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Summary. This paper studies processes constructed by birthing the trajec-
tories of a given Markov process along time according to random probabili-
ties. Getoor has considered the case where the random probabilities are
determined by comultiplicative functionals and proved for right processes
that the post-birth process has the Markov property. Here randomizations
of comultiplicative functionals are described which give rise to conditionally
Markov processes. The main argument is developed for general Markov
processes and the transition probabilities of the new process, including those
from the pre-birth state, are explicited.

1. Introduction

Meyer, Smythe and Walsh [5], Getoor [1] and Millar [6, 7] studied processes
obtained by birthing Markov processes according to comultiplicative func-
tionals and randomized coterminal times. Comultiplicative functionals, in-
troduced in [1], are processes satisfying properties suggested by those of 1;
where L is a coterminal time. Such properties are dual of those of a multipli-
cative functional in the sense that, if we consider a space of finite trajectories,
comultiplicative functionals may be seen as multiplicative functionals on the
reverse process. Getoor uses this duality to birth Markov processes with
comultiplicative functionals in a manner dual to that by which multiplicative
functionals are used to kill processes. This naturally generalizes the results of [5]
but does not include the processes considered in [6] and [7] involving times
that are not cooptional. In this paper we describe a class of processes con-
structed through a kind of optional decision about cooptional processes, that
comprises comultiplicative functionals together with processes like those de-
termined by randomized coterminal times such as the time of the minimum or
the maximum.

We work with a space of trajectories. The idea of birthing a process
randomly through time is clarified by the use of a birth operator and the

0044-3719/78/0044/0145/$02.00



146 A.P. Sant’Anna

embedding of the original space into a larger space where its trajectories are
born at all possible times. After a section on notation, the properties of the birth
operator are discussed in Section 2. The notions of comultiplicative functional
and randomized comultiplicative functional are studied in Sections 4 and 5. In
Section 6 we determine the distribution of the process born according with a

randomized comultiplicative functional. Finally Section 7 generalizes Sections 4
of [1] and [6].

2. General Notations

E and E, will denote separable metric spaces with Borel o-fields & and &,
respectively. E; is obtained from E by adjoining an isolated point 6.

Q, will be the set of all right continuous paths w from [0, c0) to E and Q will
be the set of all right continuous w: [0, c0)— E; such that =0 for all s<¢ if w,
=9.

X,:Q—E; will be the t* coordinate map. #°=0(X,,s<1). # =0(X,,0s

<w). FO° =Flg,. 6*, EF, F* and &, will be the universal completions of
E, E;, # and Z, ”'0 respectively. #3= () £° and Z,. = %,
u>t u>t

3. The Birth Operator

In addition to the well known shift operator 8, we will make use of the killing
operator, denoted by k, defined in [5], and its dual, the birth operator b= {b,:
Q— QY 10, ) defined through

if t=5
if t<s.

[bs(wn,:{‘;t

The measurability of the birth operator will be important in the construction
of the probability space on which the processes birthed at given rates will be
defined. In order to prove it we will consider each subset of Q decomposed
according with the birth time of each element.

Let [0]=b_(w) be the trajectory in £ with all coordinates equal to &.
Analogously, let [§], denote the weE" with w,=6 for all te[0,s]. For each
AcQ, [8],% A will denote the subset of 2 whose projection on E'%9 is {[5],}
and whose projection on E®®) is A, ie., the set of wef such that w, =4 for all
r<s and (o, ),» €4

It is easy to see that

Q=Q,v[ U ([T x o)1 w{[8]}-

se(0, )

This may be extended to general measurable subsets of Q in the following
manner.

Proposition 3.1. For all AeF, A= Aou[ U ([5] x AN U[AN{[6]}] where
for all seR ., A, eF°.



Birthing Markov Processes at Random Rates 147

Proof. Let Ay=AnQ, and A,=0[AN([5],xQ,)], for all s&(0,0). A=Q im-
plies
A=AnQ2=[A0Q]ulAn( | [3],xQ0)]U[AN{[6]}]
)

5€(0, 00

=A,0l | ) (81, x A)Tu[An{[6]}].

se(0, )

Clearly A,cQ, for all seR .

It is also clear that A,e%.

[6],xQo=[X,=4 for all te[0,5s]nQ; X eE]e# implies An([J],x Ro)eF
so that A,=0.[AN([6],x Q,)]eF. This concludes the proof.

We will want to look at Q as the image of Q, by b. The following theorem
deals with the measurability aspects of this approach.

Theorem 3.1. b: [0, 0] x Q,— Q is B x F °| F-measurable.
(t, ) b, (w)

Proof. Since & is generated by {A<=Q: A is a cylinder of E5+} it is enough to
show that b~ (AN Q)eB x F° for all 4, cylinder of EX+.

Let sy, ...,s, be the indices of the nontrivial coordinates of one such A.

Let m=inf{i: 6¢s, coordinate of A} with the convention inf@= oo.

For the sake of compactness, let us also adopt the symbols s,=0, 5= o0,

[0]., x A, ={[0]}.
Then AnQ=A,u[ () ([6],xA4y)] with A,=AnQeeF and [5],x A,
s€(0, sml
=ANnQn[X,=4¢ for all re[0,s): X ,eE JeF for all s€(0, 0] so that 4 eF° for
all se[0, 00) and A, =b " ([6],,_,x A,) if se(s; ;. s;) for all ie{l,...,n, c0}.
Thus b-(A~Q)=({0} XAO)U[U (si_l,si):lxb;il([5]5i xASi)] with A, eF
i=1

for all ie{1,...,n}, so that b~ (AN Q)eR x F°.

4. Comultiplicative Functionals

A process {n},., €*-measurable is a comultiplicative functional (comf) if and
only if

(i) 0=n,=1 forall t=0

(i) nyo0,=n,,, for all =0, s>0

(iii) ny=n,ok,xn, for all t=z5>0

(iv) n,ok,=1 for all t>s.

If {n,} is right continuous, properties (ii) and (iii) extend to s=0.

Left continuous comf are more likely to arise. For instance, for all coter-

minal time L, n,=1; _, defines a left continuous comf. With < instead of < we
would still have (1), (ii) and (iv) but instead of (iii) we would have

(itiy n,=limnok,xn, forall t=5=0.
ujt
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Proposition 4.1. If {n.},. o is a comf and n,.=limn, for all t=0, then {n,.},,
satisfies (iii)'. ult

Proof. For all u>s=0,

ngy =limn,=limn, ok, xn, by (iii)
vls vls

=ng. ok, Xn,.

Then for all t =520,

ne- =limng. ok, xlimn,

ult ult
=1iin ngeok,xn,. Q.E.D.
ut

From Proposition 4.1 it follows immediately that every right continuous
comf satisfies (iii).

More general processes are described replacing condition (ii) by

(it n,ob,=n, for all t=0, or equivalently

(ii)” n,ob,=n, for all t=zs=0.

5. Randomized Comultiplicative Functionals

Consider a set H of %#*|%-measurable functions from Q into [0, 1] and a
process (Z,) with values in H. Assume the existence of a o-field # in H such that
a) Z, is #,. | #-measurable for all 1=0 and
b) (h,w)— h(w) defines a # x F*|#-measurable function on H x Q.
Let n,(w)=[Z,(w)°0,](w) for all weQ and all t=0.
For instance, n,= 1,7 oy if Z,(0): @' L140,0y < Where

w if s<t

; ) for all w, w'ef?
- if s>t

[¢ (o, 0], ={

Wyt

for any random time T.

Let n(s,f)=limnok,.
ult

Assumption 5.1. n =n(s,t) xn, for all s<t.
Assumption 5.2. Z,+Z, o b,=n,=n, for all s<t.
Assumption 5.3. n is B x F *|B-measurable.

Any F*-measurable process n satistying conditions (i), (i) and (iii)’ of the
last section can be described in the above terms with Z,(w) the same for all w. In
fact, in this case, Z,(w)=n,0 0, for all w, with 8; defined by
if s=¢

. for all w.
if s<t

[6; (@]F{?H

If, in addition, (ii) is satisfied then Z,(w)=n, for all t and w.
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6. The Distribution of the Process Birthed at a Random Rate

Let P denote a Borel transition function on (E, £*). Let p denote a distribution
on (E,&) and P* (or E*) a distribution on (2, # *) that makes (X,),., Markov
with respect to {#},., with transition function P and initial distribution u. P*
will denote the P*-distribution of the process obtained by birthing (X,) at
different times at a rate given by n. For example, if n,=1;; ., for a random time
L, then P* will be the P*-distribution of the right continuous process

t

~ (X, iftzL
X"{(s if t<L.

P! is obtained from P* by relocating the mass at each weQ, along {b,(®)}, 10, «]
according to the measure «, defined on [0, co] by a,,([0,t])=lim n,(w).

ult
More formally, P* is defined by PH(A)=E"Z, where Z,: w+sa,({t:
b,(w)eA}) for all AeZ. Equivalently, since Z,(w)= | 1,0b(w)dn(w), Ef is
[0, o]

defined by

EX(Y)=E* | Yob,dn, (%)
[0, 0]
for all Y: Q- R, #-measurable, bounded.

For all n: [0, 0) x Q,~[0,1], # x #-measurable for some o-field .# >F°
and with nondecreasing trajectories, (w, [0, ]} n,(w) defines a transition proba-
bility from (Q, .#) to ([0, 0], %), so that, if P* is a distribution on .#, P*®dn, is
a distribution on # x 4 and E* | W,dn, is defined for all W 2% x .#-measur-

0,0
able, bounded. Since, by Theor[em ]3.1, b is & x #|F-measurable, Yob is &
x M | #-measurable for all Y % |#-measurable. Thus (x) defines a probability on
& for all nondecreasing n: [0, c0) x Q2,—[0,1] # x #-measurable, for every
M > F° to which P* may be extended (in particular, for 4 =Z*).

From now on, Z and n will be as in Section 5. Y and f will be bounded
random variables % *- and &¥-measurable respectively. {.#,} will be a family of
o-fields with #,° < #,<= Z,. for all 1, such that (Z,),. , is adapted to {.#,},., and
(X,):2 0 is Markov with respect to {4}, . - -

e ETT(Y X R)

Lot KM (¥)==p 5=
=0. E"* is defined as usual through E**f(X)=F,  f(x).

E“*{(Y) will denote the mapping w> E**<@(Y). Also K"“*=%(Y) will denote
the mapping wr> K"X:@»Z:@)(y) The superscript p will be omitted in the
expressions involving E*, P¥, E* and P~

1,6, Z; _En([théj; Yo0)

Let K#%%(Y)= X =3]

Let K, ,(x,/)=K>*%[ f(X,)] for all 5, 1[0, c0) and all xeE,.

Lemma 6.1. E[ Yo 0, x n,|.4,](w)=E"Y“[Y x Z,(w)] for P-a.a. w.

Proof. E[Yo 0, xn,| M](0)=E{[Y X Z ()] 6|43} (c)
=E" % @Y x Z (w)] for P-a.a. w.

for all heH, x€E, te[0, co), with the convention g

for all te[0, c0).
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In fact for all ¢: Hx Q—> R, # x F *-measurable,
E[¢(Z,,0)|#]()=E"*[$(Z,(w),0,)]] for P-aa .

It is enough to show this for ¢ =1, 5, AeH#, BeF*. In this case, for all W .4-
measurable,
E[W§(Z,0)]=E[W14(Z,)P"*(B)]

and
E N (Z, (), 00)]=E {1, [Z,()] x 15}
=1,[2Z,(0)] x P"*@(B) for P-a.a. w.
Lemma 6.2. For all .#-measurable random variable W,
E,[W,x(Y1g)o0,]1=E,[[X,eE]; W, x K"**(Y)]=EV,
where V, is defined in Q, by

Viw)=[ | Wob,dn(](w)x E“*[Z,(w)x Y],

10,11
n denoting the distribution on [0,¢] determined by n([0,r])=n(r,?).
Proof. We want to show that

E j LW, x(Ylg)o0,]ob,dn,=E § W X Lix,em ¥ K"*0Z(Y)} o b, dn,
[0,1] 10,11

E | [W,x(Ylg)o0ob,dn,=E{Yo0, | Wb, dn}
[0,1] [0,7]
=E{Yo0,xn,x | W,ob,dn(r)}
10,1
by Assumption 5.1

=EV, by Lemma 6.1.
On the other side,

E | {W,x1y,px K-¥%(Y)} o b, dn,

[0,1]

=E | W,ob,xK"**%(Y)dn, by Assumption 5.2

[0,1]

v

=E Et,Xtt(Zt) xn, by Assumption 5.1

=EV, by Lemma 6.1.

E[f(X)m,—n)]+(1 ~En)f(9)

Proposition 6.1. K, (d,f)= o

for all s=<tef0, o).
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Proof. We must show that

EA[X,=0]; f(X)}=E[f(X)(n,—n)]+(1 —En,)f(6)
E{[X,=0); f(X)}=E,[f(X)]—E,{[X,€ET; f(X))}
=E, {[X,€EL; f(X)} +P,[X,=0]xf(9)
—E{[X€E]f(X)}

EA[X.eEL f(X)}=E[f(X)xn] by Lemma 6.2.
Also E {[X eE]; f(X)} =E[f(X,)xn] by Lemmas 6.1 and 6.2. Finally

P[X,=06]1=1-P[X,cE]
=1—En, by Lemma 6.2.
Theorem 6.1. Under P, (X,),5, is conditionally Markov with respect to {M},s

given (Z,),> o with transition function K and entrance law given by P,[X,€A]
=E([X,e4]; n,) for all Aeé.

Proof. The P-distribution of X, is given in Lemma 6.2 considering W,=1,(X,),
Aeé and Y=1, . Notice that then
Viw)=1,(X,) x E-*[Z ()]

so that P,[X,eA]=E([X,eA];n,) by Lemma 6.1.
The conditional Markov property is

E,[W,x(Yo0,)]=E,[W,x K"*e%(¥)]

for all bounded random variables W, and Y, .#Z- and % *-measurable re-
spectively.
It was proved before that

E | [W,x(Yo0)]ob,dn,=E | [W,xK"*%@)]b,dn,

[0,1] [0,¢]

W, ob,(w)=W,([6]) for all w if r>t, because [X,=0] is an atom of &, by
right continuity of the elements of Q.
Then

E [ [W,x(Yo8)]ob,dn,=W/([S)E* | Yob,ob,dn,.

(t, 0] {t. ]
Also
E | [W,xK“XoZ(Y)]ob,dn,=W([5]) x K*>Z%(Y) x E(1 —n,)
(t’w] =W, ([6]) x K“>%(Y)x P,[ X,=45]
=W([oD) < E,{[X,=0]; Yo0,}.
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Thus the proof is concluded if

E{[X,=6]; Yo0}=E | Yo0,ob,dn,

(£, ]

which follows from X,(b,(w))eE for all re[0,¢] and all weQ,,.

7. The Post-Birth Process

The next results will refer to the process (X, _,),. o where a=inf{t: X,eE}. In the
case of a comultiplicative functional n constructed from a coterminal time L,
X,..ob,=X; ., and the P*mass on b, (w) is the P*-mass on o so that (X
under P has the same distribution of (X, ,,),. , under P¥

Let af=inf{§: a§§, kelN} for all ieN.

oz+t)r>0

Proposition 7.1. o and o, for all i are stopping times with respect to {97,0}:5[0,00).

Proof. [a<t]=[X,cE]e#°.

k k k k-1
< = s = =t = <‘—‘~ - 70.
[, 1] kU [ocl 21] and [cx, 21] [a=2l] s [(x> > ]e/_k_

FT<t 2

Proposition 7.2. Under By, (X, )50 IS, given (Z,),5,, Markov with respect to
{M 11} 0 With K as transition function.

Proof. It is enough to show that for all s and all bounded random variables W
A, , ~measurable,

ai+8

E,(WxYeo0

) = Eg (W x K55 Xait o Zacts(Y)).
Let J,= 1[ k] for each keN.
ai:?

E,[WxYe0,.]1=Y E,[WJ,Y0,,]
k=0

k

18

E[WJ Y0, ] by Theorem 6.1
0 5'\“&

I

L]

xk gk
E [WJ Ko X357 ()]

I
s

k=0

I

k

—E,[W x K*+5¥ars Zats(Y)],

18

E,[WJ, K%+ aits Zas(Y)]

0

Let us now suppose P a homogeneous transition function and (X)) a right
process under P* (as defined in [8] or [2]).
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Theorem 7.1. If (n,),5 o is right continuous, then (X, ), ¢ is, given (Z,),» o, Markov
with respect to {F,, ,+},. o With transition function K.

Proof.

En[f(Xa-H)l‘/gTa-!—s*] = hm En[f(Xai+t)|°%i+s+] = hm KX“i+S’Z“i+S[f(XI*s)]

by Proposition 7.2 for all continuous f.
Then the theorem is proved if we show that

a) for all sequences of {%,.}-stopping times {T;},., if .| T =0, then, for all
r, all continuous f and P,-a.a. o,

B[ f(X ) Zr(@)]o] = EX*OLf(X,)[Z1(@)]o]
and

b) for all se(0, ), P,{w: EX**s@[Z . (0)]o=0}=0.

a) The P*-a.s. right continuity of (n,) gives

JX, p)np —f(X, . p)ng PP-as.  as TIT.
Then

E[f(X, 2)n7|Fr] > ELf (X, Dng| F1]

ie.,

EXTOLf(X,) [ Zr, (@)]o] = EXO L/ (X, )[Z()]o]

for P*-a.a. w.
Finally, since

1 o
{o0: BT [f(X ) [Z1(0)]o] » B LX) Z1(@)]o), T@za}  °

{w: B T f(X)[Zr,(0)]o] = EX LS (X ) Zr(@)]o], T(w)2}

for all seR ,,

B {w: EXTOLf(X,)[Z1,(0)]o] > EX* [ f(X,)[Z1(0)]o]}
=P{w: EXTO[f(X ) Z1,(@)]o] > EXTLf (X )[Z ()11}

if Tzo.

b) Let #F denote the completion of ;. with respect to P* for all time T. Let
(Y),», be a {#*}-optional process such that for all finite {#*}-optional time T,
Y= E(ny|#}). The existence of such a process is proved in [4], for instance.

By the same argument used in a) for all sequences {T1}},. of {%*}-stopping
times, if ;| T, then Y, | ¥;.

Then, by a theorem of Mertens [3], (Y)),. o is a right continuous process.

Thus S=inf{t>a, ¥,=0} is a {Z#*}-stopping time and Y;=0.
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P[S<w]=E | 15..,°b.dn,
[0, ]

=E([S<w],n,)
SE([S<o],ny)

=E([S <0, Ys=0]; ny)
=E([S<o, ¥5=0]; Y9=0

Then P,[Y,,, =0 for some 5>0]=0.
This implies P,({w: EX<*=@[Z, ., (0)],=0})=0 for all se(0, c0) because

P({o: Y (o) E**“[Z,, (0)]o})
=E[{w: Y () +E*“[Z, (@)]o}; n,]
<P({w: Y (@) +E*=[Z,, (0)]o})=0.
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