dt
0<<T
lT
—j"E(AtIIogA[O n—log A, dt-l— f E|Ay, — A, dt

H
<]

17 1T
=——(Eld,log A,_, o)—Aplog Ag|dt+= j"EIA[ 1oy~ Aoldt
0

b~]

which converges to 0 as T— oo, by (48). To conclude the proof one then follows
the standard step of applying the discrete ergodic theorem to the random

- 1 - . o
variable —logh, to deduce that —Flog hr converges in L. The limit is clearly

shift invariant and its integral over any shift invariant event A agrees with that
of Ay—Aglog A,. (Apply (6) with Z,=1 ,logA,, bearing in mind that A differs by
a null set from a set in () #,; see [3 p. 459])

teR
We conclude with some remarks on (42) and Corollary 6. It is easy to see

that (32) implies

1 1
H(&, ..., i(£)41)=(510g5> P(N[0O,e)=z1)+H, +0o(1).

1
Since H; = E(Ay, (1 —logA, ,))dt we see that the analogue of (42) for the

0
“unconditional” entropy follows from Fritz’s result and the above Proposition.
On the other hand if we let o/, (n=1,2,...) be the o-field generated by
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cf%., ﬁéﬂ ,» then by Theorem 4 in [5] (applied to the measure eIl on F, 4y)

o dn> L logh,. (49)

(This generalises a result of Perez. What is involved here is a submartingale with
a directed parameter set). (49) and (44) easily imply

[y

[ sl
—logpy (63, ..., &%) —(logn) kz s i (0.0 O<Z<1 log A, .,
1 1

where we have put p1(i,,...,i,_) =Py =iq,..., &% _, =i, ). This is the anal-

ogue of Corollary 6 for the “unconditional” information function. This state-
ment is true without the assumption of stationarity, provided we replace (II) by

1
§ E(Aj, ,(1—log A, ) dt < c0.
0
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