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Summary. Let X,,X,,...,X, be r.v's coming from a stochastic process
whose finite dimensional distributions are of known functional form except
that they involve a k-dimensional parameter. From the viewpoint of statisti-
cal inference, it is of interest to obtain the asymptotic distributions of the
log-likelihood function and also of certain other r.v.’s closely associated with
the likelihood function. The probability measures employed for this purpose
depend, in general, on the sample size n. These problems are resolved
provided the process satisfies some quite general regularity conditions. The
results presented herein generalize previously obtained results for the case of
Markovian processes, and also for in.n.id. r.v.’s. The concept of contiguity
plays a key role in the various derivations.

1. Introduction

For n=0, integer, let X, X,,..., X, be the first n+1 r.v’s from a stochastic
process each defined on the probability space (%, o/, P,). The joint probability
law of any finite set of such r.v.’s is assumed to have known functional form
except that it depends on the k-dimensional parameter 6. The set of all possible
values of 6, that is, the parameter space @, is assumed to be an open subset of
R*, k=1. Under these and some additional suitable regularity conditions, one
may write down the likelihood function of the above r.v.s. Then, as is well
known, it is of great importance, from statistical inference point of view, to
determine the asymptotic distribution of the log-likelihood function. Also, the
same for some other r.v.’s associated with the likelihood function. In both these
cases the determination of the asymptotic distribution is required under se-
quences of probability measures which, in general, vary with the sampe size n.
For the special case that the above r.v.’s are coming from a stationary
Markovian process which satisfies certain regularity conditions the problems

*  This research was supported by the National Science Foundation, Grant MCS 76-11620, and a
grant by the National Research Foundation of Greece

0044-3719/79/0047/0031/803.20



32 G.G. Roussas

stated have been dealt with in the monograph Roussas (1972). Also, the same
problems have been resolved for the case that the r.v.’s under consideration are
assumed to be independent but not necessarily identically distributed. This has
been done in Philippou and Roussas (1973). In both these cases the concept of
contiguity plays a key role in the discussions involved.

The results obtained herein are the natural extensions of those proved in the
above cited two special cases.

This paper consists of seven sections. The necessary notation and the
assumptions used throughout the paper are introduced in Sect. 2. Some com-
ments on the assumptions, as well as some auxiliary results, are given in Sect. 3.
The main results of the paper, Theorems 4.1-4.6, are given in the next section,
whereas their proofs are deferred to Sect. 6. In Sect. 5, a series of lemmas
required for the proofs of the main results, is presented. In the closing section,
three examples are mentioned, where the assumptions made in this paper hold
true. The last two of these examples, also provide some justification for
undertaking this investigation.

Of the most recent works on the subjects the paper Prasad (1973) is
especially noteworthy. Other papers dealing with the same problem are those of
Rao (1966), Prakasa Rao (1974) and Crowder (1976). Also, the following papers,
discussing related problems, are of interest, namely, Bhat (1974), Basawa, Feigin
and Heyde (1976), Basawa and Scott (1977), (1978).

The methods used there, however, follow the classical line. At this point, it
should also be mentioned that the new CLT for martingales obtained in Brown
(1971) was very useful here.

In order to avoid unnecessary repetitions, it should be noted that all limits
are taken as n tends to inifinity unless explicitly otherwise stated.

2. Notation and Assumptions

For n=0, integer, let X, X,,..., X, be r.v’s defined on the probability space
(%, s/, P,), where the k-dimensional parameter e @, an open subset of RF, k= 1.
Let o/, =0(Xy,X,,.... X,), the o-field induced by the r.v.’s X,,X,,...,X,, and
let P, , be the restriction of F, to /. It will be assumed in the sequel that, for
each n=0, the probability measures in the family {P, ,; 0@} are mutually
absolutely continuous. Then, for 6,6%€®, let

dP,_,.
0 nz0, (2.1)

0%y — . )
0,050 =a,(% 0,69 =7, nz

be specified versions of the Radon-Nikodym derivatives involved, where X,
=X, Xy,...,X,). Set

q,(6;6%)
G 1(0;0%)
=¢,(X,1X, 1;6,6%), nzL (2.2)

P2(0;60%)=0;(X,;0,0%) =
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The likelihood function, based on X,, is given by
L(0;0%)=L,X,;0,0%)=q,(0; 0%

=qo(0;0%) [ ] ¢7(0:6%), (2.3)
i=1
so that
A4,(0;0%)=log L,(0; 0*)=log q,(0; 6*)+2 3 log ¢;(0;0%). (2.4)
j=1

Clearly, A,(0; 6%) is well defined with B, — probability 1 for all e@.

It will be assumed in the following that, for cach 8@, the random functions
@;(0;.), j=1, are differentiable in quadratic mean (q.m.) when the probability
measure F is used. Let ¢;(6), j= 1, be the derivatives in ¢.m. involved evaluated
at . Next, set

HO=48 Lo 0500 121 LO= S 10, 23)
and

4,0)=2n"% 'i1 ®0), nzl (2.6)
Assumptions

(A1) For each n=0, the (finite dimensional) probability measures {E, ,; @}
are mutually absolutely continuous.

(A2) (i) For each €@, the random functions ¢,(6;.) are differentiable in
q.m. [} uniformly in j = 1. That is, there are k-dimensional random vectors ¢,(6)
— the q.m. derivatives of ¢,(6; 6*) with respect to 0* at 0 — such that

%][(pj(ﬁ; O+ Ah)—1]1—AK ¢(0)| >0 (2.7)

in g.m. [B], as 4 — 0, uniformly on bounded sets of helR* and uniformly in j> 1.
(ii) For j=1, ¢,(0) is «/; x -measurable, where % is the o-field of Borel
subsets of 6.

(A3) (i) For each #c® and each teR¥, [t’(bj(@)]z, j=1, are uniformly inte-
grable with respect to P,. That is, uniformly in j= 1,

I [Y¢;(01*dR,—~0, as a— 0. (2.8)
I 5602 > a}
(i) For each 0e® and nx1, let the k xk covariance matrix I(0) be defined
by (2.5). Then I,(6)—I'(6) (in any one of the standard norms in R¥) and I'(0) is
positive definite, 0.
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(iii) For each 8e® and for the probability measure P,, the WLLN’s holds for
the sequence of r.v.’s

{[t'p;(01%}, j=1, foreach teR"
(iv) For each 0€® and each teR¥,

S =

_il L6 ALt ¢,(001% ;- 1} — [t 9,(6)]*1-0 (2.9)

in Pp-probability.

(A4) For each 0€0, let g,(f;.) be defined by (2.1). Then g,(0;.) is &/, x €-
measurable and continuous in P-probability.

3. Some Comments on the Assumptions

In the first place, assumption (A 3)(iii) means that, for each 6e® and each teR¥,

X |~
nM:

{[t @501 — &' ¢,(0)1*; -0 (3.1)

i

in Pg—probability. Then, on the basis of assumption (A3)(ii) and relation (2.5),
relation (3.1) may be reformulated equivalently as follows:

(A3)(iii’) For each 0@ and each teR¥,

12 —

" Z [t'9(0)1> >3t T(0)r  in Prprobability. (3.2)
Next, on the basis of relations (2.9) and (3.1), it is clear that assumption (A 3)(iv)

may be reformulated equivalently as follows:

(A3) (iv)) For each #e® and each teR¥, the r.v)s

(Sl 0,011, 13} jz1,

satisfy the WLLN’s when the probability measure P, is used.
Also, from relations (2.9) and (3.2), another equivalent reformulation of
assumption (A 3)(iv) is the following:

(A3) (iv") For each #e® and each teR¥,

3=
-

>, &l 9001 ,_ 3 =5t T(0)t  in Pyprobability. (3.3)
j=1

In the next section, a result regarding the asymptotic normality of the r.v.
4,(0), defined by relation (2.6), will be formulated. For this purpose, a certain
martingale CLT (Theorem 2 in Brown (1971)) will be appropriate (see also
Scott (1973)).



Asymptotic Distribution of the Log-Likelihood Function 35

This theorem applies without the assumption that the underlying martingale
sequence is stationary and ergodic. Both of these conditions are assumed in the
more familiar martingale CLT (see, for example, Billingsley (1961) and Ibraginov
(1963). Also, Roussas (1972), Theorem 2.2A, pp. 205-223)

The applicability of the martingale CLT given by Brown is based on two
conditions (expressed by relations (1) and (2) in Brown (1971)), the second of
which is a familiar Lindeberg-type condition. It will be shown that these
conditions hold true here on account of assumptions (Al)-(A4).

For each fe® and each telR* (both arbitrarily chosen and kept fixed
thereafter), set

o} =& {[t' 901 17;_1},  jz1,
VImY ot =60, =l (34
j=1
Then the following results hold true.
Lemma 3.1. Under assumptions (A 1)-A4),
VZ2s,2—1 in Pyprobability, (3.5)
where V2 and s? are defined by (3.4).
Proof. From relations (3.4), (2.5) and assumption (A 3)(ii),

¢t and L (0)t—tT(0)t.

2 _
Sy =

B3

This result, along with relation (3.3), provides the desirable convergence in (3.5).
The lemma below provides the required Lindeberg condition for the mar-
tingale CLT. For its formulation, it will be convenient to set

Zj:t/goj(0)> ]zla (36)
with 6 and ¢t being as above.

Lemma 3.2. Under assumptions (A 1)«A4) and for every ¢>0,

572y | Z2dR-0, (3.7)

=1 (Zjlzesn)

where s} and Z; are defined by (3.4) and (3.6), respectively.

2
n

4
:l —~t' I'(0)t, so that s, — 0.

Proof. As was seen in the proof of Lemma 3.1,

Now, for >0, let a=a(e) (>0) be sufficiently large so that

| Z;dP<e, jz1.

(ZJ—’, >a)
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This is possible by assumption (A 3) (i). Next, there exists N (¢) such that n= N (¢)
implies £*s2>a and hence

Zidh= | ZidPs | ZjdR<e jzl

(1Z;] Z e50) (Z3ze2s7) (Z2>a)

Thus, with 4t,=t'I(9)t and dt=t'I'(6)t (¢t nonzero), it follows that, for all
sufficiently large n,

;2§ Zidp< 4 na<§s.

J=1(Z;|zesn) nt, T

The proof of the convergence in (3.7) is completed.

4. Main Results

In this section, the main results of the paper are stated. Their proofs are deferred
to a later section (Sect. 6) after some auxiliary lemmas have been established.
These results provide an asymptotic expansion (in the probability sense) of the
appropriate log-likelihood function, and its asymptotic normality. Also, they
give the asymptotic normality of the r.v’s 4,(0), n=1, as they are defined by
(2.6).

It is to be noted that said results generalize Theorems 4.1-4.6, pp. 53-54 in
Roussas (1972) which hold true for certain Markovian processes. Also, they
generalize Theorems 3.1-3.6, pp. 457458 in Philippou and Roussas (1973)
which hold true for the i.n.n.i.d. case. As was the case in establishing the proofs
of the theorems just cited, contiguity concepts and results will also play a central

role here.
With 8e0, let

6,=0-+hn % h,—>heRK (4.1)
and let 4,(0) be defined by
A,(0)=4,(0; 0,), : 4.2)

where 4,(0;86,) is given by (2.4) with 0* being replaced by 0,. Then the log-
likelihood function A,(8) assumes of the following expansion in F,-probability,
namely.

Theorem 4.1. Let A,(6) and A,(6) be defined by (4.2) and (2.6), respectively (with 8,
given by (4.1)). Then, under assumptions (A1)~(A4) and for each 6@,

A 0)—hA,0)— —iWFO)h  in P-probability.

The asymptotic distribution of the all important r.v.’s 4,(0), n =1, is provided
by the following
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Theorem 4.2. Let A,(0) be given by (2.6). Then, under assumptions (Al)«A4) and
for each 00,

L14,0)F] = NOI(O)).

The asymptotic distribution of the log-likelihood A,(6) is also of interest. It
follows from the two theorems just formulated. More precisely,

Theorem 4.3. Let A,(0) and A,(0) be as in Theorem 4.1. Then, under assumptions
(A1)HA4) and for each fe®,

LIAO)|P] = N(—Lh'T(0)h, K" [(6)h).

The following three results are versions of the three preceding theorems when
the probability measure P, is replaced by the probability measure F, . Their
proofs rely heavily on contiguity results.

Theorem 4.4. Let A, (0), 4,(0) and 8, be as in Theorem 4.1. Then, under assumptions
(A1){A4) and for each 0@,

A,0)—h A~ -3 [(O)h  in P, -probability.
Next, the appropriate version of Theorem 4.3 is as follows.

Theorem 4.5. Let A,(0) and 0, be as in Theorem 4.1. Then, under assumptions
(A1){A4) and for each 60,

L[A4,0)P 1 = NEWT(0)h, h'T(0) h).
Finally, under F, , the asumptotic distribution of 4,(6) is given by

Theorem 4.6. Let A4,(0) and 0, be as in Theorem 4.1. Then, under assumptions
(A1)—(A4) and for each Oe®,

ZL[4,6)|P, ] = N(I(0)h, T(9)).

As has been already stated the proofs of the preceding theorems are
presented in Sect. 6.

5. Some Auxiliary Results

In this section, those lemmas necessary for the proofs of the main results,
Theorems 4.1-4.6, are gathered together. Most of these lemmas are the appropri-
ate versions of Lemmas 5.1-5.5 in Roussas (1972) and/or Lemmas 4.14.6 in
Philippou and Roussas (1973).

To this end, it would be advisable to introduce the following simplifying
notation. Consider the quantity ¢Z2(0; 6*)=¢?2(X,; 0, 6*) and replace X, by X,
and 6* by 0, defined by (4.1). Thus, ¢7(6; 0,) =7 (X;; 6, 0,) which is denoted by
@2(8) or even @7, for simplicity. That is,

gDnj:(pnj(G)quj(Xj; 0; gn) (51)
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Next, the quantities ¢;(6), 4,(0) and I'(0) are defined in assumption (A2)(i), by

relation (4.2) and assumption (A 3)(ii), respectively. Again, for convenience, set
0;=0,0), 4,=4,0), T'=I@®), 15j<n nzl (5.2)

The following simple proposition is formulated and proved below for easy
reference.

Proposition 5.1. For 1 <j<n, consider the rv’s Z;, and Z,, defined on the
probability space (2, o, P) and suppose that

max(§|Z,;—Z,|*; 15jEn) -0, EZ;<M(<o), j=1.
Then
max (6 |Z},—Z3|; 15j<n) -0,

Proof. 1t is an immediate consequence of the boundedness assumption and the
Minkowski and Holder inequalities.

In all that follows, the quantities ¢,;=¢,;(0), ¢;=¢;(0), 4,=4,(0) and r
=T(0) are defined by relations (5.1) and (5.2). All results to be dealt with in this
section are understood to hold under assumptions (A 1){A4) and for every 0 6.
Finally, for convenience again, the expression max o,; will be used rather than

J
the more complete expression max (,;; 1 <j=n) for several quantities denoted
here by a,,;.

Lemma 5.1. max [&, |n(p,;—1)*—(h' ¢)*[; 1=j<n]—0.
Proof. By Proposition 5.1, it suffices to show that

max &, |13 (g,;— ) — (W >0, &, p)*SM(<c0), jz1. (5.4)
J

The second part of (5.4) follows immediately from assumption (A 3)(i). That is,
Eoh o)’ <M, jzl. (5.5)
From this inequality, it follows that
Eollg;|? <M,  jz1,

where .|| is the usual norm in R* and M is a generic constant. Next, on account
of the previous inequality,

Eol(h,—hY ¢;> < |lh, — h||> M ~0. (5.6)
Thus,
max &3 |n¥(¢,;— 1)~ (' ¢,)|* smax &7 In*(@,;— 1) = (1, ¢)I*
J+max<§é|(hn—h)'¢j|2ao J (5.7)
J
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by means of (5.6) amd also (2.7) applied with 4 and h replaced by n~* and
h,—helR¥, respectively. This is the first relation in (5.4) so that the proof of the
lemma is completed.

This lemma has the following corollaries.

n 1 n
Corollary 5.1. 3 (¢,;—1)*—= 3 (W ¢,* >0 in B-probability.
=1 i

Jj=

Proof. For every >0,

d

But, on account of the lemma, there exists N =N (¢) such that n= N implies

n 1 n
Y (0= 12— Y (W)
j=1

j=1

1 n
S EALCN SR TERCE

max &, [n(p,;—1)* — (0 ¢,)*| <&
j

. 1 .
Then, for n= N, the right hand side of (5.8) is bounded by — ng?=¢ which
establishes the corollary. e

Corollary 5.2. ) (¢,;—1)*> Lk Ih in B-probability.
j=1

Proof. 1t is immediate from Corollary 5.1 and relation (3.2).

As has already been mentioned elsewhere most of the lemmas to be discused
in this section are suitable versions of lemmas in Roussas (1972) and/or lemmas
in Philippou and Roussas (1973). This fact implies that there will be many
similarities in the proofs of the corresponding lemmas. However, all lemmas will
be supplied with a proof for reasons of completeness. Some of these proofs will
be reduced to only an outline. Having this in mind, let us consider the following
lemma.

Lemma 5.2. max(|¢,;~1[; 1<j<n)—0 in P-probability.

Proof. Set R,,jzn%(q)nj— 1)—(h ¢;) and let ¢>0. Then working as in the proof of
Lemma 4.3 in Philippou and Roussas (1973), one has

F(max |p,,—1/>¢) <P, (max IRl >8—Z—) +F, (max L >%) (5.9)
j j 7
But
87’1% 4 " 2
1) (mjax fan‘>7) =7 jzlfgaian|"

and by means of (2.7), applied with 4 and 4 replaced by n~* and h,, respectively,

3
(g’efR,,ng% for n= some N=N(g) and 1<j<n.
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Thus,

1

:‘9;?) <£ =N (5.10)

B (max IR,;
j

Next, on the basis of assumption (A3)(i) and working as in the proof of the
latter part of Lemma 4.3 in Philippou and Roussas (1973), one has

1

enT\ ¢
Po(maxlh’('p,|> )g—, n=N. (5.11)
j T2 2

Then relations (5.9)-(5.11) establish the lemma.

Remark 5.1. At this point let us recall the following simple fact. Namely, if Y,
and Z,, n=1, are r.v.’s defined on the probability space (2, o, P) and such that

Y,,—ZW—P—>O and {Y,} is bounded in probability,
then {Z,} is also bounded in probability, as follows from the inequality
P(Z,|>2M)SP(Y,~Z,|> M)+ P( Y,/ > M).

We now proceed with the following lemma.

Lemma 53. 4,-2 [ Y (=1 —3 Y (@,;— 1)2] —0 in P-probability.
j=1 j=1

J . o
Proof. From (5.5), it follows that {— Z (' gbj)z} is bounded in B-probability.

This fact, along with Remark 5.1 and Corollary 5.1, implies that { Y (@;—1) }

is also bounded in P-probability. Hence, by this result and Lemma 5 2,

(max |@,;—1)) ¥, (¢,;~1)*~0 in B-probability. (5.12)
j

j=1

Next, following the proof of Lemma 4.4 in Philippou and Roussas (1973), one
also obtains, by means of (5.12),

3. 108032 % (04 3 (0= 1] 0 (5.13
j=1 j=1
in B-probability. Now, on account of (2.4), (5.1) and (5.2),

—log ‘10(9, On + Z log q)np

J_
and

log q,(0; 8,)—0 in B-probability,
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by assumption (A4) and relation (4.1). Thus,
A,— Y log % —0 in P-probability. (5.14)
j=1

Relations (5.13) and (5.14) give then the desired result.
By using standard arguments one can also show the following simple result.
Namely,

Lemma 54. For 1<j<n, &,¢%=1.

A somewhat more complicated result referring to convergence in the first
mean will now be established.

Lemma 5.5. max &, |n*(p2;—1)— 2N @;1-0.
J

Proof. Consider the identity

n3(@n;—1) =2k ¢,

=0 [ (@0 =) =1 9 )+ 1 ¢, 1)+ [n*(p,,— -]

and work as in the proof of Lemma 5.4 in Roussas (1972). One then obtains

max &, ln*(p2,— 1) =21 ¢,| <2 max &F [n*(p,;— 1) '

J J

+[max &5 (i ¢,)*] [max EFlo,;—1171. (5.13)
J j

From Lemma 5.1,

..
max & (¢, — 1)? - (h @)
J

-0, (5.16)

so that

2 1 e N2
max (g’el(pnj—1|“§mgx &y (qonj_l)z'—;(h on)“
j j

1
+E max &y(h' ¢;)* -0
J

on account of (5.16) and the second relation in (5.4). This result, along with (5.7)
and (5.15), establishes the lemma.

Now, interpreting the expectation (conditional or not) of a random vector in
the usual coordinatewise sense, one may formulate and prove the following
result.

Lemma 5.6. For j>1, Eo(@;l;_1)=0 as. [B] (so that &g ,)=0 for every
helR¥),

Proof. By using standard arguments one can show that
EolohloA_)=1 as [B], 1<j<n.

On the basis of this result and Lemma 5.5, the desired result is established as in
the proof of Lemma 5.5(i) in Roussas (1972).
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For j=1, ..., n, define the r.v.’s ¥, ; as follows

l//njzl/jnj(e):gs(@njl%j— 1) (5.17)
Also, set
Y]:)In.]=((pn.]_1)_n_%h/{D]—(wn']—l)’ .]lesn (518)

Then the following lemma is true; that is,

Lemma 5.7. Let the r.v’s Y, j=1, ..., n be defined by (5.18). Then

Y, Y;»0 in B-probability.

j=1
Proof. By well known properties of conditioning, Lemma 5.6 and relation (5.17),
one has

Eo(Yjer| Yy, Y)=0 as [B] jzl, (5.19)

and, clearly, £,Y, =0 by means of Lemma 5.6 and relations (5.17) and (5.18).
Then by means of a well known inequality (see, for example, Loéve (1963),
p. 386), one obtains

B(XY,
j=1

2
ne* ;

1 n
>8) =3 Y oY)
& j=1

<5 2 [en¥ (@, — )= W ¢, + 85 In* W, — D], (5.20)

the last inequality holding true by the c,-inequality applied with r=2. At this
point recall that, if X is a r.v. defined on the probability space (2, <7, P) and for
which & X exists, and if & is a sub-g-field of o7, then

IEX AN =XV F) as, rzl
On the basis of this fact, one has
&y |n%(¢,.j— 1)|2:é{)9 ln%ge((Pn,‘— 1)|&ij_1|2§ge |n%(q)nj— H-n ¢j|2 -0,

uniformly in j = 1. Therefore, for £>0,

3

galn%(lp,,j—1)|2<%, nzsome N=N(), 1<j<n. (5.21)
Also,
3
£6|n%(¢nj—1)—h’¢j|2<%, n=N, 1<j<n. (5.22)

On the basis of (5.21) and (5.22), relation (5.20) becomes as follows, for n = N and
1<j<n,
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d

as was to be shown.
Now Corollary 5.2 states that

n

2 Y

j=1

>s><e,

Y (@n;—1)>~>2i Fh in B-probability.
j=1

It is also true that the above convergence is still true when the r.v’s (¢,;—1)?,
j=1,...,n are suitably conditioned. More precisely, the following lemma is true.

Lemma 5.8. Z Eol(@,;—1)* | ;_1— W Th in P-probability.

J_
=

Proof. It can be seen that

glb

From Lemma 5.1,

i [pyy— 1] 7 J——Zé[(h’é),l ]

1 n
én_ Z |n(q)n1 (h,(p) |

Egln(p,; =1 =W ¢;)*1<e’, nz some N=N(g), 1<j<n.
Therefore
Z oo =D 1~ Z@@ (" ¢) |t 10

in B-probability. This result, along with relation (3.3), applied with z=h, gives
then

Y L@, — 1), J>5H Th
j=1

in P-probability, as was to be shown.
The following simple result will also be needed below. Namely,

Lemma 5.9. For j=1, ..., n, let the 1.v’s \y,; be defined by (5.17). Then
2% (Y,;—1)>—%h'Th in Brprobability.
j=1

Proof. 1t is the same as the proof of Lemma 5.5(ii) of Roussas (1972) on the basis
of Lemma 5.6 and Lemma 5.8 herein.
Finally, this section is closed with the following
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Lemma 5.10. Let A,=4,(0) be defined by (2.6). Then
23 (@, —1)—W A,—>—%5WTh in F-probability.
j=1

Proof. Taking into consideration the definition of the r.v.’s Y, j=1,...,n by
(5.18), Lemma 5.7 states that

2% (@y—1)~n4,-2% W,;—1)-0
i=1 j=1

in B-probability. This fact, in conjunction with Lemma 5.9, provides the desires
result.

6. Proof of Main Results

The main results formulated in Sect. 4 can now be proved.

Proof of Theorem 4.1. From Lemma 5.3, Corollary 5.2 and Lemma 5.10, one has,
respectively, the following convergences in Fj-probability:

4,=2) (@ =D+ ) (@,;—1)* >0,
j=1 j=1

Y (@, =1 —>Lh Th,
i=1

and
ZZ(qo,U ~WA,——%+KW Th

From these expressions, one obtains in an obvious manner that
A,—W A,—» ~LWTh in P-probability,

as was to be shown.

Proof of Theorem 4.2. Set S, = Z ' @;, nz1. Then, by well known properties of
j=
conditioning and Lemma 5.6,

Ee(S,184,...,8,_1)=8,_, as. [P].

n

Thus, for each 6e@, {S,, o/,}, n=1, is a martingale on the probability space
(&, o, B) with §,=0. Consider the quantities defined in (3.4). Then, by (3.5) and
(3.7) in Lemmas 3.1 and 3.2, Conditions (1) and (2) in Brown (1971) are satisfied.
Therefore Theorem 2 in the reference just cited holds true. Namely,

LI At T.o~4|P]=N(0, 1).
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This convergence and the fact that ¢’ It —»t'T't give then
L(t'4,|B)=N(0,¢ It).

Since this last convergence is true for every teIR¥, one concludes that
Z(4,|B)=N(,T),

as was to be seen.

Proof of Theorem 4.3. Immediate from Theorems 4.1, 4.2 and the standard
Slutsky theorems.

The proofs of Theorems 4.4-4.6 follow from those of the preceeding theo-
rems and the proposition below about contiguity of the sequences of probability
measures {R} (={F, ,}) and {F } (={B , }). More precisely, the following
proposition holds true.

Proposition 6.1. If {h*} is a bounded sequence in R* and if 0% =0+n"*h¥, then
the sequences of probability measures {F, ,} and {F, , } are contiguous.

Proof. See Proposition 6.1 in Roussas (1972).

We may now complete the proofs of the remaining theorems.

Proof of Theorem 4.4. By the preceeding proposition the sequences {F,} and {F, }
are contiguous. This fact, along with Theorem 4.1 and the definition of con-
tiguity, provides the required proof.

Proof of Theorem 4.5. As in the proof of Theorem 4.5 in Roussas (1972), it is a
consequence of Theorem 4.3, the contiguity of the sequences {F} and {F, } and
Corollary 7.2, p. 35, in Roussas (1972).

This section is concluded with the proof of the last theorem, namely,

Proof of Theorem 4.6. Once again, one refers to the proof of the corresponding
theorem in Roussas (1972). Namely, the assumptions of Lemma 7.1, p. 36, in the
reference just cited are fulfilled with B,=F,, P/=F, , T,=A, and I'=T. This is so
because of Theorems 4.2 and 4.1 herein. Then Theorem 7.2 in Roussas (1972),
p- 38, gives the desirable result.

7. Examples

In this closing section, three examples are mentioned, where assumptions (A 1)—
(A4) of the present paper are met. Relevant details can be found in Stamatelos
(1976).
Example 7.1. The r.v.’s X,, n=0, constitute a Gaussian process such that

8y X,=0, di(X,)=1, C,uX,,X,)=pm ", |p|<L

me

Then the process is a stationary Markov process (see, for example, Doob
(1953), Example 4, p. 218 and pp. 223-224).
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Example 7.2. The r.v.’s X, n=0, satisfy the relation
X,=oX,_ | +u,

where |aj <1 is known and the r.vs u,, n=1, are independently distributed as
N(,1), and X,=0.

Example 7.3. The rv.'s X,, n=0, are coming from a Gaussian processes such
that:

(i) &4 X,=0 or 20 according as n is odd or even,
(i) Co(X,,, X,)=c (known) for all m and n (m=n),
(iii) o2(X,)=2c for all a.

This process is neither Markovian nor stationary.

Acknowledgement. The author wishes to thank one of the referees for providing some constructive
remarks which helped improve a previous version of this paper.
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