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1. Introduoction

Let X (1), 120, be a real stationary Gaussian process with EX(£)=0, EX?(t)=1
and with continuous covariance function r(t) such that limr{(r)=0. For >0
and a=a(t)>0 with lim a{t}=oo, let o

M a {i)}=§ IIX(s)>alt)]ds,

where I[+] is the indicator function. Recently Berman [1] has shown that
under suitable normalization and under suitable assumptions on r(t) and a(?),
the distribution of M,(a(t)) converges to the Rosenblatt distribution.

This paper deals with similar sojourn time problems. For t>0 and
b=>b(t)>0 with lim b(t)=0, let

tor o0

Nz@(f)):g ITIX{s)| <b(r)]ds,

and let
R,(a(8), b(6) =M (a(t))+ N, (b))

We shall first show that N,(b(t)) has the same limiting distribution as that
of M, (a(t)) under suitable normalization and under suitable assumptions on r(¢)
and b(r). Next, we shall show that R,(a(t), b(t)) has also some limiting distribu-
tion, under suitable normalization. But, it will be shown that the limiting
distribution of R,(a(t), b(t)) depends on choosing a(t} and b(¢). In fact, for many
a(r) and b(t), R,(a(t), b(1)) has the same limiting distribution as that of M (a(r)),
but for some specifically chosen a(t) and b{r), R,(a(t),b(t)) has a different
limiting distribution.

*  This research was carried out while the author was visiting University of California, San
Diego
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2. Results

We start with treating the problem in a general situation.
Let ¢(x) be the standard normal density and let

| G2(x)p(x)dx<oo and }0 G,(x)qﬁ(x)dx:O}

={G,<x) i

Let H,(x), n=0,1,2,... denote the n-th Hermite polynomial defined by

d n
H(x)=(—1)r¢! (_”) .
=(=1r¢ )= 66
As is well known, any G,(x) in ¢ has the expansion as

t(n)

Gt(x)* z

n=0

H,(x) 2.)

in the sense that hmf G,(x)— i J( )H (x)‘ $(x)dx=0. Here J,(n)=|G,(x)
=0

“H, (x)$p(x)dx, and J (0)=0 bccause of condition | G,(x)@(x)dx=0. It is
noted that if X(¢) is a stationary Gaussian process with EX(()=0, EX*(t)=1
and with continuous covariance function r(t), then

ﬁ{f H.(X(s) ds} =0, nzl
and ’

E {i H,(X(s))ds i H,,(X(s) dS}
0 0
=2(nl)s,, jt (t—s)r"(s)ds, nmz=1,
0

where §,,=1 for n=m and =0 for n4m. We shall use these facts implicitly
below,

We state the following lemma including Lemmas 2.1 and 22 in [1],
although it can be shown by the same argument as in the proofs in [1].

Lemma 1. Let X(i), t=0, be a stationary Gaussian process with EX(t)=0,
EX*(t)=1 and with continuous covariance function r(t), and let G,(x) be a
function in 9. If there exists an integer m= 1 such that

Var f G (X (5))ds
0

IIA

limsup- 1, (2.2)

1
t-+00 2

—;J,Z (m) [ (t—s)r"(s)ds
m: 0
then ’
_g G (X {s))ds

e 2.3)
e [ 2§ <r-s>r'"(s)ds]
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has the same limiting distribution as

jz H, (X (s)ds

t 1/2
[2m! f (t—s)r"’(s)ds]
0
in the sense that if one exists then so does the other and the two are equal.
The condition (2.2) may be written in more usable form by the computation
t
for Var [ G,(X(s))ds. Suppose that G,(x) is differentiable with respect to x and
0

that Gi(x) is integrable over (— o0, 0). Denote by ¢(u,v;p) the standard bi-
variate normal density with correlation p, that is,

G, v;p)= (u2—2uvp—|—vz)}.

1 1
2n(l—p?)' exp{_2(1_p2)

Then we have, by using the relation

0 b0 p) == b3 p)
ap usvﬁp _511@0 ,U,p,

that
Var | G,(X(s))ds
0
=E£ ng(X(X))G (X(y)dxdy
=§jdxdy }O Ofo G, () G,(v) ¢ (u,v;r(x—y)) dudv
=2j£(t—s)ds of | G w)G,(v) dp(u,v;r(s))dudv
. o o w (2.5)
=2{(t—s)ds f dp | | Gt(u)G(v) gb(u,v;p)dudv
t r(s) 00 62
=2£(t—s )ds j" dp _joo _joo G,w) G, )auavqﬁ(u,v;p)dudu
2 () ds"f)dp T 1 GG bl v: p)duds
0 —o0 —00

In the case of the function G,(x) being piecewise constant as a function of x,
G;(x) may be replaced by a linear combination of delta functions. In 1], G,(x)
=I[x>a®)]-[1—-P@()] and G,(x)=I[|x|>a(t)]—2[1—D(a(t))] are consid-

ered, where @(x)= [ ¢ (u)du.

-

Now, our main theorems are the following.
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Theorem 1. Let X(t), t20, be a stationary Gaussian process with EX(1)=0,
EX*(t)=1 and with continuous covariance function r(t). Assume that r(t)=0 for
all sufficiently large t>0 and lim r(t)=0, and let b=>5b(t) be a positive function of

t— 00

t>0 with lim b(t)=0. Furthermore, suppose that there exists 0, 0<d<1, such
that tmeo

t
lim ¢ =% | r*(s)ds = o, 2.6)
4]

t—00

and that there exist some positive constants C and y with 0 <y < such that

b*t)=Ct™"  for all large t. 2.7
Then
Nb@)—2t[Pb()—3
i 172
2b() (b (1) [g (t—3)r2(s) ds]
and

jt H,(X(s))ds
0

2[§ (t—5)r2(s) ds]m =

0

have the same limiting distributions in the sense that if one exists then so does the
other and the two are equal.

Theorem 2. Under the same assumptions as in Theorem 1, let a=a(t) be a
positive increasing function of t>0 with lim a(t)= oo such that

t—
0<b(t)<a(t)<oo  forall t>0, (2.9)
a*(ty=o(logt) for t— oo 2.10)
and
a(t)y=o (%) for t— o0, (2.11)
where B=0—y. Furthermore, suppose that there exists a constant ¢>0 such that
a(t) ¢(a(v) ’
————=—1|>¢>0 forall large t. 2.12
b p(b(1) Jor alltarg 212
Then

R,(a(t), b(0) — 2[5 — D(a(t) + D(b(1)]
t 1/2
2la(t) $(a(®) —b(e) $BO) [g (t—s)r%s)ds]

has the same limiting distribution as that of (2.8) in the sense that if one exists
then so does the other and the two are equal.

Theorem 3. In Theorem 2, replace condition (2.6) by

lim ¢ =2 [ r*(s)ds =0, (2.13)
0]

-
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condition (2.9) by
0<bt)<l<a(t)y<owo forall t>0

and condition (2.12) by

a(t) p(a(r)) _
Then
R,(@(®),b(®)—2t[5—2(a(t)+ 2(b)]
t 1/2
1/3)7 [a*()—b* (O] a () (a(2)) [g (t—S)r4(S)dS]
and
[ H (X (s))ds

(2.15)

43 [i (t—s)r“(s)ds]l/2

have the same limiting distributions in the sense that if one exists then so does the
other and the two are equal. The limiting distribution of (2.15) may be different
from that of (2.8).

Remark 1. Under condition (2.14), (2.10) implies (2.7). In fact, we have

b(t)e P’ ~g(t) e 02
>a(t)e 8" (for any &¢>0)
=a(t)t—5
so that
b(t)=a(t)e"* V222t

because a(t)> 1. Therefore, in Theorem 3, we need not assume (2.7) explicitly.

3. Proof of Theorem 1

In what follows, we may drop ¢ in a(t) and b(t), and may write simply a for a(t)
and b for b(¢).
Let
G, (x)=I[Ix| <b]—2[B(b)—4].
Then, by (2.5),

t t r(s)
Varg GI(X(S))dS=4§ (t—s)ds [ [$(b,b;y)—d(b,b; —y)]dy,

0
and

J(2)=—2¢(b)H,(b)=—2b¢(b).
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By Lemma 1, it is sufficient to show that

t r(s)
[t=s)ds | [¢(b,b;y)—d(b,b; —y)]dy
limsup 2 0 -
i b2 (b) | (t—s)r2(s)ds
0

A

1. 3.1)

Let f=0—7. It is shown by the same way as in [1] that

t r(s

)
Jt—s)ds | [§(b,b;y)—¢(b,b; —y)dy

B [¢]

t

b2 (b) [ (t—s)r*(s)ds

0

is asymptotically less than or equal to 1. So, it suffices to estimate the
following ratio. By the argument similar to that in [1], we have

r(s)

[ (t=s)ds g [6(b,b;y)—¢(b,b; —y)]dy (148
0

26"
S Xe

bzd)z(b)jt(t—s)rz(s)ds [ t—s)r3(s)ds
o 0

and by condition (2.7), this is less than or equal to

Ctl +8

; (for some constant C>0),
ft—s)ri(s)ds
0

which tends to 0 as t— oo by (2.6). The proof is thus completed.

4. Proof of Theorem 2

Let
G,(x) =I[lx|>a]+I[|x|<b]-2 [L—®(a)+2(b)]

Then, by (2.5)

t t ¥(s)
Var | G(X (s))ds=4[ (t—s)ds | {[d(a,a;y)—dla,a; —)]

—2[¢(a,b; y)—¢(a,b; —y)1+[p(b,b; y)— (b, b; —y)1}dy, (41)
and

J,2)=2[¢(a) H (@)= ¢(b) H, (b)]=2[a¢(a)—b ¢ (b)].

In order to show that (2.2) holds for m=2, we first consider the integral (4.1)
over t# <s<t. Then we have
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1

, f(t*s)ds
[a¢(a)—bo(b)]? g (t—s)r*(s)ds"”

r(s)

- 6( {[¢(a,a;)—dla,a; —y)1-2[¢(a,b;y)—P(a,b; —y)]

+ [, b;y)—¢(b,b; —y)1}dy
1

" ladla—booIT
Teon=feulee
~2(a) (b exp ( )

o) (
—exp
ty

+0%(6) [onp

=~
Il

f(t—s)ds
(t—s)r?(s)ds "
~on ()]

( ) Xp(_la—b;)]
i y)]}dy (42)

exp (%) —exp (—%) ~2zy (4.3)

Ot

Note that

and

zy zy
exp ( )—exp (~ )~Zzy 44
[—y? 1~y? “4)

for small y and zy. But, when t is large, y is sufficiently small because lim r(t)

I— 00

=0 and a?(t) y is small because a®(t)r(t) is small under condition (2.11), by the
same reasoning as in [1]. a(t)b(t) y and b%(t) y are also small. Therefore we can
apply (4.3) and (4.4) to (4.2), and we have

! - j(t—s)ds

[ag(@~bS®) [ t=s)r*()ds ¢

r(s)

: (f) 2[a*¢*(a)—2ab(a)p(b)+b*¢* ()] ydy

I~

(t—=s)r(s)ds

A
—

(t—s)r2(s)ds

Oty | Be— =

Next we estimate the integral (4.1) over 0<s<t?. We have, by exactly the
same way as in [1],
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th r(s)
E)f(t—S)ds a[ [$(a,a;y)—p(a,a; —y)]dy

=¢2(a)tj{i(l’—5)dS '3.3)¢(a,a;y)—¢(a,a; _.V) d
0

0 d’z(a)
§2¢2(a)t1+6
so that
I= ! t { (t—s)ds

[ad(a)—b¢(b)]? | (t—s5)r*(s)ds °

r(s)

g [¢(a,a;y)—¢(a,a; —y)]dy

2¢2(a) t1+r§

= boB '
ad@—bo®T [~ L
[

By condition (2.6),
tl +4
-0 as t— .

t
[@=s)r*(s)ds
)

On the other hand,

¢*(a) _i _——1—_) N
[ad@)—bo®d) a2 X [1_bq5(b)]2 0 ast—ow
ag(a)

b¢(b)—1‘>—c—>0

because of condition (2.12). (Note that (2.12) implies that ) 1tc

if we choose ¢c< 1.) Therefore, I, » 0 as t - co.
Similarly, but noting that exp (b*(t))— 1 as t— oo, we have
1
t
[ad(@)—bd(B)]* | (t—s)r?(s)ds
0

r(s)
: g [¢(b,b;y)—d(b,b; —y)]dy

f@—ﬂﬁ

0

< 2¢2(b) . t1+ﬁ
— 2 !
[a6@=bo®I" {,_g,2(5)a5

2 1 (tp

o2 v
ap(a) C R 2
[b¢(b)—1] (=97 ()ds
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2 y tl«t—é
apl@ 1> ¢
é[yg(b_)_l] Cg(t—s)rz(s)ds

(by (2.7)), which tends to 0 as t — 0.
Finally, we have to estimate

I = L T (t—9)ds
[ap(@—bo®B)] (5) (t—s)r*(s)ds °

r(s)

- [ [¢(a,b;y)—¢(a,b; —y)]dy.
1]

Note that for 0=y <1,

¢la,bry) _
$(a) 9 (b)

e

1
_uy-1/2 2 2__bz 2 2ab
1=y eXp{z(lﬁz)( a‘y y*+2a y)}

(a—b)*y* _aby }
S 2(1-yY) T (+y)
ab;{

S(1-y")""exp (ﬁy)

I

§(1 __y2}—1f2 eab’
Then, by the same argument as in [1], we have
r(s)

(—s)ds | [0(@b;y)—d(@b; —N]dyS26(@) p(b)1 7 e,
0 0

Hence we have

1
I,=

lag(@)—bo(®)]* (5) (t—9)r*(s)ds

8 £(s)

: g(f'—s)ds g [¢la,b;y)—ola,b; —y)]dy

2¢(a)p(b)e s *F
[a¢(a)—bd>(b)]2£(t-«s)rz(s)ds
2 eab t1+‘8
= e |
bo®)][a2@) _ ab” o,
[l_aqb(a)] [bqb(b) 1] ({(t s)r=(s)ds

If we could show

eZa(!} b(t)

a(t)b()

=0{") for t-> 0, 4.5)
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I, tends to 0. However, we have
eZa(t) b(t) (eZa(t))b(t) tsb(t)
a(Ob()  a®b() —a)b()

for any ¢>0 because of (2.10), and by (2.7), this is asymptotically less than or
equal to

£?
C2q(t)

which has the order of o(t**"/2). Thus we have obtained (4.5), and the proof of
the theorem is completed.

5. Proof of Theorem 3

We shall show that (2.2) holds for m=4. Note that

J(@)=2[¢(a) H3(a)— p(b) H;(b)]
=2[a(a®-3)p(a)—b(b*—3)$(b)]
~2(a*—b*ad(a)

by (2.14). We first consider the integral (4.1) over t# <s<t. Then we have

JE 12 j(f—s ds r(f){ a’a;y)z_?(a’a; =
2)2J‘(t S)r a d) (a)

_9@b;y)—d@b;—y)  ¢b.biy)=d(b.b; —y)}dy
abg(a) ¢ (b) b* ¢*(b)
12

= - j (t—s)d
(a —bz)zj(t s)rt(syds

Faopref [exp<

2 (a —I—bz)y
—ECXP{

oot} el
T | P AT p

When zy and y are small, we have

y
} (5.1)
3

zy
exp (1~—y2>~eXp (__

and

o
iyyz) ~22y+2 (2 +6) (5.3)
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Recall that a’y, aby and by are small for large . Thus, if we apply (5.2) and
{5.3) to the integrand in (5.1), then we have

J~ 12 f(z—s)ds
f(t——s (s)ds

v(s)
- X3—~{(a4—6a2+6)—2(a2b2+6)+6(a2+b2)+(b4—6bz+6)} dy
O

5 {t—s)r*(s)ds

1A
b

f {t—s)r*(s)ds
4]

It remains to show that
1
Ha*=b>? a*¢*a) [ (t—s)r*(s)ds
o}

th (s}

-4£(t~—8)ds g {[¢la,a5y)~¢la,a; —y)]
—2[¢(a,b;y)—dla,b; —y)1+ 1o, b;y)— (b, b; —y) ]} dy

tends to 0. But it is carried out in the same way as in the proof of Theorem 2,
if we use (2.13) in place of (2.6). The proof of Theorem 3 is thus completed.

~

6. Further Discussions

6.1. When G,(x) does not depend on r (G(x), say), the limiting distribution of
{2.3) has been studied by Dobrushin and Major [2] and Tagqu [3, 4]. In the
case G,(x)=G{x), we call m=min {q]J,(g)4+0} the Hermite rank of G(x). The
underlying Gaussian process X () considered in [2-4] is assumed to have the
covariance function r{f) which is regularly varying of inder —a for t — o0 for
some o with 0 <o <1/m. However, we can show a statement similar to Lemma 1
in Section 2 under relatively weaker conditions on r(f) as in Theorems 1-3,

Theorem 4. Let X(t), t=0, be a stationary Gaussian process with EX (t)=0,
EX?(t)=1 and with continuous covariance function r(t). Assume that r(t)=0 for
all sufficiently large t>0 and lim r(t)=0. Furthermore suppose that G(x) has the

t—00

Hermite rank m and that there exists 6, 0<<&<1, such that

lim ¢ j F{(s)ds = 6.1

[ ged
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Then
[ G(X(s))ds
0

e[ -9 syds]

has the same limiting distribution as (2.4) in the sense that if one exists then so
does the other and the two are equal, where J(m)={ G(x) H,,(x) $(x)dx.

Proof. We have

gG(X(s))ds j (X)) ds+ f jH (X(s))

Hence it suffices to show that

o0 t 2
pzop=e( ¥ 2 g H,(X()ds)

(j (t—s)r™(s) ds)

We have
o 2 t
Ezor=2 5 L0 igres
n=m+1 0
t co 2
<2 max [(t—s)r"(s)ydsx ) J (n)'
nzm+10 ' n=m+1 n!
Note that
0 J2 o0
5 n(‘")= [ G2(x)p(x)dx< 0.
n=0 . —00

Therefore, for some constant C >0,

E|Z(t)* < C max jt (t—s)r'(s)ds

nzm+1 0

=C max (j—l—j) (t—s)r"(s)ds

nzm+1

< C(t1+6+,£ (t—s)r"‘“(s)ds)

for large t, since r(¢)=0 for all large ¢, where 0 is the one in (6.1). It follows
from (6.1) that

t1+&
lim ——————=0.
T (E—s)r(s)ds
4]
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We also have

jt (E—syr™tH(s)ds supr(s) f (t—s)r™(s)ds
16 >s>t‘5 6

== t

f(t—s) ¥™(s)ds [ t=s)r"(s)ds

0
Ssupr(s) (for large 1)

s>t
-0 as t-o0.
The proof is thus completed.

Remark 2. It follows from Theorem 4 that

Varj{ G(X(s))ds
lim . =1
t_'oon(m)Mg(t—s)r"‘(s)ds

13

Therefore, we see that the m in condition (2.2) coincides with the Hermite rank
of G(x) in the case where G,(x) does not depend on ¢. However, in the case

where G,(x) may depend on ¢, it is not necessary that J {n)=0 for n<m.

Remark 3. For the case of the stationary Gaussian process the covariance
function of which r(t) is regularly varying of index —a for t— oo, for some «
with 0<a<1/m, where m is the one in (2.4), the existence of limiting distri-
butions of (2.4) is known. (See [2, 3, 4]) Berman [1] also gave the limiting

distribution of (2.8), which is known as the Rosenblatt distribution.

6.2. Finally, we give a result about the joint limiting behavier of M,(a(?)) and

N,(b(1)), being motivated by Theorem 4.2 in [1].

Theorem 5. In each case of Theorems 2 and 3, we have

lim Corr (M, (a(t)), N,(b(t)= — 1.

-0

Proof. Berman [ 1] showed that
i
Var M,(a)~4a>d*(a) | (t—s)r?(s)ds.
O

On the other hand, it follows from Theorems 1-3 that

Var N,(b)~4b*¢?(b) jﬁ (t—s)r*(s)ds
0
and )
Hap(@)—bo(d) [ t—s)r’(s)ds

VarR,{(a,b)~

for g and b in Theorem 2
t
Ha?=b*a* ¢ a) [ (t—s)r*(s)ds
O

for a and b in Theorem 3.

(62)

(6.3)

(6.4)

(6.5)
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In the case of Theorem 3, (6.2) can be obtained by the same argument as in the
proof of Theorem 4.2 in [1]. As to the case of Theorem 2, we have, from
(6.3)~(6.5), that

Var R,(a,b)~Var M,(a) + Var N,(b)—2(Var M,(a))*/* (Var N,(b))*2,

which implies (6.2).

Acknowledgement. The author wishes to thank the referee whose comments led to Lemma 1 and
the relation (2.5).
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