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Summary. If K, denotes the k-th maximal spacing generated by an iid.
sequence of random variables uniformly distributed on (0, 1), we show that
for any p=3,

PnK,zLogn+(2Log,n+Logsn+... +(1+¢)Log,n)/kio)=1 or 0

according as ¢<0 or £>0. We also obtain strong limiting bounds for the
record times and inter-record times of K.

1. Introduction

Let U;,U,,... be a sequence of independent uniformly distributed random
variables on [0,1]. Let U"=0<UP <...<UM<U" =1 be the order statistic
corresponding to 0,1, U,, ..., U,. The corresponding spacings are defined by

Sgn)zUi(n)_Ui(f)p 1<i<n+1.

Let K, ,>K, ,>...>K, ., be the order statistic of the spacings. For any
k<n, K, , will be called the k-th largest spacing of order n, and M, =K, ; the
maximal spacing of order n.

The upper class for M, nToo is yet known and given by

PinM,zLogn+2Log,n+Logyn+...+(1+¢Log,n i.0)=0 or 1, (1)

according as ¢>0 (Devroye [4]) or ¢<0 (Deheuvels [2]), for any p=3, where
Log; is the j-th times iterated logarithm.
For k=2, however, the best results available up to now are:

1 .
P (nKn,kgLog n+;(2Log2 n+Logyn+...+(1+¢)Log,n) 1.0.) =0 (2)

for any ¢>0 and p=3, and
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2—¢

P(nKn,kg Logn-+ %

Log,n i.o.) =1, (3)

for any ¢>0 (Devroye [4]).
The aim of the following is to make this result more precise, by proving:

Theorem 1. For any fixed k=1, if K,=K, , is the k-th largest spacing of order
n, then

1
P(nKngLogn+E(2Log2n+Log3n+... +(1+8)Logpn> =0 or I,

according as >0 or ¢£0.

In the proof, we shall make use of a sequence of random stopping times
defined on U, U,, ... in the following way. For any n2k, note by I, =1, , the
union of the spacing intervals corresponding to K, |, K, ,,...,K, ;. The length
of I, will be denoted by L, =K, ,+...+K, ,. Put now

N, =k

N,=In[{m>N,_,;L,<Ly_}, n=23 ... )

The definition of N;,N,,... corresponds to the fact that K, ,,...,K, , re-
main unchanged when n varies between N, ; and N,. When n takes the value
N, one of them decreases, U, falling then in I, .

Our main results about N;, N,, ... are the following:

Theorem 2. For any fixed k=1, if N;, N,, ... is defined by (4), then

Nn=exp( 2n/k +“Ll£[;)_g2l>,

LimSupa,=1 as., LimInfa,=-—1 as,

n® n>*

where

and, for any j=4, almost surely

N _
LimSup {k (—ﬂ;\f—N”) LogN,—2Log,N,—Log, N,—...—Log;_ 1Nn} /Longn
! =1 as. (6)

Remarks. 1°) Theorem 2 makes precise Theorem 1 of [2], where it was proved
in the case k=1 that

N,=exp(}/2n+0(Logn)) as.

2°) The study of the sequence {N,,n=1} has some interest in itself. In fact,
it is for the maximal spacings the equivalent of the record times for maxima of
iid. sequences (see [3]). It behaves though in a quite different way. We shall,
in the following paragraph, describe the main properties of this sequence which
we have named as the record time sequence of the k-th maximal spacing.
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2. The Record Time Sequence of the Maximal Spacings

We shall, in the following, use the notations of §1 and assume that k=1 is
fixed.

Lemma 1. The sequence N,=k<N,<...<N,<... is an increasing sequence of
stopping times on U, cU,c...cl =¢(U,,...,U)c.... Furthermore, if U(N,)
denotes the o-field generated by the events measurable on U,, ..., Uy , then

P(N,,, —N,zrU(N)=(1—Ly)~!, r=12... %)

Proof. The first part of the Lemma is straightforward. For the second, note
that if Ly is given, the probability that N, ,—N, is greater than r is the
probability that at least r independent U, fall outside Iy . The result follows.

Lemma 2. For any >0, there exists almost surely an n, such that for any nzn,,

ko1
—k(1+eg)Logsnsnl,—kLogn<(2+¢) (Z ;) Log,n, (8)
i=1

and .

1
—k(1+¢e)Logy N,SN,Ly —kLogN,<(2+¢) ( Y 7) Log, N,. 9)

i=1

Proof. Note first that by (4), N,=n and the sequence N, increases to infinity.
Hence, it suffices to prove (8), which in turn follows from (2) and (see Devroye

[51)
LimInf(nK,—Logn+Log,n)=—Log2 as. (10)

Lemma 3. On the same probability space where U,,U,, ... is defined (eventually
extended ), there exists a sequence {,,(,,..., independent of U,,U,,..., of inde-
pendent uniformly distributed on [0,1] random variables such that if for n
=1,2,...,

0, =(=Log(1 =Ly ))(N,,, =N, —1)=Log(1 ={,(1-Ly,)) (11)

then the sequence {w,,n=1} is an i.id. sequence of exponentially E(1) distributed
random variables such that, for any nz 1, @, is independent of Y(N,) and satisfies

N w, 1_Log(l —C,,LNH)_*[ ,

N=—_ " = 1
"L _Log(l—Ly) Log(1—Ly) —Log(l—LNn)]+ > (12)

where [u] denotes the integer part of u.

Proof. 1t follows as a direct corollary of [3], Theorem [. Note that Lemma 3 is
essentially the same as [17], Lemma 2.
In the following, we shall use the notations

)"YI:LNyJ n=1,2,....

1 1 1
—+— and

Lemma 4. Let, for 0<z, {<1, ¢(Z)=m— 2
—Lo — ¥4
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Log(l1—¢z2)

VD=~ e —s)

+{,  then,

—%<¢(2)<0 and 0<y((,2)<(z.

Proof. See [3], Lemma 3 and Lemma 4.

Lemma 5. For any r>0, Lim N,/n"= + c0.

Proof. The result is clearly true for any r:0<r<1, since by (4) for any n=1,
N,=n. Let us assume that it is true for some r>0. If we use the fact that (see

9) as noo, A,~k(LogN)/N, a.s, we obtain that 1,=o(Logn)/n") a.s. Next, by
(12) and Lemma 4,

® 11 2
N ,-Nz—n  >gpl——— Il
s "~—Log(1—zn)—‘“"{zn 2 2}

By summing up and by Kronecker’s lemma, it follows that

n— r+1

1
Nn:k+z (]Vi+1_Ni) -
i=1

~(Logn)o(l)
Hence, the result is still true for r+4 and also for any r>0.
Lemma 6. Almost surely as nf oo,

w, N
N, . —N ~-—""—
n+ 1 n kLOg]Vn

N
Proof. It suffices to prove by (12) and (9) that LimL—“;;—JQ= + oo as.

This follows from Lemma 5 and:

Lemma 7. For any p=1,

P(w,zLogn+...+(1+¢)Log,n i0.)=P(w,<(n(Logn)...(Log, n)t+5-1t 10)
=0 or 1

according as ¢>0 or ¢<0.

Proof. By Borel-Cantelli.

Lemma 8. Almost surely as nfoo,
Log N, ~V 2n/k.

Proof. By Lemma 6 and Lemma 7,

wn

L =L —_
OgNrH—l OgZ\rn+kLOgNn

(1+o0(1)) as.
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By taking squares,

2w
Log®N,, , —Log?>N,= ”(1+0(1)) a.s.

It follows by summing up and using the law of large numbers that
Log?N,~2n/k as. as nfoo.

Lemma 9. Let for n>1

)
N, ,=Nj<1 —(1+06
n+1 n{ +kLOgM( + n)}
Then
LogN, 4k 1
L Z<-) —a.
III:EupénLngNn—ki—Z;i o
k1
Proof. By (9), if C=(2+¢) ) o as nfoo, we get
i=1
1 1 _|__CLog,N, ClLogN,

|=kN, i LogN,  k*Log?N,’

Next, from (12), using the notations of Lemma 4,

w, 1
MH—I_Nn:j‘_n_E z +CU (ﬁ(l)"{_w(cm n)
kLogN,
Clearly, by Lemma 4 and Lemma 7, since by (9), /ln~~—]c\)jg‘” a.s.,

n

w, i 1 Logan)
NI (Aot Yo
Nowr =N, {kLogN (Nn/ln kLogNn)+ ( N

hn

Finally, we use the fact that, as nf o0, w,<(1+¢)Logn~2Log, N, as.
Lemma 10. Let for n=1

w,(143,) &, w2
LogN,. ,=LogN,+— e B s 13
M1 =LOB N, kLogN, 2k*Log*N, 13)
then
Lime,=1 as.
Proof. 1t follows from Lemma 9, by taking logarithms.
We now take squares in (13). It gives
LOg n+1" L0g2 Nn
20,(1+6,)  gop  &wi(1+9,) w.(1+6,) N & Wy
ok k*LogN, k*Log®*N, k*Log>N, 4k*Log*N,’

Next, since LogN,~)/2n/k by Lemmas8, we get easily the following eva-
luations:
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n n 2

2
& ; w;

P Logh,~ & i 2i/k

~(2/k3* 1/ n as.,

n 0‘)12 n 2

w;
i=zl k? LngNi 121 2ki

&, W g, 0

-Zlm<w and 24—k~4—*<oo a.s.

n

[o'e]

From there the following result can be proved.

Theorem 3. If {N,,n=1} is defined by (4), then, on the same probability space
(eventually extended), it is possible to define an iid. sequence {w,,n=1} of
exponentially E(1) distributed random variables such that

2 n
Limn‘”z{Logan—% Zwi}:Re]—oo, +oo[ a.s. (14)
noo i=1
Corollary 1. If N(0, 1) denotes the standard normal distribution, then, as n— o,
2 Rk
{LogzN ——”}—— —, N(0, 1)
29/n k{2

and

V/2k {LogN,—1/2n/k} —Bz—k—ww(o, 1).

Proof. 1t follows directly from Theorem 3 and the central limit theorem.
Proof of Theorem 2. Note first that (5) is a direct consequence of Theorem 3

and of the law of the iterated logarithm applied to Z ;. Next, we prove the
following Lemma. i=1

Lemma 11. Almost surely as n7 o,

Log, N,=1 Logn+4Log(2/k)+0(n~'"?Logn),
Log;N,=Log,n—Log2+0(1/Logn),

and, for any p =4,

p—2
Log,N,=Log,_;n+0 (1/]—[ Logjn).
j=2

Proof. It suffices to take the p-th iterated logarithm of both sides of (5).

It is possible by Lemma 11 and Lemma 7 to prove that, for any p=3,
P(w,z2Log, N,+Log; N, +...+(1+¢) Log, N, i.0)=0 when ¢>0 and 1 when
¢<0. Finally, by Lemma 9, almost surely as n{oo,

k{ﬁ—%ﬂ} Log N, =, (1+0(L;‘;")> (15)

This suffices to complete the proof of (6).
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Let us now consider (15), and evaluate:

Lo
Logk+Log(N,, , —N,)=Log N, —Log, N, + Log @, + 0 ( S ”) as.

n

An easy deduction from Theorem 2 and Lemma 7 gives the following
result.

Theorem 4. If {N,,n=1} is defined by (4), then,

Lim Sup(Log,n)~* {Log(N,, , —N,)—1/2n/k+5 Logn}=1 as.,
and
Lim Inf(Log,n) ™' {Log(N,.; —N,)—1/2n/k+3 Logn}=—1 as.

Further expansions of the upper and of the lower class of N, ; —N, may be
deduced easily from Lemma 9, Lemma 7, and Theorem 2. It may be remarked
here that theses classes differ from the classes of N,.

3. Upper Bounds for the k-th Maximal Spacing

We shall now give the proof of Theorem 1. Even though this proof follows
closely the case of k=1, treated in [2], the extension from this case to an
arbitrary k is not trivial and needs to be detailed.

We first define the sequence {n,,[=1} by n,=[exp(2l/k)], I=1,2,..., and
put T)=w,,. Next, we consider the random sequence defined by

(1)=Min {I21; L, >L, },

. (16)
lry=Min{l>I(r—1); L, >L, }, r=23 ...

Lemma 12. If {I(r),r21} is defined by (16), then {ny,,,,r21} is an increasing
sequence of stopping times on {W,,n=1} and if for r=1,2,..., 0, =w,,, ,, then
{6,,r=1} is an i.id. sequence of exponentially E(1) distributed random variables.

Proof. See [2], Lemma 4.
Lemma 13. With the hypothesis of Lemma 12,

el/k

Lim ! =
im I(r)/r ]

0

a.s.

r

Proof. See [2], Lemma 5.

Following exactly the proof in [2], it can be seen that Theorem 1 will be
proved for an arbitrary k=1 if the following Lemma is true.

Lemma 14. For any j=4 and ¢>0,

1 N
Lim — > I(nK,—Logm=—cLog;n)=1as,
N® Nl=1

where 1(A) denotes the indicator function of the event A.
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To see that it is indeed the case, it can be verified that then, as in [2]
Lemma 8 and Lemma 10, there exists a.s. an infinite set of indices n such that:

nkK,zLogn—cLog;n, (17)
and hence, since L, = kK, that
nL,zkLogn—ckLog;n,

and such that there exists an m>n with L, =L, and K,,=K,, satisfying:
- 1
( " )Logn>k(2Log2n+Log3n+ .+Log;n), (18)

by an inequality analogous to (8).
It follows from (17) and (18) that

1 1
me>Logm+%(2 Log,m+Logy;m+...+Log;_m)+ (E—c) Log;m+o(1),

proving Theorem 1.

An important point of this proof is to note that any index n where K,
decreases is also an index where L, decreases. Hence, if L, =L,,, we must have
K,=K,,.

We shall not repeat here the steps detailed in [2], which are, after the
preceding remarks, identical in the case k=1 and k=1. It remains only to
prove Lemma 14.

To do so, we shall use the following evaluation given by Devroye [4],
Lemma 3.2:

Lemma 15. If a,—0 and a, Logn— 0 as n— o0, then,
P(nK,/Logn—1< —a,)~n* "D exp (—n*)/(k—1)!. (19)
If we put a,=(c Log;n)/Logn, we obtain that

P(nK,<Logn—cLog;n)~(1/(k—1)!)exp(—exp(a, Logn)+(k—1)a,Logn))
=(1/(k—1)!) exp(—(Log;_, n)+ec(k—1) Log;n).

Let n,=1(n,K,,—Logn < —cLog;n). By the preceding evaluation,
E(m)~(1/(k—1)) exp(—(Log; _,V 2l/k) +c(k—1)Log; , 1/ 2l/k)—~0 as I-oco.
1 n
The Lemma 14 will be proved if we prove that Lim— Z (n,—E@m)=0, or

. ) 1
equivalently (see [12]), if fn_ﬁ z #;, if there exists an a>1 such that
1=1

Y. D) <0, where DHE)=N"> 3. ¥ (1, m) ~E(1) EOr).

i=11=1
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Let us now put ¢>1, j=4, b,=[i/(Logi)* **], where ¢>0,

jemd l=itb;+1

N i+b;
_2; ZbCov (n;,my), and By=N~ Z Z Cov(n;, ).

i

Clearly E(n)=o0((Log;_;)~?), I-co, and, as in [2], (26), it follows that A
=0((LogN)~**(Log;_yN)~? as N-oo. Consequently if a>0, then
Z A[u"]<oo'

Followmg [2], it suffices to prove that Z Bimy<00. To do so, we have to
evaluate E(n;#,) when [ >1+b By a s1m11ar proof as in [2], we obtain the

following upper bound for B,

N N
BN§N42 Z Z E(m){P(nsz“nSLOg ”1_CL0gjnl)_E(’71)}- (20)

i=41l=i+b;i+1

Next, it follows likewise from [2] that
n,(Logn)/m <n,(Logn,, bi)/nH—bi
=c;=exp(—b,(1+0(1))/}y2ki)—0 as i—0.
Hence, we get

P(”sz_ni <Logn,—c¢ Logj m)=P(n,—n) K, . <Log(n,—n;)—c Logj n,+0(cy).

1 —

NN
Finally we get from (20) BySN~2Y Y  E(n,)7; where
i=4 l=i+b;i+1

7i={P(n—n)K,,_, <Log(m—n)—cLog;m~+0(c))—P(n K, <Logn
—cLog;mn)}.

Following the bounds given in Devroye [4] (3.3) and Lemma 3.1, if L is
the k-th largest of n independent identically distributed random variables with
exponential density and whose sum is 7, then

P(L,<(1—a—b)Logn)—P(T, <n(l—-b))<PnkK,/Logn<l—a)
SP(L,<(1—a+b)Logn)+P(T, Zn(1+b)), (21)

and for n large enough,
P(T,—nl2bn) S2 exp(—nb?/4)

Let us take now in (21) a=a, and b=n"*'* Tt follows that

k-1
P(T,—nZbn)<2exp(—)/n/4). Next, P(L,<x)= ¥ n) (1—e >y e
i=o
Put for j=0, ...,k Cﬁ(x)z(?) (1—e "~Je=7*. We get, for any ¢>0 as n— oo,

Ci(1—a+b)Log n)—lv (1 +0 (1)> exp(—n*TP+ 0@ ) +j(aF b) Logn).
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If now a=a,~c(Log;n)/Logn, it follows that for any 6>0,

Ci((1—a:£b) Logm=n'exp (—n) (1+0('~4).

Hence,
k-1
P(nK,/Logn<1—a)= Y. nexp(—n*)(1+0(n" 1)
je=0

J
From there it follows as in [2] (27) that

BySN2Y Y E()E)o(!™ ) =0(N""),

Hence ) B <oo and the proof of Theorem 1 is complete.

n=
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