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1. Introduction

The theory of probabilistic metric spaces is of fundamental importance in
probabilistic functional analysis. Recently, some fixed point theorems for map-
pings in a probabilistic metric space (PM-space) were proved by several au-
thors [1-5, 10, 13]. The purpose of this paper is to give some new fixed point
theorems which generalize and unify the corresponding theorems stated above.
As an example of applications, in §5 we use the results of the type considered
in §3 to study the existence and uniqueness of solutions of nonlinear Volterra
integral equations on probabilistic metric spaces.

2. Preliminaries

For the sake of convenience, following [2], we first introduce some basic
definitions and concepts.

Throughout this paper R denotes the real, R* =[0, cc), Z* is the set of all
positive integers.

Definition 1. A mapping F: R—R™* is called a distribution function if it is

nondecreasing left-continuous with inf F(t)=0, sup F(r)=1.
teR teR

In the sequel, we always denote by & the set of all distribution functions,
and H will always denote the specific distribution function defined by
0, =0,

H(T)___{l t>0.

Definition 2. A mapping 4: [0,1]x[0,1]—[0,1] is called a t-norm if it satisfies
the following conditions:

(4-1) Ala, )=a,  A(0,0)=0;
(4-2) A(a,b)=A(b, a);
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(4-3) A(c,d)z Ala,b) for cza, d=b;
(4-4) A(4(a, b), c)=A(a, A(b, c)).

We list here three of the simplest t-norms which will be used.

A,=max{sum—1, 0}, 1ie A4,(ab)=max{a+b-—1, 0}, Va,be[0,1].
A,=product, ie. 4,(a,b)=a-b, Va,bel[0,1].
Ay=min, ie. 4;(a,b)=min{a,b}, Va,be[0,1].
Definition 3. A Menger PM-space (briefly Menger space) is a triplet (E, % 4A),
where E is an abstract set of elements, # is a mapping of ExE—> % and 4 is a

t-norm satisfying the following conditions (we shall denote the distribution
function #(x,y) by F, )):

(PM-1) F.,=H if and only if x=y;
(PM-2) E, ,(0)=0;
(PM'3) Ec,ysz,x;

(PM'4) Fx,z(tl +t2)gA(F:x,y(t1)a }7y,z(t2))5 V X, Y, ZEE, t19 tz 20

Schweizer, Sklar [8] have pointed out that if (E, % 4) is a Menger space
with continuous t-norm A, then (E, %, 4) is a Hausdorff space in the topology
J induced by the family of neighborhoods

{U,(e,2): peE, £>0, 1>0}, 2.1)

where U,(e,2)=1{x€E, F_ ()>1—A}. From the topology J we can derive some
notions as follows:

Definition 4. Let (E, F, ) be a Menger space with continuous t-norm 4. A
sequence {x,} cE is said to be J-convergent to xeE (we write x,—Zx) if for
any ¢>0 and A>0, there exists a N=N(gA)eZ" such that F, (e)>1-4
whenever n= N.

{x,} <E is called a 7 -Cauchy sequence if for any ¢>0, A>0, there exists a
N=N(e,A)eZ* such that F_ (¢)>1—A whenever n,m=N.

A Menger space (E,#,A4) is said to be Z -complete if each 7 -Cauchy
sequence in E converges in 7 to an element in E.

Definition 5. Let (E, % A) be a Menger space with continuous t-norm 4, T a
self-mapping on (E, % A). T is said to be 7 -continuous if, whenever {x,} —E
converges in 7 to a point xeE, then Tx,—Z> Tx (n— o).

Lemma 1 [8]. Let (E, #, A) be a Menger space with continuous t-norm. Then {x,}
< E is T -convergent to xcE if and only if for each teR

lim F,__(t)=H().

n— o0
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3. Common Fixed Point Theorems for a Sequence of Mappings

Definition 6. A set B< (E, &, A) is called probabilistically bounded if

sup inf F, (t)=1.

t>0 p,qeB

Throughout this section we always assume that (E, % 4) is a J -complete
Menger space, 4 is a continuous t-norm which is stronger than 4, =max {sum
—1,0}, ie 4d(a,b)=4,(a,b), Va,be[0,1], and the function &(r) satisfies the
following condition (&):

(P): &(t): RT—R* is strictly increasing, ®(0)=0, and &"({)— o
(n— ), V>0, where @"(t) denotes the n-th iteration of &(¢).

Lemma 2 [8]. Let (E, %, 4) and 4 be the same as above. Suppose that xn—‘z»x,
yn’7—> y and that F,  is continuous at t,eR. Then

lim F, , (to)=F,,(to).

In particular, under the hypotheses of Lemma 2, if y,;L y, then

hm Fx, yn(tO) = Fx,y(t())'

n—oo

Theorem 1. Let (E, % A), A, and @ be the same as above. Let {T,}>° |, be a
sequence of self-mappings on (E, %, A). Suppose that there exists a functional
sequence {m,(x)}> . (E,# A)~Z* such that for each neZ" and each xeE,
m, (x)|m, (T, x) and that for any i,jeZ*, i+j and x, yeE the following holds:

Frpeycoz, rmyny (1) 2 min F, ((®@)), ¥120. (3.1)

P.qe{x, y, T Cx, T y)
Suppose further that there exists some xy,€E such that the set {x,}>° ,<E,
x,=Tmn-vx . n=12,.. (3.2)

is probabilistically bounded. Then there exists a unique common fixed point
x,eE, and xninc*.
Proof. For given x,cE we prove that the sequence {x,} defined by (3.2) is a 7 -

Cauchy sequence of E.
In fact, for any i,jeZ 7, i=j it follows from (3.1) that, V=0,

v

in’xj(t) = Fromtei -y, st - Dxjy ®) min F, (@(1)). (3.3)
' 7 P AE{Xi - 1, %5 - 1, X4, X5} E

Therefore for any m,neZ* (m<n) from (3.3) we have

inf F, (0= inf FE, ().

po
msi,j<n m—1<i,j<n
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By the arbitrariness of neZ* (n>m) we have

inf £, (02 inf F, (@)= sup inf F, () (3.4)

i,jzm i,jzm—1 u<®t) i,jzm—1
By induction, it is easy to prove

inf F, (02 inf F,_, (2"(1))2

i,jzm i,jz20

2 sup inf F (W), m=12..Vi=0. (3.5)

u<®m() i,jz0

In view of condition (®) and the probabilistic boundedness of the set {x,}
defined by (3.2) it follows that

lim inf F, ()2 lim ( sup inf F, ()

m—oo i,j=zm m—-o00 u<®M() i,j=0

0 t;oa,
{sup inf F_ () t>0,

u>0 i,jz0

0, t=0,
= - tZ . .
{1’ (>0 H(), Vt=0 (3.6)

Consequently for any given ¢>0 and A>0 there exists N=N(g, )eZ* such

that
inf F, ,()>1—-4, VYmzN.

i,jzm
Therefore we have
E, xj(s)>1——/1, Vi, j=N. 3.7

Xis

This implies that the sequence {x,} defined by (3.2) is a 7 -Cauchy sequence in
E. By the 7 -completeness of E we can suppose that x, ——»x eE.
Now we prove that x, is a common periodic point of {T}n 1 Le

T x, =x,, n=L12,...
Indeed, for any ieZ™, it follows from (3.1) that for any n>i we have

Fx", Ty (x4) x*i(t) = FT;."n(xn— UXpe1s T;"f(x*)x*(t)

= min F, (@), Viz0. (3.9).
P> a€{Xn - 15 % Xn, TP (XD x4} ’
Let G, be the set of all discontinuity points of F, T x, (¢). Since @™ i
strictly increasing, we know that @~"(G,) is the sct of all dlscontmulty pomts
of F e (@"(t), m=1,2,...,. Moreover, Gy, ¢~ "(Go), m=1,2,... are all

countable sets, therefore

G=Gyu (él qs—m(Go))

is also countable. Let G=R*~G. When t=0 or teG (ie. t is a common
continuity point of Fx*,T;"i(x*)x*(t)7 and F, TP o (@T(1), m=1,2,..) it fol-
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lows from (3.8) and Lemma 2 that
Fx* T;"i(x*)x*(t) = lim Fxn, T;"i(x*>x*(t)
n—+go

2F, o (O(0).
Repeating this procedure we can prove that

F.. T;ni(wx*(f) 2F T{"i(x*?x*(@(t)) 2..2F T;nﬂx*)x*((pn(t))-
Letting n— oo and noting condition (¢) we have

F,, rmeps,()=H(t), VteG or t=0. (3.9)

X,

When teG with t>0, by the density of real numbers there exist t,,t,6G
such that 0<t, <t<t,. A distribution function being nondecreasing, we have
from (3.9):

1= H(tl) __‘Fx*, T{"i(x*)x*(tl) é Fx*, Tl!“i(x*)x*(t) é Fx*, T;m(x*)x*(tz) =1
This shows that for all reG with t>0

Fe, ey, ()= H(1). (3.10)

Combining (3.9} with (3.10) we have

Fo pmoeny ()=H(), Vtz0. (3.11)
i.e.

x, =T x,, i=1,2,...

To prove that x, is the unique periodic point of {T,}>* , we proceed as
follows.
Suppose that y, eE is another periodic point of some T}, i.e.
y* — ijJ-(y*) y*_

Hence for any ieZ*, i=+j, we have

Fx*, y*(t)=FTlmi(x*)x*,T;_nj(y*)y*(t)g min qu(@([))
Py GE{Xs; Vs X Vi)

:Fx*,y*(¢(t))’ vtgo'

Repeating this procedure we can prove

Fx*’y*(t)ng*a)’*(Qn(t)L n:1,2,--., Vtgo
Letting n— oo and noting condition (®) we get
FX*-Y*(I):H(I)a v IZO, ie. Xe =V

Furthermore, by the assumption that m,(x){m,(T,(x)), VxeE and for all
neZ™, there exists for each i=1,2,... some k;eZ™ such that

my(T; x,)=k;m;(x,). (3.11)
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Hence we have for each i=1,2,...

— m; — 2m; - = kim;
’T;x*_'I:’I; (x*)x*_]’i]; m(x*)x*__.”_]}ﬂ m(x*)x*

— WHENES) — mi(Tixy)
-T;’E x*x*_T; ¥ Tix*'

This implies that T;x, is also a periodic point of T;. Since x, is the unique
periodic point of T;, we have x,=T;x,, i=1,2,.... This means that x_ is the
desired unique common fixed point of {T,}%° ,.

This completes the proof of Theorem 1.

. t .. .
Taking 43(t)=%, he(0,1), t=20 it is easy to seec that &(¢) satisfies the con-
dition (®). From Theorem 1 we get the following

Corollary 1. Let {T,}2 ., (E, % 4) and {m, (x)}>°; be the same as in Theorem 1.
Suppose that for any i,jeZ ", i%j, and any x, yeE the following holds

. t
FTlm,-(x)x’T;rnj(y)y(t)g min F .a (—), Vt;() (311)

P
P-qeix, », TP )%, T @y} h

Suppose further that there exists x,€E such that the set {x,}>°_, defined by (3.2)
is probabilistically bounded. Then the conclusions of Theorem 1 still hold.

Remark 1. A particular case of Corollary 1 with T,=T, n=1,2,...,m(x)=m;(x), i
=1,2,..., appears in Istrdtescu [4].

Corollary 2. Let {T,}%° | be a sequence of self-mappings on (E, #, A). Suppose that
there exists a sequence {m }* | =Z% such that for any x, yeE and any i,jeZ™, i
#+j the following holds

t

Frpis, tiy (0 Z min  F,, (%) Vi20. (3.12)

p.qeix,y, Tiix, Ty}

Suppose further that there exists x,€E such that the set {x,}>_, defined by (3.2)
is probabilistically bounded. Then the conclusion of Theorem 1 still holds.

Remark 2. The main result of Sehgal, Bharucha-Reid [10] is a particular case
of Corollary 2.

4. Common Fixed Point Theorems for a Pair of Mappings

Throughout this section we suppose that (E, % 4) is a J -complete Menger
space with continuous t-norm 4, and that the function &(t) satisfies the
condition (®). Suppose further that S, T are self-mappings on (E, #, 4) and that
they are commutable and J -continuous. Furthermore we denote

OS,T(x;0> Oo)z{sl zj}?,ojzo, VXEE.

Theorem 2. Let (E, %, A), S, T and ® be the same as above. Suppose that for each
xeE the set Og 1(x;0, ) is probabilistically bounded. Suppose further that there
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exist mym'eZ”, m'+m=1 such that for each xeE and all t=0 the following
holds
inf F, )z inf F, (®(2)). 4.1)
p,q€0sT(S™T™ x; 0, 00) p,4€0s,1(x; 0, 0)
Then for each x,€E, the sequence {S"T"x,}>X o converges in I to some
common fixed point x, €E of S and T

Proof. Letting h=max {m,m'} for any given x,€E, from (4.1) we have

inf F, )z inf E, (0

p.qe0s,7(S#T"x0;0,00) p,4e0s, 7(SMT™ x0; 0, 00)

> inf F, (9(1))z sup inf F, ), Vt=0.

7 p,ae0s, (%03 0, 00) u<®(t) p,qe0s, (xo; 0. %)

By induction we can prove that the following inequality holds:

inf F, ()= inf F, (®(1))

p.4e0s,7(S"P Thhx0;0,00) p,qe0s,p(ST DT = Dhxs: 0, 00)

2.2 inf  F (@)

P.qe0s,1(x0; 0, 00}

> sup inf  F ), Vt=0. 4.2)

u<@"(t) p,qe0s,T(x0;0,00)

Invoking condition (@) from (4.2) we have

lim inf F, 0
n—00 p,ge0s, p(S"HT"Px0;0,00)
= lim sup inf F, (W)
n—o0 u<®t) p,geOg, 7(x0;0,00)
sup inf F, (W), t>0
—Ju>0 p,ge0s,7(x0; 0, 00) =H(I), Vi>0.
0, t=0

Therefore for any given £>0 and A>0 there exists a positive integer N = N{e, 2)
such that

inf F, (e>1-4, VnzN.

p,qe0s, (8" T""x0; 0, 00)

This implies that all subsequences of {S* T’ Xo}ij=o in which the indexes i and j
are both convergent to o, are 4 -Cauchy sequences. By the J -completeness of
E they all converge in J to the same limit x_eE. In particular, the following
three subsequences converge in J to the limit x :

" T"x} 0, {SS" T Xxo}alo, {T(S"T"xo)}Lo-
By the Z -continuity of § and T we get
X, =8x,=Tx,,

ie. x, is a common fixed point of § and T.
This completes the proof of Theorem 2.
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Theorem 3. Let (E, %, A), S, T and ® be the same as in Theorem 2. Suppose that
for each x€E the set Og (x;0, ) is probabilistically bounded. Suppose further
that there exist m,m',n,n' e Z* with m+w' 21, n+n'=1 such that for any x, yeE
and any t 20 the following holds:

inf F, 0z inf F, (®(2). (4.3)
p,4e{0s, T(S™T™ x; 0, 00) p,qe{0s,1(x: 0, )
w05, (S"T™y; 0, 00)} Vv O0s,1(y; 0, 00)}

Then there exists a unique common fixed point x, of S and T in E and for
any xo€E the sequence {S" T" x4}, converges in 7 to x,.

Proof. Letting h=max {m,m'n,n’} and taking y=x in (4.3) we have

inf F, 0z inf F, (@), VxeE, t=0.
p.4€0s,T(S"Thx; 0, 00) p,4€0s8,1(x; 0, 00)
By Theorem 2 we know that for each x,eE the sequence {S"T"x,} converges
in 7 to some common fixed point x,€E of S and T.
Now we prove that x, is the unique common fixed point of S and T in E.
Suppose this is not the case, hence there exists another common fixed point
v.€E of S and T. From (4.3) we have

F. 0= / inf , F, @
P, q€{0s, (ST x4;0,00) U Os, (ST y4; 0, 00)}

inf F, (2@)=F, , (&), Vi=0.

- P, q€{0s,7(x4; 0, 00) U O, 1(¥x: 0, 00)}

\

Repeating this procedure we can prove

F,,(O)2F, (®"(1), V20, n=12,....

Xy Vi

Letting n— oo and using the condition (@) we get

F, ,(@)=H(@), Vt=0,ie x,=y,.

Lies Vi
This completes the proof of Theorem 3.

Remark 3. The special cases of Theorem 3 with S=T and m'=n'=0 appear in
Chang [3].
As a consequence of Theorem 3 we have the following result.

Corollary 3. Let (E, #, A) and @ be the same as in Theorem 3. Suppose that T is a
T -continuous self-mapping on (E, %, A) and that for each x€E the set O(x;0, o0)
={T"x}2 , is probabilistically bounded. Suppose further that

(i) there exists meZ™ such that for all t=0

inf F, 6z inf F, (9(t)), VxeE.

p,4s07(T™x; 0, c0) p,4€07(x;0, 00)

Then for any x,€E the sequence {T"x,}_, converges in J to some fixed point
in E.
(i) there exist m,neZ™ such that for all x, yeE and all t=0
inf F ()= inf F, (®(1)).

PG\ =
P,qe{0O1(T™x; 0, 00) U O7(T"y; 0, 20)} P,q€{0T(x; 0,00) U O (y; 0, 00)}
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Then for any x,€E the sequence {T" x4}, converges in J to some fixed point
of Tin E.

Proof. Conclusion of (i) is a special case of Theorem 2 with S=1 (the identical
mapping), and conclusion (ii) is a special case of Theorem 3 with S=1.

5. Application

As an application, in this section we use some results stated in Sect. 3 to study
the existence and uniqueness of the solution of nonlinear Volterra integral
equations on a kind of particular probabilistic metric spaces.

Definition 7. Let (E,d) be a metric space. The space (E, %, 4) is called an induced
Menger space if A=A;=min(i.e. 4;5(a,b)=min{a,b}, Va.be[0,1]) and F is a
mapping from E x E— & defined via Z(x,y)=F, ,, where

F_()=H(t—d(x,y), Vx, yeE, teR.

X,y

It is well-known that if (E,d) is a complete metric space, then the induced
Menger space (E, %, 4,) is a g -complete Menger space (see [10], Theorem 2),
and that the sequence {x,} < E converges in  to a point x eE if and only if
{x,} = E converges in the metric d to x,.

In what follows let [0,a] be a fixed real interval (0<a<oo) and (E, || |) &
real Banach space. We denote by C([0,a]; E) the Banach space of all E-valued
continuous functions defined on [0,a] with norm defined by

Ixlic= Sup lx@llg,  x(@)eC([0,a]; E). (5.1)

Besides the norm || ||, the space C([0,a]; E) can be endowed with another
norm |- ||, which is defined as follows:

Ixlle= sup (e [x(®)l ), (5.2)

where L is any positive number. It is clear that the norm |- | is equivalent to
the norm || - [[.

In the sequel we also denote by (C([0,a]; E), % 45) the induced Menger
space where & is the mapping from C([0,a]; E)x C([0,a]; E) into 2 defined
by

F ,@)=H@—llx—yly) x(s), y(s)e C([0,al; E), teR.

x, ¥y

Now we study the existence and uniqueness of solutions of the following
kind of nonlinear Volterra integral equations

t

x(t)=y()+ [ K(t,s,x(s))ds, 0=t<Za, (5.3)

where y(t)e C([0,a], E) is any given function.

Theorem4. Let (E,||-;), C([0,a];E) and (C([0,a]l;E), # A3) be the same as
stated as above. Suppose that the following conditions are satisfied
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() K(,s,x(s)e C([0,a] x [0,a] x C([0,a]; E); E), and

IKlle=sup [IK(s,1,X)[|p<o0;

t,se[0,al,xcE

(ii) there exist meZ* and a constant $&(0,1) such that

t
Fimy, 7y (£)= min F (E>, Vx, yeC([0,a]; E), teR™,

p:q
p.ge{x,y, T"x, Ty}

where the mappings T and T™ are defined as follows:
t
(Tx)(O)=y(O) + | K(t,s, x(s))ds,
0
t
(T"x)(®) = y(O) + | K(t,5, T"  x(s)) ds;
0

(iii) for any x(t)eC([0,a];E) the set O4(x;0,00)={T"x(t)}>>, is bounded.
Then for any x(t)e C([0,al; E) the sequence {T"x(t)}>_, converges in the norm
|- ¢ to a solution x,(t)e C([0,a]; E) of equation (5.3).

Proof. The conclusion follows immediately from Corollary 2.
For similar results, see [6].
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