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Summary. Given a random field {¢,, veZ% } indexed by g-tuples of positive
integers and satisfying a strong mixing condition we study the approxima-
tion of the partial sum field {S,, neZ%} by Brownian sheet. Setting

G,={(ny, ...,n)eZ% :m2( [[ n), k=1 ...,q}

1<iZq, iFk

for 0<o<1 we show that in the domain G, the approximation S,— W(n)
=0([n]*'*~* as. is possible where 1>0. We also construct an example
showing that in a somewhat larger, similar type domain the above approxi-
mation is generally impossible, even with 1=0.

1. Introduction

Let Z4 (resp. Z%) denote the set of all g-dimensional vectors with integral (resp.
positive integral) coordinates. Let {£,, veZ%} be a random field with values in
RY, that is a collection of N-dimensional random vectors indexed by Z% . We
assume that

E¢,=0, E|&|PH<C  veZs (1.1)

for some >0, C>0 and that {£,veZ%} satisfies the following mixing con-
dition:
PS8y,  sup  |P(AB)—P(4) P(B)|
Aeco{&,: veS1}
Beo{&y: veSa}

SC(inf|p—y)atratr (1.2)

uesSy
veSa

for some 0<g<1/2, constant C, and any disjoint non-empty sets S, S, =Z%.
(Here o{*} denote the s-field generated by the random variables in the brack-
ets.) Set

E,=(EM, .., &MYy veZzd.
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16 1. Berkes and G.J. Morrow

We call the random field {¢,,veZ4%} weakly stationary if EEDED (u,veZd,
1<i,j<N) depends only on v—p ic. if there exist real valued functlons i b
1Z4,jEN, each having domain Z9, such that

r 0—W=EEPEY,  pveZi, 1<i,j<N. (1.3)

For any p, veZ4 the relations u<v (resp. u<v) are defined to mean p;<v; (resp.
u;<vy) for 1<i<q where p=(uy, ..., 1), v=0y, ..., ) Set e=(1,1,...,1), 0
=(0,0,...,0,) and define for veZ%

vi= 1 v

1=izq

where v=(vy, ..., v,). Put finally, for any de(0, 1)

G,= () vezi:viz ] W (1.4)
k=1

151<q, 1%k
Our main goal is to prove the following theorem:

Theorem 1. Let g>2, de(0,1) and let {&,, veZ} be a random field with values
in RN for some N=1. Suppose that (1.1), (1.2) hold and that the field is weakly
stationary. These hypotheses imply that the series

Vi = z ri’j(v) (1.5

veZa

are absolutely convergent for 1<i, jSN where the covariance function r; ; is
determined by (1.3). Moreover, I'=(y; )"V is nonnegative definite. Then, without
changing its distribution the random field {¢ ,veZ%} can be redefined on a new
probability space together with a g-parameter Wiener process {W(z), te[0, c0)?}
in RN with covariance matrix I' such that

sup [n]*=12 sup | Y &, —W()|<wo as. (1.6)

neGg esvEn pu<vy

Here G, is defined by (1.4) and A is a positive constant depending on the field
{¢,,veZl}.

A g-parameter Wiener process {W(z),7e[0, )¢} in RV with covariance
matrix I' means a (Gaussian) process with values in R", with independent
increments such that W(t)=0 if any of the coordinates of = vanishes and the
increment of W over a rectangle R has normal distribution with mean 0 and
covariance matrix |R|I” where [R] is the volume of R.

It is not hard to find an explicit value for A, for instance, A=¢%%5° d*/89%°
will do.

Theorem 1 says that under the given conditions there exists a g-parameter
Wiener process W with convariance matrix I' such that

sup | Y &,~WM|=0(n]">"% as. (1.7)

esvEn y<y
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holds for neG,. The stipulation “neG,” is essential here: in general there exists
no Wiener process W such that (1.7) holds for all neZ% (cf. Theorem 3
below). However, neG, can be somewhat relaxed at the cost of having a
weaker error term in (1.7). Put, for instance,
q
G;‘;=kOl{veZZ_:vkglog/’( T (1.8)

1515q, 1%k
for g=2 and f>0. Then we have
Theorem 2. Theorem 1 remains valid if relation (1.6) is changed to
sup [r]~'*(loglog[n])* sup | Y &, —W()|<co as. (1.9)

* <y
neGﬁ esvEn g<v

for suitable positive constants 8 and A.

The proof of Theorem 2 yields (1.9) with a large f, if actually (1.9} is valid
for every >0 remains open.
On the basis of Theorems 1 and 2 one might perhaps conjecture that under
the conditions of Theorem 1 there exists also a Wiener process W such that
sup p([n])~! sup |}, £, ~W)<owo as

nEG*ﬂ* esvin usvy
holds for some function @(t)=0(t"'?) (t— o) where

4
Gy¥= () {vezi v, z(loglogf’( ] )}
k=1 1<i<gq I¥%

=

(here (loglog)’ x =(loglogx)?). However, as Theorem 3 below shows, this is not
the case if f<1/2. For simplicity, we consider the case g=2. Set, for any
function 0 f(t) <t

G,={veZi: v 2f(v), v, 2f(v)}-
Then we have

Theorem 3. There exists a stationary 2-dependent Gaussian random field
{£,,veZ?} such that EE,=0, y,= Y E& & =1 and, for any standard Wiener

veZ?
process {W(0), te[0, c0)*} and any positive nondecreasing function f(t), t=0
satisfying the conditions

ft)Sc (loglogt'?(t=1,)  for a sufficiently small ¢, >0 (1.10)

fglli’lf(2t)~f(t)l<00 (1.11)
the approximation B
lim ([n] loglog [n)~Y2f([n])] Y. & —=WmI=0 as. (1.12)
{n]— 0 esvEn

nelry

cannot hold?.

! Here (1.12) is to be understood sequentially ie. in the sense that the given limit relation holds

with probability one along every sequence n,eZ% satisfying [n,]— o0, n,€G , the exceptional zero
set depending on {n,}.
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Choosing f(t)=(loglogt)’, < 1/2 we get our previous remark. Choosing
f@)=1 we get that for the field {¢ ,veZ?} there exists no Wiener process W
such that

Y &, —Wm=o(n]loglog[n])*/*> as. as [n]~oco. (1.13)

esv=n

It should be remarked that Theorem 3 does not imply the impossibility of the
approximation

Y, &, —W(m=o([n]loglog[n])'? as. asn A..An,—o0  (114)

esvEn

where n=(n,, ..., n,); whether (1.14) is possible or not remains open. However,
Theorem 3 implies that, if ¢(t) is any function satisfying ¢(t)=o(t loglogt)'/?,
t— o0 then

Y &—Wm=o(p([n]) as. asn A...An—w0

esvZn

is in general impossible.

The above results show that though the partial sum process {S,,neZ4} of
a mixing random field {£,, veZ%} can be well approximated by Wiener process
“far away” from the coordinate planes p,={n, =0} (k=1, ..., q), the degree of
approximation gets, in general, worse as we approach the planes p,. The
reason of this phenomenon is, as we shall see, the irregular behaviour of ES2
close to the coordinate planes: while ES? is approximately proportional to
EW(n)* away from the planes p,, this proportionality breaks down gradually
as we get closer to these planes. There are, of course, special classes of mixing
random fields (e.g. orthogonal fields) for which ES? is proportional to EW(n)*
everywhere in Z% ; it is natural to ask if for such fields a good approximation
of the type (1.7) can be obtained for all neZ% . The answer is in the affirmative;
the proof is, however, more involved than that of Theorem 1 and will not be
given here. In the present paper we will show only (see the end of Sect. 7) that
the approximation (1.13) holds in the simple case when ¢, are independent. (As
a matter of fact, for independent £, veZ? with finite (24 6)th moments the
remainder term o([n] loglog [n])'/? is far from the best possible one but we do
not investigate this question here) For further related results we mention the
forthcoming paper Morrow (1980) where a.s. invariance principles of the form
(1.13) are proved for iid.r.v’s &, veZ?, taking values from a separable Banach
space B and satisfying the moment condition

¢,elflog 'L, E&,=0. (1.15)

As is shown in the just mentioned paper, under these conditions (1.13) holds
for some B-valued g-parameter Wiener process W iff &, is pregaussian and

lim ([n] loglog[n))~ 2 Y, £,=0

[n]— 0 v=n

in probability. In the Hilbert space case the first condition of (1.15) can be
weakened to & eI log? ! Lfloglog Lfor =2 which is then also necessary.
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Our next theorem states the analogue of Theorems 1 and 2 for Gaussian
fields.

Theorem 4. Let g=2 and let {£,,veZ%} be a (not necessarily stationary)
Gaussian random field satisfying the conditions

EE,=0, EE<C  veZi. (1.16)
|EE¢, & |Sconst- [p—v|[720 "D pveZd, uFv (1.17)

and
[EC ) &) —[n]|Sconst-[n]' %, m=0, neG, (1.18)

m+eSvEm-+n

for some C>0, ¢>0, 6>0, 0<d<1. Then the conclusion of Theorem 1 holds
with I replaced by 1. If we replace condition (1.18) by

EC Y, &)*—[nllSconst-[n]log™7[n], m20, neG}

m+e<v=m-+n
for some y>0 then the conclusion of Theorem 2 will hold with I'=1.

Notice that the hypotheses of Theorem 4 are satisfied for any stationary
Gaussian field with mean zero whose convariances r(v) satisfy

|r(v)| < const-[v| 79+ yeZi v0

and

Y rv=1

veZd
for some ¢>0. (See the proof of Lemmas 3, 3(x).) Notice also that the Gaussian
field {¢,,veZ?} of Theorem 3 satisfies these latter conditions and thus the
counter-examples mentioned in connection with Theorems 1 and 2 are in force
also in connection with Theorem 4.

Theorems 1 and 3 will be proved in Sects. 2-6 and in Sect. 7, respectively.

The proofs of Theorems 2 and 4 are very similar to that of Theorem 1 and will
only be sketched in Sect. 8.

2. Preliminary Lemmas

We shall eventually require a central limit theorem with remainder for certain
normalized rectangular sums of {£,veZ%}. The [emmas of the present section
will be instrumental in obtaining such a result.

For the purposes of this section we define the symbol [v] more generally
than in the Introduction: for any veZ%, v=0 set

[v]l= H [vil.

itv;£0

For veZ4 this clearly coincides with our earlier definition. Except (2.1) and the
proof of Lemma 3, [v] will only be used for veZ¥.
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Lemma 1 (Dvoretzky 1970). Let & be a (possibly complex-valued) random
variable with |£| <1 and let F be the o-field generated by £. Then for any o-field
7
E|E(¢|9)—E¢<2n- sup |P(AB)—P(A)P(B)l.
AeF, Bey

Lemma 2 (Davidov 1970). Let & and n be (possibly complex-valued ) random
variables measurable & and %, respectively. Let p,, p,, ps=1 with p;t+p;!
+p3 =1 If €], < oo and ||| ,,< oo then

[E&n—EC- En[=10(sup |P(AB)—P(4) PB)'* [iEll,, 1],

Bey

A consequence of Lemma 2 is found by setting p, =p,=2+06 and p;=(2
+8)/0 and taking (1.1), (1.2) into account. One obtains

|EED &P < const - |[v—u| 40+ < const - [v—p] =42 1)

for any y, veZ%, u+vand 1 i, j<N.

Lemma 3. Assume the hypotheses of Theorem 1. Let n=(n,, ..., n)eG, where G,
is defined in (1.4). Then,
E( Y ) &EM=[nl(, +const-0-[n]~*¥?) (2.2)

espsn esvn

where y, ; is defined in Theorem 1. Moreover, I'=(y; SN is non-negative

definite. (Here, and in the sequel, 0 denotes various numbers satisfying {0 <1 and
all the constants will depend on N, q and the field {&.}.)

Proof. By weak stationarity,

ECY ) &&= X

ri,j(v) (e —1vil)
espsn esvsn 1

Zn k=q

A
HA

-0 T o

—nsv=En

toonst-0-Y Y I, Li') 2.3)

vy,
k=1 —n<vsnv%0 Ry oy

where the innermost sum is extended over all 1=/, <... < =q. Clearly, the
just mentioned sum is :

() [vil/n)<<const- > |v/n,

1<i<q 15isgq
since |v;|=n, for 1 £i<q. Also, by (2.1),
I, ) Scomst- [¥] 079 (v40)
and an easy calculation shows

Y [v1m1 9 <o, Y [v1m**9<const- L7°

velZd velZd
v¥F0 |vi|Z L
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for L>0, 1£k<gq. Therefore

a

)R SR £ S A

k=1 —n=<vZn,v*0

§ i( Z [v]—(1+a)nl:1/2+ z [v]~(1+a))

k=1 veZ?, v¥0 veZ4
Poels v AR
q
Zcomst- Y (a7 V2403,
k=1
Also, observe that
neG, implies n,=[n]¥* (1£kZq). (2.4)

These considerations show that the last expression in (2.3) is [n](y;;
+const-0-[n]~*?) ie. (2.2) holds. Apply now the just proved statement of
Lemma 3 to the random field #,=|u|"*{u, &,> (ueR") to get

E(CY Cu & =[n]1(u, Tud+const- 0 [u*[n]~*¥*)  neG,

es<v=n

where (-, ) denotes the inner product. Thus,

im [ EC Y <w &)= <u, Tuy20

[} o0, neGq eSviEn
1e. I' is nonnegative definite.

Lemma 4. dssume that the hypotheses of Theorem 1 hold. Then there exist two
constants 0<a <9 and B>0 such that

E| z €V|2+u§B[n]1+a/2 (2.5)

pt+esv=u+n
uniformly for u=(u,, ..., p)=0 and n=(n,, ...,n)eZ%.

Proof. We can assume N =1 since (2.5) can be reduced to showing the anal-
ogous inequality for the coordinate fields {&¥, veZ4}, 1<i<q. We shall also
assume ¢=2 since the proof in this case reveals that the lemma is proved in
general by induction on g. Define
S.y)=ni'? > <
a+1sSviSa+tng, va=y

for each y=1,2,...,a20. According to Lemma (2.5) of Kuelbs and Philipp
(1979) we have uniformly in a and y

EIS,I*** =B,

for some positive constants o, <& and B,. Then, because the random variables
{8.(»), y=1,2,...} are mixing in y and have zero means and uniformly bound-
ed (2-+u,)-th moments, we conclude by the same reasoning that

rl:z,bznZ_l/z Z Sa(y)

b+1<y<b+n:



2 ‘ I. Berkes and G.J. Morrow

satisfies
E‘T;’blz-i»océB

uniformly in a, b where o and B are positive constants.

3. The Characteristic Function

For each t=(1y, ..., 7,)20, n=(ny, ..., n)e Z% and ucR" define

fo=Eexp(i<u,[n]"12 3 £))

t+eSv=tin

The statement and proof of the following lemma encompass the subject matter
of this section.

Lemma 5. Under the hypotheses of Theorem 1 there exists a constant te(0, 1)
such that

sup | f, .(u)—exp(—3<u, I'u))| Sconst- [n]~* (3.0

|u] <[m)

uniformly for 120 and neG, where G, is defined in (1.4). If the random vectors
&, are independent, one obtains (3.1) with the stipulation neG, removed.

Proof. The uniformity in 7 is a consequence of the assumptions of zero means
and weak stationarity and Lemma 4. This will be evident from our demonstra-
tion that (3.1) holds when 7=0. To begin, define:

L={peZ% : (vy—Dni " <uSv,-np "k=1,2,...,9}

for each veZ? where w is a number satisfying 0 <w<ad/166 and o is the
constant appearing in Lemma 4. Set

L= U kL

1sviesny. k=1,2,..,4

v

(where the index set means {v: 1 Zv, Sny for 1Sk=gj}). Next, put

q
K,= U {ueL,: v, “i—w_,uk§ néu}
k=1
and set

a= 3 &, r=¢&. (3.2)

nely~ K, prek,,

From our choice of w (note that w<d/16) and the assumption that neG, one
finds that

4 1j2
¥y (card K2 < [n]" ( S nii2 nn;—W>

1SvSmy, k=1,2,..., 9 =1 e
q
w i/4 {1 —w)/2
<l” Y m*11n
k=1 I*k

<const - [n]*". (3.3
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Furthermore, from (1.2), (2.4) and g=2 there results

p(L, K, Lo K, Sconst-  min af?)-e(i+o01+20
Sh=q

<comnst [n] 4L+ +2/02 (3.4)

if p+v and neG,.
Let us now express

Ja, o) —exp (= u, T'up/2)

as the sum ¢, +¢,+ &5 where

&1 =1, o(W)—E exp (i{u, [n] -2 Z a,»)

1§\’k§ni", k=1,..., ¢
e, =E exp(i{u,[n] ' > a,>)
1Swesny, k=1,..., 4
- T Eexp(i<u,[n]~%a,>)
1=ve=nY, k=1,.... ¢
&= I1 E exp (i Cu, [n] V2 a,)) —exp (— Cu, T'ud/2)
12wesny, k=1,...,q

and a, is defined in (3.2). From familiar facts about the expectation operator
and the inequality

lexp (ia)—exp (ib)| =|a—b|

valid for real numbers a and b, one readily observes that

leg| Slul[n] =" E| > nt+ ) &l

1w k=1,..., es<v=n, v¢ L
o q

The Holder and Minkowski inequalities thus yield

le;| < const |u|[n] ~ 2 {EYZ+a)| Y p|2He

v
1=veEnd k=1,...,¢

+E1/(2+0f)| Z é |2+a}.

es<viEn, véL

The set K, can evidently be written as a union of ¢ disjoint rectangles and thus

r, in (3.2) can be represented as Y. r,(I) where the r,(I)’s are rectangular sums
1£izgq

of the random variables ¢,. Then, by Minkowski’s inequality, Lemma 4 and

(3.3) we have

El/(2+zz)| Z r 12+a
v

LSvesnp k=1, 4

fiA
e

> EYEra |y (D22 < const [n]Y2 .

I=1 1 gvkéni", k=1,...,q
Similarly, decomposing ¢, into a sum of g rectangular sums, we have,
using neG,, esvzn vil
q
EY@rop N g P <const Y (np " [[ )2 S const [n]12
e=v=n, v¢L k=1 l+k

for a suitable small 0 <w; <w. Thus, [e,| < const - |u|[n] ¥
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Next, by repeated applications of Lemma 2 with p,=p,=2+4a and p;=1
+2/a one has from (3.4) and our choice of w that

le,| < const - [n]*~4( +9(1+ 2D +2/e)" 2

<const- [n]*~*¥?*< const - [n]~".

Finally, we apply Lemma 3 to the random field #,=|u|~!<{w, £,> which
clearly satisfies the conditions of Theorem 1. Observing that the volume of
L,/K,is

q
[n]*-—» (1+9 Y nk‘(”z“”))=[n]1‘w(1+const- O[n]~%®)

k=1
(see (2.4)) we get

Eu,a,>*=[n]"""(1+const- 0[n]~®)({u, Tu) +cO|ul*[n]~*¥?)
=[n]* " ((u, F'ud>+cOH[n]~) (3.5)

for |u|<[n]" with some O<w <w and a constant ¢. Therefore, by a well
known expansion of the characteristic function of a random variable with a (2
+o)-th moment (Loéve (1977) p. 212)

Eexp(i<u, [n]™"?a,))=1—3[n]" ' E<u, a,)> +¢,0[n] ' "2 E[<u, a,)[***
But by the Cauchy-Schwarz inequality and Lemma 4
E|<u, av>!2+a§ |u|2+aE|av|2+a§ const - |u|2+a[n](1—w)(1 +o¢/2).

Hence, a routine calculation yields, by way of (3.5), that

lesl Sexp(—3<u, Fup)-lexp(—3[n]~" ) Eu,a,)?

1svesn?, k=1,..,4
+%<u, T'u) +e H[n]—wz |ul4+2a)___ 1]
<const[n]~*

for some constant 0<t<1 provided that |u|<[n]’ (we use here that I’ is
nonnegative definite). Thus, upon recalling the upper bounds computed for |g,|
and |&,| we evidently have

sup (Jey|+le,]+lesl) S const[n] ™
ju| <InJ

for some >0 and neG,. This proves Lemma 5 in the mixing case. Further-
more, when analyzing the characteristic function in the independent case, we
have

Eexp(idu[n]="2 Y &)—exp(—<u Tud/2)

esv=n

= [T (1=4[n]1~" E<w, &%+, 0[ul> T E|&, 22 [n] =192

esSv=n

=const - §-exp(—<u, F'ud/2) |lu|**2°[n]~%2
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for |u|<[n]%*? by the reasoning used above to establish a bound for |e,|. (In
this case, of course, y, ,=E&P &Y since all the terms of the sum (1.5) vanish,
except that belonging to v=0.) This completes the proof of Lemma 5.

4. Construction of Blocks

Let de(0, 1) and put p=d/3. Define, for any p=(u,, ..., u,)=0

t, (k)= Zlﬂ k=1,2,...,q
for

B=[240 N/pty] (4.1)

where y is the constant appearing in Lemma 7 below and ¢ appears in
Lemma 5. Put

t,=,1),..., t,(9)

and
H,={veZi t,tesv=t,..}
for u=0. Let
L={ueZ%:H,=G,}
and write
H=\JH,.
HelL
Also, for each pelL, put
q
Aﬂzkgl{veHu fyr o) — NP <v, <1, (K)} (4.2)
and
Xy= Z 5\)’ Z,= Z év (4 3)
veH, ~ 4, ved,

Define further, for each neH and p=1, ..., ¢

n(p)=(n(1p), s nff’))
by

nP =9 min v +(1-9, )n, k=12 ..,4

kp
veH, vi=mn forl ¥k

As usual, d.,. stands for the Kronecker §-function. Now let {W(z), te[0, c0)*}
be a g-parameter Wiener process in RY with covariance matrix I" and set

D,m=max|Y &, D,(n)=max |W() 4.4

vEnl®) <y vEn®)
H=

for each p=1,...,q and neH.
We prove in this section an almost sure bound for each of the above
maximum terms.
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Lemma 6. Under the hypotheses of Theorem 1 we have

sup [n]%~ Y2 max max(D,(n), D, (n)<co as. (4.5)
neGy r=1,...,4

Jor any A,€(0, d/16).

In the proof of Lemma 6 and also in those of Lemmas 8, 9 below we shall
need the maximal inequalities given by the following lemma:

Lemma 7. Suppose that the conditions of Theorem 1 hold and put

Sman)= ) ¢

mtegvEm+n

M{m,n)= max |S{m, v)|

exvVEN
Jor m,nz0, m,neZ% Then we have
P{M(m,n)Zx[n]'*} Sconst-x~Z+?  (x>0)

uniformly in m,n where o is the constant appearing in Lemma 4. Further, for any
A€(0, 1) we have

P{M(m,n)z[n]"*(log[n])** '} Sconst-[n]~? for neG,

uniformly in m where y is a positive constant depending on A and the field {¢,
veZ}.

Proof. As in Lemma 4, it suffices to consider the case when ¢, are real valued.
The first inequality of Lemma 7 is a consequence of Lemma 4 and Theorem 7
of Méricz (1977). To prove the second inequality we use the standard bisection
technique. We can assume, without loss of generality, that [n]>4% Define, for

any v=(vy,...,v)eZ%  p=(u,...,u)eZ"
v-2b=(yy 28y 20, DE=(20 L 20,
Let us choose N=(Ny,...,N,)eZ? such that
2¥—e <2V (4.6)
and put, for p, keZ% u, k=0
E@v,k)={w: [S(v-2%, 25 = [n]"*10g[n]}

E= |J UNﬁkE(v,lc).

O<k<N 0Zv<2

Then we have, setting N=N, +...+N,,

P(E(v,k)) < const . [2¥N—F]~ (1 +a/2) 4.7)

P(E(v, k))< const- {exp(—7, log?[n])+[2"]7}
Sconst- {exp(—7,N)+[2¥]77}  if 2%eG, 4 (4.8)
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for some positive constants y, y,, 7,. (Clearly, (4.7) is a direct consequence of
Lemma 4 while (4.8) follows from Lemma 5 and Esscen’s lemma.) Set, for any
integer [>0

P(l)= Y P(E(v, k).

{(v,keZU: OSkEN ki +...+ky=1,0=v< 2Nk}
By (4.7) we have for 0<I<N
P(l)< const -2~ (V-D/2 Na (4.9)

since the number of those keZ% k=0 such that k, +.. +k =/ is at most N?
for 0<I<N. We further claim that for (1—A/8)N< <l<N we have

P(l)S const - {exp(—7y,N?)+2- " 28D Ne, (4.10)

To this end we observe that neG,, (2.4), [n]=z4% and the choice of N imply
N;zAN/4 for 1i<q. Hence if k=(k,,...,k,) is a g-vector such that 0<k<N
and k;<N,/2 for at least one 1 <i=<gq then

ky+ ook, <N—N2Z(1—4/8)N

Thus for (1—4/8)N<I<N the sum defining P(l) contains only such terms
P(E(v,k)) for which k;2N/2>JN/82(k,+...+k)/8 for 1<i<q ie. 2*eG .
Consequently, (4.10) follows from (4.8). Let now O<c¢<1 be a number suf-
ficiently close to 1. Clearly

N
HE§ZHI

and applying (4.9) for 0<I<cN, (4.10) for cN<I< N we get

P(E)<const- N2{2~1-aNa/2 L exp(—y N2)42-(1+9e-DNy
< const - exp(—7y, N)<const-[n] "
for some y,>0, y,>0. Now, for every e<u=<n, S(0,u) can be written as the

sum of at most N, N,...N, of the S(v-2¥2%’s above (use the dyadic expansion
of each of the coordinates of n) and hence for w¢E

M(0,n)<[n]"*log[n] N, N,...N,<[n]"*(log[n])**".
This proves the second inequality of Lemma 7 for m=0; for general m the
proof is the same.

Proof of Lemma 6. 1t suffices to estimate D, (n), D ,(n) for one value of p, say p
=1. We show the argument for D,(n); for D,(n) we can proceed similarly. By
the first inequality of Lemma 7 we have for neG,

P{D(n)= [n]" ~*?} < const([n™]/[n]* ~ 4 +*/2
=const - (n7 ' ~*(n,...n )P 7o)+

S const ( _(1”}“0)+(P+?.0)/d)1 +a)2

<const-ny3*<const[n] 348 (4.11)
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where we used the fact n{"’ <const - (n,...n,), (2.4) and the choice of 4,. Now if

t,_.=n<t, then clearly

D, (")/[n](l — o2 <const-D; (tu)/[tu](l —20)/2,

and for n=t, the estimate (4.11) becomes

P{D,(t)= [tu](l ~ 402} < const - [t 348
<const-[u]~34¢+ Y8 <const-[u]~2

by the choice of the parameter § in (4.1). Hence Lemma 6 follows from the
Borel-Cantelli lemma.

5. Deviation Estimates for the Partial Sum and Wiener Processes

Let z, be as defined in (4.3) and take W(4)) to be the corresponding increment
of a g-parameter Wiener process in RY with covariance matrix I'. The follow-
ing lemma establishes that these increments will not be significant in so far
attaining the error term in (1.7) concerns us.

Lemma 8.
sup [,u]l‘”/z(lzul +[W(4))<owo as. (5.1)
uek
Proof. We shall treat the term |z,| separately in (5.1); the proof for [W(4,)| is
the same since the inequalities we are going to use below are valid for the
q
Wiener process as well. The set 4, in (4.2) can evidently be written as | ) 4,(k)
k=1

where the 4,(k)'s are disjoint rectangles and the volume of 4,(k) is at most
NPTt D=2, D)= MP T .
1=k I+k

Setting 5
z,(k)= <

ved, (k)

and noting that peL implies p, > const | [ 4# and consequently p, = const- [p]"?
1*k

we get by the Markov inequality and Lemma 4

P{lz, (k)| Z [u]?? ="} Sconst- ([ul” /(g™ [ [ )=+
Ik

<const - (uf ~2-11Np) =1 +a/2)
Zconst- [y]~¥#-2~11Nip)p/2
<const-[u]~> for peL

by our choice of f in (4.1). Since the sum of the last probabilities is finite, we
are done.
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Define now, for any nonempty subset J of {1,2,...,g9} and any ueZ?

N
MY = max I Y gl (5.2
00+ 1S 0pStusol® 1 Sve Sruth), keJ
ke (k) F+ LE v S o, ked

Define by MY the analogous quantity for the Wiener process ie. the quantity
we get if we replace the sum in (5.2) by the increment of W over the given
rectangle. We then prove

Lemma 9. With probability one,

sup [£,1~ 92 max max(MY, M) < co
J

t,e6Gy

Jor any Ae(0, p/4p).
Proof. Choose the index 1=<!=<q such that leJ. Setting n=(n,,...,n,) where n,
=1, (k) —t,(k) for keJ and n,=t,(k) for k¢J we clearly have

(n]=const- [[uf [Tuf*" Sconst-[u]"* /1,
ked ke¢d

1zl (5.3)
We observe further that t,eG, implies neG . Applying the second inequality
of Lemma 7 for the quantity M we obtain
P{MY = const - ([u]** /)" *(log[u])** '} SP{MY z [n]'*(log[n])** )
<const-[u] "< const-[p] 2

by (5.3) and the choice of B in (4.1). Hence by the Borel-Cantelli lemma we get

M < const- (W] * /)" * (o[
Zconst- f,u](ﬁ‘“ 1D -2 <const- [Z#}(l ~A)2

almost surely for r,€G,. (In the second step we used 0<i<p/4f and the

observation that r,eG, implies ul;const-lﬂl ¥ and  consequently
p, = const - [11]*2) Repeating the same argument for M¢” we get the statement

of the lemma.

6. Proof of Theorem 1

Let neG,. Here G, is defined in (1.4) and de(0,1). Define p=p, by (k)
+1lznm st k), k=1,2,...,q. Put

h,=card(H,~ 4,)
and let

¢:{1,2,..}~L
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be a one-to-one mapping of the set of positive integers onto L where L is
defined in the beginning of Sect. 4. Let @(k)=(¢,(k),..., 9 k) and p=d/8 as
before. Consider

Ay(u)=E|E{exp(i{u, x(p(k)/h(lpélf)>)|x(p(l)> oo X ) —exp(—<u, I'up/2)|

for each ueR™ and k=1,2,... where I'=(y, )¥*¥ is determined by (1.5) and x
is defined in (4.3) for ueL.

u

Lemma 10, One has
Afu)< const-[(k)] Y

Jor ul = [@(k)T**.
Proof. By the triangle inequality we have

/lk(“) <E|E{exp(i{u, X(p(k)/h(};g)» | X1y =3 Xpe— 1)} — Eexp(i<u, X(p(k)/hi,{fﬁ)l
+ E|E exp(i<u, X po/hbip ) — exp(— (u, Tup/2)| =1+11,  say.

Using Lemma 1 and the definition of 4, in (4.2), together with the mixing
condition (1.2), we obtain

[Z27p(H 50 4 lgk(H o> o)

<const - ( min q,j(k))—(9N/P)Q(1 +e)(1+2/9)
15j=¢q

<const-[o(k)] =¥

the last inequality following because ¢(k)eL and, as we already observed in the
proof of Lemma 8, ueL implies y;= const-[u]?* for 1<j<q.
To estimate II we employ Lemma 5 (with d replaced by p) which yields

1< const- [o(k)]~#

for |u|<[@(k)]?". Here Bt=9N by the choice of B in (4.1) and this completes
the proof of Lemma 10.
We now define the quantity

T,=10°N[p(k)]*"? (6.1)

and apply Theorem 1 of Berkes and Philipp (1979). Said theorem guarantees
the existence of a probability space supporting independent N(0,I') random
vectors {y,, k=1} and a random field {£¥, veZ%} having the same distribution
as the field given in Theorem 1 such that

P Z éf/h;{lf)_ykléﬁk}§ﬁk

veHg o~ 4o ()

where by Lemma 10, (6.1) and the aforementioned theorem of Berkes and
Philipp,

B = const(T, log Ty, + [@(K)]=*M2 T + P{|y,| = T/4}).
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In particular,
ol
Y <o
k=1
so the Borel-Cantelli lemma implies that

! > 5f/h;é§)“ykl§const-ﬂk a.s.

velpo ™~ dooo

Finally, by passing to a richer probability space (if necessary) there exists
(see Lemma A1, Berkes and Philipp (1979)) a g-parameter Wiener process
{W(z), t€[0,0)9} in RN with covariance matrix I' and a random field
{&,veZ4} having the same distribution as the field {{,, veZ% } such that

bl Y &= W(H 4y~ A ) Sconst- - as. {6.2)
veH gy~ do )

But, using the definitions of the maximum terms D and M in (4.4) and (5.2)

respectively, we have for any v<n with neG, and [»n] 2 const,

I &-wols Y 1 Y §-WEH,4)

FigY pel, pEun veH N4,

+q Z (D,(n n)+D A1)

SD YN D WS (4 VI

uel, pSpn vedy,

+ Y (MOEMY), 6.3)

Hn
Jefl, 2, a0, % ¢

Therefore, from Lemmas 6, 8 and 9 and (6.2) the expression in the first line of
{6.3) is almost surely bounded by

const(w) /jk [, P72 + [n]A =224 [p]P2=1 4 [, JA-Pr2
2 .

pel, p=pn
= const(co) ([, 1P + [n] 272
< const(ew) ([n]72F+ D 4 [n]¢ 272

< const(w) [n]* -2

for a constant A>0. (In applying Lemma 9 we need the fact that neG,,
[n]Z=const. imply ¢, €G,.) Hence Theorem 1 is proved.

To get the explicit value of A stated after Theorem 1 we note that by a
lemma of Sotres and Malay Ghosh (1977} the value of o in Lemma (2.5) of
Kuelbs and Philipp (1979) can be chosen as a=¢6/8. Applying this to the proof
of Lemma 4 we get that the value of ¢ in Lemma 4 can be chosen as «=¢%6/8%
The explicit value of o in Lemma 4 yields automatically an explicit value of ¢
in Lemma 5 and continuing we can make all the constants in the proof of
Theorem 1 explicit and we arrive at the given value A=¢g545°d%/89%7.
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7. Proof of Theorem 3

Let {,, —oo<k<oo be independent N(0,1) r.v’s and set #,=({,_;+)/2
Consider independent copies {7, — o0 <k< o0} (~o0<I< o) of the sequence
{", —o0<k< oo} and put

E=n0r,  v=(vy,v,)eZ>

Evidently {¢,, veZ?} is a stationary 2-dependent Gaussian field with E¢,=0
and yo= Y E&,¢&,=1; we show that it satisfies the requirements of Theorem
3, veZ2

Suppose (1.12) holds for a standard Wiener process {W(z), te[0, c0)?} and a
positive nondecreasing function f satisfying (1.10), (1.11); we assume also f(c0)
=00 (the case of bounded f will be treated later) and, without loss of gener-
ality, that f is integer valued. Then we have, setting t,= Y f(i), T, =k f (k),

i<k
| Y & Wk fk)=o(Tloglog T)"*/f(T) as. (7.1)
15,550
Notice also
E( Y n)l=m—1/2. (7.2)

Let n, =min {j: f ()= k} and set, for k=1,2,...

xk:: 2: fv
vi=k
Lsvasfik)

V= Z &,

1gvy<ng
vo=k

Since the r.v.’s x, are independent and normally distributed we can apply the
upper-lower class form of the law of the iterated logarithm (see Feller (1943) p.
399) to get

S x;<V/s,(2loglogs, +4log,s,)

15igk

§]/s—k(]/2loglogsk+1) as. for kzk,.

where

s= Ex}=3} (f()—1/)=t,—k/2 (7.3)

isk isk

by (7.2). On the other hand, y, is normally distributed with Ey,=0, EyZ<n,
and thus the Borel-Cantelli lemma gives

vl <V/m dogk  as. for k=k,.

From (1.11) it follows that there is an integer d=1 such that n, ,22(n,
—1)21/5?1,( for kzk, and thus Vn,+...+Vny =const. ¥n, for M=1
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Hence
| Y. yiSconst Yn, logM as. for Mz M,.

15isM

But we have clearly n,,, =k and consequently

Z év: Z xi+ Z yi

1<V <k 1€isk 12210

1=v2 5 fk)
<(2s,loglogs,)! /2 +s12 + const 1klog f (k)
<(2s,loglogs)'? +2T,}"* as. for k=k,. (74)

On the other hand, there exist independent N(0,1) r.v.s &, veZ? such that
W)= Y & for neZ%. Repeating the above argument for the & instead of

&, using=t};e lower class function ¢(t)=(2loglogt)*’* in place of p()=(2loglog?
+4log,1)'* we get

P{W(k, f(k))=(2t,loglogt)* = T,}/* 10} =1 (1.5
To deduce a contradiction from (7.1), (7.4), (7.5) it sufficies to show that for
sufficiently small ¢ we have
(25 loglogs)V? +2 ' +¢(T, loglog )"/ f(T;)
<@t loglogt)'*—=T!*  for k=k, (7.6)

which follows by a simple calculation using the assumptions made on f
const- T, £, < T, (which is evident from (1.11)) and noticing that, by (7.3),

Ve SVt (=12 ()2 V1, (1 - 1/41 (k)
and consequently
(25, loglogs,) V> < (2¢, loglogt,) 2 (L — 1/4 f (K)).

Hence Theorem 3 is proved in the case f(o0)=o0.

Assume now (1.12) holds for a bounded f; let m denote an integer such that
f{oo)<m. Then (7.1) holds with f(k)=m; on the other hand, using (7.2) and the
ordinary law of the iterated logarithm we get

limsup (2m—1)kloglogk)=** 5 &,=1 as.

ks o0 1
1

limsup(2mkloglogk)~'* W(k,m)=1 as.
k— oo
The latter two relations together evidently contradict to (7.1).

To conclude this chapter we prove a remark made in the introduction,
namely we show that if &, veZ% are independent random vectors in RY
satisfying (1.1) and having a common nonzero covariance matrix I' then there
exists a g-parameter Wiener process {W(r), t€[0, c0)?} in RY with covariance
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matrix I' such that (1.13) holds. This result is closely related to Theorem 1’ of
Major (1976) where a somewhat restricted form of (1.13) is proved for iid. &,
with finite variances. For a proof of the statement above we first note that by
adapting the “patching-together” argument of Major (1976) pp. 223-224 to the
multiparameter case it sufficies to show that under the given conditions there
exists, for every £>0, a g-parameter Wiener process {W(t), &[0, c0)?} in RV
with covariance matrix I' such that

limsup([n]loglog[n])='?| ) &, —~W(n)<e as. (7.7)

[n]- o0 vEn
holds. Let now ye(0, 1/644%) be given, define { =), ..., (q) by
LR =[(L 4y ] —[(1+y)*]
for u=(uy,...,4,)=0 where a, is an integer satisfying
(I+y)yez4/y.
Set, for peZ4
H,={veZ%:{, ,<v=(,}

Y, =( Y &)fcard H,)17.

veH,

Define also, for any nonempty subset J of {1,2,...,q} and any pueZ?

]\7I§f)= max | Y &

Co-e)+ 1= wrsl (k) 12vesg, - o), k¢
keJ Ly~ el)+ VS vies oo, ke
Now, if (k) is a one-to-one mapping of the set of positive integers onto Z%
then Theorem 1 of Berkes and Philipp (1979) applies to the sequence
{Y, 4y, k2z1} with T, =const. [¥(k)]* and one gets (using the second half of
Lemma 5) that there exists a sequence {y,, k=1} of independent N(0,I')
random vectors such that

P{Yyp—nl2 W12 k)]~ (k=1).

Also, using Theorem 1 of Wichura (1969) together with the central limit
theorem with remainder and the Borel-Cantelli lemma we get

limsup([{,]loglog[{,])~"* MY <29 N9+ as.

[l o

for any fixed J. Arguing as in the proof of Theorem 1, we easily get from these
two statements that relation (7.7) holds with £=2%INyY* Since 7y can be
chosen arbitrary small, the proof is completed.

8. Proof of Theorems 2 and 4

As we mentioned in the introduction, we shall only sketch the proof of
Theorems 2 and 4 since minor changes to the proof of Theorem 1 are all that
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we require. We show these changes first in the case of Theorem 2. In what
follows, we formulate modified versions of the lemmas in Sects. 2-5 which
are needed in the proof of Theorem 2.

Lemma 3 (x). Suppose ne G} where G is defined by (1.8). Then

EC Y Y &) =[nl(y,;+const-0-log=[n])

esu<nesvsn
where y; ; is defined in Theorem 1. Moreover, I'=(y, Y¥*" is nonnegative definite.

Proof. The lemma follows immediately from the proof of Lemma 3 and the
observation (playing the role of (2.4)) that neGj implies n, > const-log#?[n] for
1=k=Zq.

Lemma 5 (). Under the hypotheses of Theorem 1 there exists a constant t*>0
such that

sup £, . (u)—exp(— Cu, T'uy/2)| S const-log =[] (8.1)

[u| = logt[n]

uniformly for 120 and neG;f. The constant t* can be made as large as desired by
choosing f large.

Proof. In the proof of Lemma 5 we modify the definition of L,, L and K as
follows:

L, ={ueZ® : (v—)n log "[n] <y, =v,mlog™"[n], k=1,....,q}

L= U L

1Sve<log? il k=1,...,q
4
U {ueL,: vyn log™"[n]—u <ny"?}

where y>0 is a suitable constant. Then (3.3), (3.4) get replaced by

(card K )'"* <const[n]**log="1[n]
1=vc=log¥ln], k=1,...,q

p(L,~K,, L,~K ) =const-log="[n]

with a constant y, >0. From this point on, we can follow the proof of Lemma
5 with evident changes to get (8.1).

We introduce the blocks H, as in Sect. 4 but the edges of the blocks will
grow now at a subexponential rate (instead of polynomial rate). Specifically, we
set for any pu=(u,,...,1,) 20

t, (k)= i exp(l”)
=1

=D, 1,(q)

Hu ={veZ% 1, +esvst

u+e}

4,= U {veH,: t,, (k) —expGu) <v,=t,, (K]}

=
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for a suitable ye(0,1). Next, put Gy (resp. Gj) in place of G, (resp. G,)
throughout Sects. 4, 5. Then Lemmas 6, 8, 9 remain valid if we replace the
norming factors

N 7 [, V"

by
[n]~"?log[n], [z, 1" “?log[r,]-[x]% [t *(loglog[t,])

respectively, where >0 is a suitable constant. (To prove the analogue of
Lemma 9 we need an exponential version of Lemma 7, namely

P{M(m,n)=x[n]"?} <const-exp(—c,x*) for |x| £ ¢, log!*[n]

for some constant ¢, >0. Such an estimate can be proved in a standard way.)
To conclude the proof of Theorem 2 we proceed just as for the proof of
Theorem 1 in Sect. 6.

We turn now to the proof of Theorem 4. We observe first that by (1.16),
(1.17)

E( Y E)<const-[n] m=0,neZs. (8.2)

mt+esv=m+n

Hence Lemmas 4 and 5 are trivial in this case by (8.2), (1.18) and the fact that
{&,, veZ%} is a centered Gaussian ficld. Next we notice that in the proof of
Theorem 1 Lemmas 6-9 were deduced from Lemmas 4, 5 and thus they remain
valid also in the case of Theorem 4. The only point in the rest of the proof of
Theorem 4 where change is required is the estimate for I in the proof of
Lemma 10 (which was deduced from mixing condition (1.2) in the case of
Theorem 1). Here we use the method of Morrow (1980) where a one-parame-
ter version of Theorem 4 is proved. One readily verifies that the estimates for
the quantity 4,(u) in (3.1) of the just mentioned paper carry over for the case
g=2 (just order the blocks H, contained in G, and yield the estimate
[I| < const-[@(k)]~° for ueR”. The conclusion of the proof is again the same
as in §6.
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