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Dual Nonlinear Programming Problems
in Partially Ordered Banach Spaces

K. RITTER

Summary. The concept of duality plays an important role in mathematical programming and has
been studied extensively in a finite dimensional Eucledian space, (see e.g. [13, 4, 6, 8]). More recently
various dual problems with functionals as objective functions have been studied in infinite dimensional
vector spaces [5,7, 1,10, 12].

In this note we consider a nonlinear minimization problem in a partially ordered Banach space.
It is assumed that the objective function of this problem is given by a (nonlinear) operator and that
its feasible domain is defined by a system of (nonlinear) operator inequalities. In analogy to the finite
dimensional case we associate with this minimization problem a dual maximization problem which is
defined in the Cartesian product of certain Banach spaces. It is shown that under suitable assumptions
the main results of the finite dimensional duality theory can be extended to this general case. This
extension is based on optimality conditions obtained in [11].

1. Statement of the Problem

Let X, Y, Y, ..., ¥, be real Banach spaces. Suppose Y, is reflexive. For each
i, j€{0,1,...,m} let L;; denote the space of bounded linear operators mapping
Y;into Y;.

A subset K of Y is a convex cone (with vertex 0) if K+ KcK and AK<K
for every positive number A.

For je{0,1,...,m} let K;= Y, be a closed convex cone. It is assumed that, for
j=*0, K; has interior points and that K, has the following properties:

1) If f(Ky)=0 then f=0 for every fe Y3, where ¥3* denotes the space of con-
tinuous linear functionals over Y.

2) There is a >0 such that ||y, +y,|| =0 whenever y;, y,eK, and |ly,]|=
ly2li=1.

The cone K can be used to define a partial ordering for Y;. We write y =0 if
and only if ye K;. Hence, y; 2 y, if and only if y; — y, € K. If K; has interior points
we write y>0 if and only if y is an interior point of K. ‘

It should be noted that property 2) of K, implies that y=0 whenever ye K,
and —yeK,. However, this need not be true for the other cones K.

An element AeL;; is said to be positive, 420, if A(K;)<K;. Let F: X - Y,
and g;: X = Y; for j=1,...,m. If F(x) or g;(x) is Fréchet-differentiable at x, we
denote its Fréchet derivative at x, by F'(x,), respectively gj(x,).

A mapping h(x) of X into Y] is said to be convex if for every x;, x,€X

Ah(x) 4+ (1= 2) h(x2)Z k(A x; +(1—2) x,)

for every AeE! such that 0<1<1.
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If for every yeY; the set
{xeX|h(x)2y}

is convex, then h(x) is called quasi-concave.

Suppose h(x) is Fréchet-differentiable. According to [9] h(x) is called pseudo-
convex if for every x;, x,e X

B (x)(x;—x;)=0 implies h(x;)Zh(x,).

It is not difficult to show that h(x) is pseudo-convex if it is convex and Fréchet-
differentiable. But a pseudo convex mapping need not be convex.
Let
R={xeX|gi(x)20,j=1,...,m}.

We consider the following minimization problem which is referred to as the primal
problem, PP.

Determine an xyeR such that

F(x)2 F(x,)
for all xeR.
Any x€eR is said to be a feasible solution to the PP. If x,eR and

F(x)=F(xg) for all xeR

then x, is called an optimal solution of the PP.

With this minimization problem we associate a maximization problem, which
is referred to as the dual problem, DP, as follows.

Let
Q={(x,T;,.... T,)EX X Lo X - X Lol F'(x)~ Z ogi(x)=0, ;=20,j=1,...,m}.

Determine an (x;, Tq,, ..., T,,;)€Q such that

m n

F(xq)— Y, Tyogi(x)ZF(x)— Z j08(x) 1)

j=1 j=

forall (x, T3, ..., T,,)e Q.
Any (x,T3,...,T,)eQ is said to be a feasible solution to the DP. If

(xi, it ..., T,1)€Q and (1) bolds for all (x, T}, ..., T,)eQ, then (x;, Ty, ..., T,y1)
is called an optimal solution of the DP.

As in the finite dimensional case we have to assume that the PP satisfies a
certain constraint qualification which can be formulated in various ways. For

our purposes it is convenient to use the following

Constraint Qualification for the PP. Suppose x,, is a feasible solution to the PP.
Then x,, is said to satisfy the constraint qualification if for all T,eL;o, j=1,...,m,
with the property

T;y=0 whenever ye{K;—g;(xo)} (%)
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the equation

o

7}" g}(xo)=0
1

il

. 1- J
implies
Tiogilxe)=0  for j=1,...,m.

It should be observed that, if g;(xo)>0 for some j, it follows from (x) that
T;0 gi(x0)=0. Hence, it depends only on the constraints which are active at x,
whether x, satisfies the constraint qualification.

In particular, if Y, =---=Y, =E, the constraint qualification reduces to the
assumption that the zero element of X* is not in the convex hull of the gradients
of the constraints which are active at x,.

Furthermore, we need a constraint qualification for the DP which we state
in the following way:

Constraint Qualification for the DP. A feasible solution (x,, Tiy, ..., T,,;) of the
dual problem is said to satisfy the constraint qualification if there exists a con-
tinuously differentiable mapping x=h(T,, ..., T,,) of some open neighborhood N
of (Tis, ..., T,y) into X such that x,=h(T;y, ..., T, ) and (k(T}, ..., T,), T, ..., T,,) is
dual feasible for (Tj, ..., T,)eNn{(T;, ..., T T,20, j=1,...,m}.

The following theorem will be needed in deriving the duality theorems in the
next section. It can be obtained as a special case of Theorem (3.2) and (3.3)in [11].
We state it here for the sake of completeness.

Theorem (1.1). Suppose F(x) and g;(x), j=1, ..., m, are continuously Fréchet-
differentiable.

1. Let x, be an optimal solution of the PP which satisfies the constraint quali-
fication and for which either

gj(x0)>0 or %(glj(xo))sz j=17--'sm?

holds. Then there are T;e L;q such that
o) F'(xo)= ), T;og}(xo)s
j=1

B) ye(K;—g;(xo)) implies T,y =0 for j=1,...,m.

2. Suppose F(x) is pseudo-convex and g;(x), j=1,...,m is quasi-concave. If
xy is a feasible solution of the PP and if there are T,e L;, such that o) and p) hold, then
X, is an optimal solution of the PP.

2. The Duality Theorems

First we give a generalization of a theorem which, in the finite dimensional
case, is often called the Weak Duality Theorem.

Theorem (2.1). Suppose F(x) is convex and Fréchet-differentiable and g,(x), ...,
g.(x) are concave and Fréchet-differentiable.

L1f A is a bounded linear operator mapping X into Y; the range of 4 is denoted by %£(A).
18%
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1. If x, is a feasible solution of the PP and (x, T4, ..., T,,;) is a feasible solution
of the DP then
F(xo)Z F(x;)— Z Ty 0 g5(xy). (%)
i
2. If equality holds in () then x, is an optimal solution of the PP and (x, T4, ...,
T,.1) is an optimal solution of the DP.

Proof. 1. Since F(x) is convex
F(xy)+AF(xo)—AF(x1) 2 F [x; 4+ A(xo—%,)]

for any real number A such that 0<A1<1. Hence, for 0<i<1
1
F(Xo)~F(x1)27 {F x4+ A0co—x1)]— F(x1)}

Since F(x) is differentiable and K, is closed this implies
F(xo)—F(x)Z F'(x1) (xo—xy)-
Moreover, since (x;, T;4, ..., I,,;) 18 a feasible solution of the DP we have

Fx)= 3. Tyogiixi)

and therefore

F(xo)—F(x;)2 Z o g;(x1) (xo—x1). (1
Since g;(x) is concave, we have

g;‘(xl) (xo _x1)§gj(x0)_gj(x1)' 2
Thus, (1), (2), g;(x0)=0 and T;; =0 imply

F(xo)—F(x)z — Z Tiy0g;(xy)-

2. The second part of the theorem follows from the observation that for any
feasible solution x of the PP, we have

F(x)>F(x1)—Z 1°8; (x1)=F(xo),

Jj=

while for any feasible solution (x, T, ..., T;,) of the DP, we have

F(x;)— Z 1og1(x1) F(x0)>F(x)—ZT°gJ(x)

=1
The next theorem is an extension of the Duality Theorem.

Theorem (2.2). Suppose F(x) is convex and continuously differentiable and
g1(x), ..., gu(x) are concave and continuously differentiable. If x, is an optimal
solution of the PP, which satisfies the constraint qualification and has the property
that for j=1,...,m either

g;(x0)>0 or R(gi(x0)=Y;
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then there are T.eL;, such that
(-xO’ ’Ii’ EERE Y;rz)
is an optimal solution of the DP, and
F(xo)=F(xq)— Z T}°gj(x0)~
j=1
Proof. By Theorem (1.1), there are T;eL;, such that
F'(x0)= Z T°gj(xo)
ey
and
T,y20  whenever ye(K;—g;(xo)), Jj=L...,m

Since g;(x0)20, K;=(K;—g;(x,)). Hence, T,20 and (x,, T}, ..., T,,) is a feasible
solution of the DP.

Furthermore, since +g;(xo)e(K;—g;(x,)), we have
Tiogi(xo)eKy and —Tog;(xo)eK,, j=1,...,m.
By the assumption on K, this implies
Tie g;(xg)=0 for j=1,....,m

Hence the assertion of the theorem follows from Theorem (2.1).

By means of simple counter-examples [9] it can be shown that the above
theorem is not true if we only assume that F(x) is pseudo-convex and/or g,(x), ...,
g.(x) are quasi concave. However, for the next theorem, the so called Converse
Duality Theorem, these weaker assumptions are sufficient.

Theorem (2.3). Suppose F(x) is twice continuously differentiable and pseudo-
convex and g((x), ..., g,(x) are twice continuously differentiable and quasi concave.
Let (xq, Tiy, --., T,,1) be an optimal solution of the DP which satisfies the constraint
qualification. Then x, is an optimal solution of the PP, and

Pl =Fx)— 3. Tjo ().

Proof. Let ie{1, ..., m} be arbitrary but fixed and define
d)(ﬁ):h(Tm vees ’1;—1,17 Tia Ti+1,13 sees Tml)

W)= F($ (D)= 3. T o8,(6 (1)~ Tio g6 (7).
Since we have "

Tog(d)(T)) L1°g1(¢(7;1)) ,1°gl(¢( 1))°¢>l( 1)(T'—T'1)“(Ti—Ti1)°gi(¢(Ti1))
1°(8:(@ (1))~ 8i(¢(Ti)) — 8i(d (Tin) e ' (Ti)(T;— T5y)
(T~ Ty o (2@ ()~ :i((Tn))

=o(ITi— T ),
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it follows from the chain rule [2] that
Y(T) =Y (T) =y (T )(T;— Ty)+o(| T,— T )
=F($(T)e ¢ (Ta) (Ti= Ti)= . T (6 (T:)

o ¢ (T, ) (T;— T;)—(T;— i1)°gi(¢( i1))+0(”7;_Til”)
(F'(xl)— X T gjlox0) o (T (T~ T,y
—(T—Ty)ogilx)+o(I T, — T4l

Since (x4, Tiy, ---» Trq) 18 an optimal solution of the DP this implies

V() =¥ (T)=—(Ti—T)ogi(x)+ o (| T,— Ty |))

(T;—T;y)ogi(x) 20 (1

for 20 and || T;— T, | sufficiently small.
Suppose T;; © g;(x;)*0. If we choose T,=A4T,;, A=0, then

(Ti— Tin)ogi(x)=(A—1) Ty 0 g;(xy).
Since T;20 and, for any ¢>0, there is 1, {1 —¢, 1+¢} such that
(Ao—1) Ty o gi(x1)¢ Ko

and

we have a contradiction to (1). Hence,
Ty 0 g;(xy)=0. ()

Next suppose g;(x;)¢K;. Since K; is convex and closed there is a continuous
linear functional f on Y; such that

flgi(x))<0 and f(K)z0

[3, Theorem 10, p. 417].
Let yeK, and y+0. Choose T;=Ay f+ T;;, 4=0. Then T;=0 and

(Ti_’1;1)°gi(x1)=/1J’f(gi(x1))¢Ko for A>0.
This is a contradiction to (1) and it follows that
8i(x1)=0. (3)

Since (3) holds for every i€ {1, ..., m}, x, is a feasible solution of the PP. Further-
more, T;; 20 and (2) imply for ie{1, ..., m} that

T;y20  for ye(K;—gi(x,).

Therefore, it follows from Theorem (1.1) that x, is an optimal solution of the PP.
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