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Convergence Theorems of Martingales 
By 

Y. S. t~riow 

Let  (tg, o~, p)  be a probabili ty space and (~n)  be a sequence of sub-a-algebras 
of ~ and o~n c o~n+l for each n. I f  the random variables Xn are measurable with 
respect to ~ n ,  then (xn, ~ 'n ,  n >= 1) is said to be a stochastic sequence. I f  
moreover E ( x  +) < oo and E(xn+l]Yn)  >= xn a.e., then (xn, ~ 'n ,  ->--- 1) is called 
a submartingale (or semi-martingale). An extended real valued random variable 
t is called a stopping variable, if {t(co) = n} ~ ~ n  for each n. There are two 
kinds of convergence theorems of submartingales. One requires sup E I xn [ < oo 
and was first proved by  DooB [2; p. 324] and later improved by  SNnZL [4 ; p. 298]. 
Another requires lim sup xn < oo with some conditions on ~-n and was proved 
in [1; p. 274] and later improved by  DooB [3]. In  this paper, following the line 
of Doo]3 in [3], we prove Theorem 1, which unifies all the results mentioned above 
together. For the completeness of the paper, we prove Theorem 3, which has 
been implicitly included in the proof of Theorem 4.2 of [1] (but not stated), and 
it is not included in Theorem 1. Theorem 4 is a generalization of a Theorem 
proved by  DooB [2; p. 339] about the sums of independent random variables. 

Let  (Xn, ~ , n  >= 1) be a stochastic sequence and for b > 0 put  s ( co )=  
inf{n[Xn(W) ~ b}. For a set A,  the indicator function of A will be denoted 
by  IA. 

Definition 1. For a < 0, the stochastic sequence (xn, ~ n ,  n >~ 1) is said to 
satisfy the condition (C, a), if E (xn) < co for each n, if there are random vari- 
ables yn ~ b such tha t  ] Ys d P  < co, and if for each n 

(s<oo) 

(~) E (I(s=n + 1)(Xs - -  Ys) l~-n) <= E (max (a, xn+l) l~n )  - -  xn 

a.e. in {s ((o) >= n -~ 1, xn (rg) > a}. 
Assume tha t  the condition (C, a) is satisfied. Pu t  

(2) x ~ , ~ = m a x ( a ,  Xn) if s ( c o ) > n  

~-Ys if  s(~o) =<n. 

Then E(x'n+l[x ] . . . . .  X'n) >= Xn a.e. To prove this, let B be an n-dimensional 
Borel set and A = {(x I . . . . .  Xn) ~ B}. Then 

A (s > n) = {[max (a, Xl) . . . . .  max  (a, Xn)] e B} (8 > n) ~ ~ n .  
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Set  D = A ( x n  > a) and  E = A(xn  < a). Then b y  (1) 

.[ (x'~+ 1 - -  x'~) d R  = f [max(a,  xn+l) - -  Xn] d R  --  f (xn+l - -  Yn+z) d R  
D D(s>n) D(s ~ n~-l) 

: -  ] [max (a, Xn+l) - -  Xn] d R  --  f I(s=n+;) (x~+l - -  yn+l) d R  
D(s>n)  Jg(s>n) 

= f [max(a ,  Xn+l) - -  xn] d P  --  fE(I(s=n+l)(Xn+l - -  Yn+l)[~'n) d R  > 0 ,  
/)(s>n) ~9(s>n) 

y ( x : §  - x : )  d R  = y ( x : §  - -  a)  ~ P  > 0 ,  
E E(s>n) 

since xn+ 1 > a a.e. Therefore,  f(Xn+ ~ - - x ' n ) d P  > O, and  then  E(x'~+l]x ~ . . . . .  
A 

x:~) > x n a.e. Thus we have  
L e m m a  1. Under the condition, (C, a), the sequence (Xn) defined by (2) is a sub- 

martingale and ] x'n [ <~ b --  a -]- I(s <n) Ys. 
Theorem 1. Let b > 0 be fixed. I /  (C, a) is satisfied by (xn, "~-n, n > l )  /or 

every a < O, then nm x~ exist8 a.e. in {sup x~ (~) < b}. Z/, moreover, E]xn  I < oo 
/or each n and Yn : Y'n ~- Yn such that there exists K > 0 satis/ying 

(3) f lY:]  d P  <= K ,  I (s<~)y :" <= --  g a  
(s<r 

/or every a < --  1, then l im Xn exists and is finite a.e. in {sup Xn (w) < b}. 
Proo/. Let  A = {sup Xn (w) < b}. B y  L e m m a  1 and  DooB's  convergence theo-  

rem of  submar t inga les  [2; p. 324], 

l ira Xn, a -~ x :  a.e. and  l im E (x'n,a) = E (x:) 

for every  a < 0. Hence,  l ira xn - -  x~  a.e. in A.  To prove the  second par t ,  pu t  
B = A {xoo(w) = - -  oo} and  let  P ( B )  : s > O. Then 

E(xa) = f m a x ( a ,  xoo)dP ~- ] y s d P  <=as ~- b -f- f y s d P ,  
(s~oo) (s<oo) (s<oo) 

and  for every  m 

limE(x'n,a) > E(x~,a) > --  E(x~)  + f y s d P .  
(s <_m) 

H e n c e ,  

a e > - - b - - E ( x m )  f ' ' ~_ --  (ys ~-y~') d P  ~ - - b - -  E(x~)  + K a P ( m  < s < c ~ ) - -  K .  
( m < s < ~ )  

Take  m0 so large such t h a t  P(mo < s < co) < ~ .  Then 

a~  
~2-- ~ - -  b - -  E(x~,)  - -  K .  

Le t t i ng  a t end  to  - - c ~ ,  we have  a contradic t ion .  Therefore  P ( B )  ~ O. 
Definit ion 2. A s tochast ic  sequence (Xn, ~ n ,  n ~ 1) is said to  sat isfy  the  con- 

d i t ion  (D, a) for a < 0, i f  E(xn)  < co for each n, i f  there  exis t  1 > ~ > 0 and  
r andom var iables  Zn such t h a t  Zn ~ b and  f z s d P  < o% and  i f  a.e. in 

(s<~) 

( s ( ~ ) > = n - } - l ~ X n ( ~ ) > a }  
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a t  least  one of the  following two conditions holds:  

(4') P(x,~+l > b ]~, ,)  > ~, 

(4") E(I(s=n+l) (x~t-t-1 - -  Z n §  g E ( m a x ( a ,  xn+l)]~n)  - -  xn.  

b--a 
Theorem 2. Under the condition (D, a), by putting yn -- ~ ~- Zn, the con- 

dition (C, a) is satisfied. 
Proo]. Le t  

A = {P(xn+l ~ b I ~ n )  (~o) ~= (~, s(w) ~= n + 1, Xn(a)) > a} .  

To prove  Theorem 2, we need only to  prove  t h a t  (1) holds a.e. in A. Now in A 

E(I(s=n+l) (Xn+l --  Yn+1)]~n) --  E ( m a x ( a ,  xn+l) I ~ n )  

E (I(s=n+l)Xn+l I ~ n )  --  b -~ a --  a P (Xn+l ~ a] ~ 'n )  - -  

- -  E ( I ( x , , + l > a )  X n + l  ] ~ ' n )  = - -  E ( I ( a < x . + ~  <b )  X n + l  ] ~ n )  - -  

- -  b + a -- a P (xn+l g a l a n )  ~ -- a P (a < xn+l < b ] ~ n )  - -  

- - b + a P ( x n + l > a l ~ - n ) = a P ( x n + l ~ b ] ~ n ) - - b ~  - -  

- - b ~ - - x ~ .  

Therefore  (1) holds a.e.in A. 
Corollary 1. I /  (D, a) is satisfied /or every a < 0, then lira Xn exists a.e. in  

{sup xn(w)  < b}. I] moreover ~ is independent o/ a and z = z'~ -~ z~ such that 
there exists K > 0 satis/ying 

J'l<l dR < K ,  I(s>m)z 2' g - K a  
(s<r 

]or every a < -- 1, then lira Xn exists and is finite a.e. in  {sup Xn (co) < b}. 
Proo/. The first pa r t  follows f rom Theorems 1 and 2 immedia te ly .  For  the  

, , ,  , , , ,  b - -  a ,, 
second par t ,  yn = Yn q- Yn, where Yn = zn and yn -~ ~ q- z n. Therefore (3) 

bq-1 
holds for  K '  = K q- - 7 - -  " B y  Theorem 1 again, we finish the  proof.  

Corollary 2. Let (Xn , ~-n , n >= 1) be a submartingale with E (xn) < oo /or each n. 
I /  /or b > 0 there exists e > b such that /or  every a ~ 0 there exists 1 > ~ i"> 0 so 
that /or almost every p o i n t / o r  which m a x  (xj, j <= n) < b and xn >= a we have at 
least one o] the ]ollowing two properties: 

(5') P(Xn+l >= b i g ' n )  ~ ~, 

(5") P(xn+l  >= c[ ~ = O, 

then lira xn exists a.e. in {sup Xn (co) ~ b}. I / ,  moreover, the ~ is independent o/ 
a and E l Xn I ~ c~ ]or each n, then l im xn exists and is finite a.e. in {sup xn (oo) ~ b}. 

Proo/. Define s (co) = inf{/~[ xk (w) >= b} and pu t  zn = c for each n. Le t  

A = { P  (xn+, ~ c I ~ 'n)  = O, s ~ n q- 1, x n ~ a}. 



Convergence Theorems of Martingales 343 

Then a.e. in A,  

E (I(s=n+l) (xn+l --zn+l) [ ~ n )  ~- E (I(s=n+l) (Xn+l --  c) I ~ n )  

E (I(x~+ 1 >c) ( (xn+l --  c) I ~ n )  = lim E (I(m>~x~§ >c) (Xn+l - -  c) I ~-) 
m--r oo 

= 0 g E (max (a, Xn+l) ] ~ n )  --  xn .  

Hence,  (4") holds a.e. in A. Thus, Corollary 2 follows f rom Corollary 1. 
The second ha l f  of  Corollary 2 has been recent ly proved  b y  DooB [3]. To show 

t h a t  i f  3 is not  independent  of  a, we do not  always have  the  finiteness of  the  lira Xn, 
even if E I Xnl < c~ for each n, let ~ = (0, 1] be the  half-open uni t  interval ,  
the class of  all Lebesgue measurable  sets on Q, and P the  Lebesgue measure.  

Le t  11,1 = (0, dl,1] and 11,2 = (dM,  1] such t h a t  P(I1,1) = 2P(I1 ,2) .  Define 
xl(eo) = - - 1  for (~ ~ 11,2. Then E(x l )  ~ O. Suppose t ha t  we have  defined In , l ,  
In,2, . . .  , In,2 n and Xn. For  

In, i = (dn, i-1, dni], choose dn, l-1 ~ dn+l,2i-1 < dn,i, 1n+1,2i-1 --~ 

= (dn, i-1, dn+1,2~-1) and In+l,21 = (dn+l,~i-L dn, i] 

such t h a t  
2np(In+l,21) = nP(In+l ,2 i - i )  + f x n d P .  

In,~ 

Define X n + l ( ( o ) - ~ - - n  for o) e ln+l ,2~- i  and  Xn+l(co)-~2 n for (9~In+1,2t, 
i ~ 1, 2 . . . . .  2 n. Then (Xn) is a mar t ingale  and 

2 n n 
P(Xn : - - n ) - -  2 n + n  , -P(Xn : 2  n ) - 2 n + n .  

For  b > 0, i t  is easy  to see t h a t  for every  a ~ 0 for each n either (5') or (5") is 
1 

satisfied, b y  tak ing  3 = u and c = b. Bu t  we have  P ( l i m  xn -~ -- c~) -~ 1. 

F r o m  Corollary 2, immedia te ly  follow the  nex t  two corollaries : 
Corollary 3. (Cgow [1]). Let (xn, ~ n ,  n ~ 1) be a submartingale such that /or  

each n, E [ xn [ < oo and 

(6) ~ 'n  is generated by disjoint atoms In, i, i = 1, 2 . . . .  

inf  J P ( I n + l j )  } (7) ( ~ ]i,j,n,I~+l,jC=In, i = 3 > 0 .  

Then lim xn exists and i / f in i te  a.e. in (lira sup Xn(CO) ~ c~}. 
Corollary 4. Let zl ,  z2 . . . .  be independent random variables with mean zero and 

Xn ~ Zl + "'" + zn. I / / o r  every large b there exists (~ > 0 such that/or each n either 

(8') P(zn  >= b) = O, or 

(s") p(zn >= b) >= 3 , 

then lim Xn exists a.e. in {llm sup xn (~o) < c~}. 
@orollary 5. (Doo~ [2; p. 325]). JLet (xn, ~ 'n ,  n ~ 1) be a submartingale and 

E I xn  [ < oo [or each n.  I [  E [sup {xn+l - -  E (Xn+l [ I n ) } ]  < c~, then lira xn exists 
and is finite a.e. in  (lira sup Xn (co) < ~ } .  
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Proo/. For  b > 0 ,  pu t  yn+l=- { X n + l - - E ( x n + l l ~ n ) }  + - ~ b  for n ~ l  and 
yl  = x + ~- b. Define s(e)) = inf  {/~lx~((o ) ~ b}. Then  a.e. in {s((o) >= n @ 1} we 
have  

E{(I(~=~+I) (x~+~ --  yn+D l ~ }  < E{I(.s=n+l) E(xn+l  - -  b l ~-~)1 ~ } = 

Hence (1) is satisfied. Since ] y s d P  < ~ ,  the  Corollary follows f rom Theorem 1. 
(s<.o) 

Corollary 6. Let (Xn, o~n, n >~ 1) be a submartingale. (i) i/ ] x ~ d P  < c~ /or 
( t<~)  

every stopping variable t, then lira Xn exists (and is finite) a.e. in { l imsupxn (co) <oo},  
(provided that E(Xl) > - -  co).  (ii) (DooB [2; p. 324]) i f  sup E ( x  +) < c~, then 
l iraxn exists a.e. and P ( l i m x n  < co) = 1. I /  moreover, E(x~) > - - c~ ,  then 
lira Xn is finite a.e. (iii) (S~ELL [4; p. 293]) l im xn exists and is < co /or  almost all oo 
such that inf  sup E (x + I ~-~) < c~. 

k n 
-t- Pro@ For  b > 0, pu t  Yn - -  xn -t- b. Then  ~ y s d P  < ~ in case of (i), since s 

is a s topping variable.  Ev iden t ly  
For  (ii), we need only to prove  
di t ion sup E ( x  +) < c~ implies 

(s<c~) 
(1) is satisfied and  then  (i) follows f rom Theorem 1. 
t h a t  P ( l i m  sup xn < oo) = l ,  because the  con- 
t h a t  j x [ d P  < c~ for every  s topping var iable  

( t<~)  
t[1; p. 266]. B y  the  mar t inga le  inequal i ty  [2; p. 314] 

c P { m a x x [  >= c, j ~ n} ~ E ( x  +) 

for every  c > 0.  Hence  

e P {sup x~ + >= c} <= sup E (xD < co. 

Therefore,  P (sup xn < ~ )  = 1. To prove  (iii), let A = {sup E (x + I ~ )  < N}, 
n 

where N is a posit ive number .  P u t  Yn =- IA xn.  Then  (yn, o~n, n >= k) is a sub- 
mar t inga le  and  sup E (y+) = sup E (y+ ] ~ ) )  ~ hr. Hence  b y  (fi) P (lim Yn = Y < oo) 
= 1. Since A r and/~ are a rb i t ra ry ,  l im xn = x exists and  x < oo for a lmost  all (o 
such t h a t  for some /c sup E (x + I ~ k )  < c~. (fi) is sl ightly more  general t h a n  

n 

DOOB'S original one, b u t  the  former  can be deduced immedia te ly  f rom the la t ter  
b y  considering x~ = m a x  (c, xn) for c < 0. (ii) is a special case of  (iii) b y  taking 
F0 = {0, W} and x0 = E(x l ) .  (i) can be s t rengthened to the  following theorem,  
which has been implici t ly  p roved  in [1 ; p. 270] and  for the  completeness of  this 
paper  we will r epea t  the  proof  here. 

Theorem 3. Let (xn, ~ ,  n >~ 1) be a submartingale such that y x+ d P  < c~ ]or 
every stopping variable t. Then lira xn exists a.e. (t<~) 

Pro@ P u t  V = { l imsupxn(e ) )  > b > a > l iminfxn(cO)} and  suppose, if  
possible, t h a t  P ( V )  >= ~ > O. For  simplici ty we m a y  assume t h a t  a = 0 and 
b = 1. P u t  K n  ~- {xn(o)  > 1}. Then  for s > 0 there  exists n l  such t h a t  

P ( V  - -  A1) < e/2, 

where A1 = U Kn.  P u t  Jn  = {xn(e)) < 0}A1. Then  there exists ml  ~ nl  such 
that i 

P ( V A 1  --  B1) < el2, 
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where B z  - -  ~ J  J n .  Define h and te by  
/ t l  

t~ (co) = n,  f o r  co e K ~  = (,.J K~,  
1 

~ n ~ ,  for co~Y2 --At.  

t 2 ( c o ) = n ,  for c o ~ A ~ - - B ~ ,  

= n ~ ,  for co~f2 - - A ~ .  

n = 1 , 2 , . . .  , n l ,  

Then tl and t~ are bounded stopping variables and t~ ~ tz a.e. Hence [2; p. 303] 

f x .~dP  >= f x ,~dP  + ~ f x t d P  = fx~= dP >= f % d P  > P ( & )  > ~ -- ~. 
A ~ - B~ A ~ - -  ~ i = n~ (t,~ = t)  B~ A ~  A ~ 

Put  Yn = I B  xn .  Then (Yn, ~ n ,  n ~= mz) is a submartingale and 

V B I  c {lim sup Yn > 1, 0 > lim in fyn} .  

Since P ( V B 1 )  >= P ( V )  - -  P ( V  - -  B~) >= P ( V )  - -  P ( V  - -  V A ~ )  - -  P ( V A ~  - -  B1) > 

> (3 - -  s, b y  repeating the previous argument  we can find m2 > n2 ~ ml and sets 
B2 c A2 c B1 such tha t  A2 ~ ~ n , ,  Be ~ ~m~, and 

E g 

r ( v ~ 2 )  > o - -  e - - - 2  B 

A 2 - - B 2  

By induction, there are mt ~ nt ~ mr-1 and sets Bt-z ~ At ~ Bt such tha t  
At E ~ ,  Bt ~ ,,~,~ and 

~xm, d P  > d - -  e(1 -~- 2-1 -~ .. .  @ 2-t+1) 
A ~ - - B i  

P ( V B d  > d - -  s(1 -k 2 -1 ~- "'" ~- 2-t+1). 

Take e = d/2 and define a stopping variable t by  

t ( c o ) = m i i f c 0 e B t _ z - - B i f o r i >  1 = m l i f c o e B z .  
Then 

r  o o  

(t < r (t = n)  A ~ -- B~ 

which contradicts the assumption. 
Theorem 3 is not  a simple consequence of  Theorem 1 or 2, for example, let 

= [0, 1], F = {0, f2}, P ( ~ )  = 1, xn ~ n and ~-n ~ ~ for each n. Then the 
conditions of  Theorem 3 are satisfied, but  P( l im sup Xn ~ oo) = 1. To conclude 
the paper, we will prove the following theorem about  sums of  independent  r andom 
variables, which generalizes a theorem proved by  DooB [2; p. 339], in which 
E(sup  (yn) 2) ~ oo ia assumed. 

Theorem 4. Let  y l ,  Y2 . . . .  be independent random variables wi th  E ( y n )  ~ 0 

such that E (sup Yn) < oo. P u t  Xn ~ Yl  -~ "'" @ yn .  I f  P ( l im sup xn < oo) = 1, 
then Xn tends to a l imi t  in  mean  o /order  1. 
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Proo/. From Corollary 5, lim xn exists and is finite a.e. To prove tha t  xn con- 
verges in mean,  let us suppose, if possible, t ha t  there exist s > 0 and subsequences 
(hi) and (m~) such t h a t  

E [xm~ --  xn, I > e, ni ~ mi < n~+l, for i > 1. 

For  N > 0, let t(w) = inf {kix~(@ l > N}. Then P(t  = ~ )  = P ( s u p  [z~] < N) 
> 0 for large N.  Define 

r 

Xn ~ Xmin (n, t). 

Then (x~) is a submart ingalc  [2; p. 302] and } z :  I ~ N + sup yj.  Therefore, x :  
converges in mean  of order one [2; p. 324]. Choose a subsequence (n~j) of  (hi) such 
t h a t  

E - % , 1  < 2-J for i > 

Then o o  

j= l  
and o o  

j= l  

Since E {[xh~ ~ - -  x;~+ I[ ~'n~+} = E {] x ~ + -  xnk. I I = E l % + -  %+ I 

for almost  all ~o such t h a t  t (w) > n~, 

r  

1 

a.e. in {t (co) = c~}. Therefore, we have a contradict ion and the proof  is finished. 
Theorem 4 states t h a t  under  its conditions (xn) tends to  a finite hmi t  a.e. implies 
t ha t  (Xn) tends to  the limit in mean.  
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