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Path Properties of Processes
with Independent and Interchangeable Increments

Olav Kallenberg

In [14] random processes (r.pr.) with interchangeable increments (ich.incr.)
were examined with respect to canonical representations and convergence in
distribution. The main purpose of the present paper is to investigate the path
properties of such pr. Apart from the extensive litterature on independent (ind.)
incr.pr. and from the results in [14], quite few such properties seem to be known
(and then only in particular cases), including Bithlmann’s proof [4] of the pointwise
a.s. continuity, Takacs® generalizations [22] of the “ballot” theorem and Hag-
berg’s extensions [ 13] of Sparre Andersen’s combinatorial results.

As shown in [4, 14], ich.incr. pr. on infinite intervals are merely mixtures of pr.
with stationary ind.incr. On finite intervals, however, the class of ich.incr.pr. is
much more extensive. In fact (Th. 2.1 in [14]), any pr. of this type on [0, 1] which
is continuous in probability is equivalent to a pr. in D [0, 1] of the form

X(t)=X(0)+at+o—B(t)+Zﬁj[1+(t—rj)—t], te[0,1], (0.1)

in the sense of a.s. uniform convergence, where
(i) @,0,B,P,,... arer.v. with ) p7 <o a.s,
(1) B is a Brownian bridge on [0, 1],
(ii1) 7, 7,, ... are ind. and uniformly distributed on [0, 1],
(iv) the three groups (i)-(iii) of random elements are ind.;

and conversely, any pr. of this form has ich.incr. and almost all its paths lie in
D[0, 1]. Despite its greater generality, it will be shown here that many sample
path properties known for ind.incr. pr. generalize in a natural way to this larger
class of pr. As examples, we shall consider in §§2, 3, 5 extensions of results on
rates of growth, Hausdorff measure functions and variation due to Hin¢in [15],
Cogburn, Tucker [5], Blumenthal, Getoor [3], Fristedt, Pruitt [8, 10, 11], Millar
[17, 18] and others. Our main tools will be the approximation theorems in §1.

As implicit in [5, 12], variational results are essentially limit theorems for
certain random measures, and they are here explicitly stated as such. This approach
leads us to improvements in the ind.incr. case, and in particular we are able in
§§ 4-5 to relax the symmetry assumptions of Millar ([17], pp. 60, 68, [18], p. 324).
Furthermore, it indicates a close relationship between “weak” and “strong”
(or a.s.) convergence theory. This similarity is explored further in § 6, the results
of which provide a link between ergodicity and variation.

The paper is expected to be read in conjunction with [14], from which we take
over notation and terminology. For brevity, let us further introduce some classes
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of functions:

% ={f: R—R_, fcontinuous, f(0)=0, f£0},

%, ={fe¥: feven},

%, ={fe%:3:>0; f concave in (—¢, 0), (0, &)},

€, ={fe%.: f'(0)=0, 38>0;fcoﬁvex, f(]/T) concave in (0, g)},
€,={f€%,: I¢,c¢>0; f° subadditive in (0, &)},

¢,={fe%,: fTonR,, flax)=0(f(x)) as x—0, a>1}.

Note that for f in 4,, %,, €, or %, there exists a well-defined continuous inverse

f~! on some interval [0, €] into R, . For any finite partition IT={0=1t,< --- < t,=s}

of [0, 5], write |13 =} (t;—t;_,)?, ||, =max(t;—¢,_,). Say that I1,,II,, ... are
i J

nested if I, ; is a reﬁnjement of Il,, neN. For any f: [0, s]— R, define I fe9(R)
by having its unit atoms at f(t)—f(t;_,), j=1,..., k. Abbreviate [=1v|log]-||,
l,=1I-l, R, =R ~{0}.

Let us finally point out that most results in this paper (as well as in [14]) carry
over with obvious changes to pr. taking values in R, k> 1.

List of Abbreviations

I.V. random variable,

r.e. random element,

r.m. random measure,

r.pr. random process,

pr. process,

ich. interchangeable,

ind.  independent,

incr.  increment,

can.  canonical,

lescH locally compact second countable Hausdorff.

1. Approximation

Throughout §§ 1-3, let X be an ich.incr.pr. in D, [0, 1] with can.r.e. o, 0, f.

Define ' :
px=inf{c>0: B|hl°<0}.

If X is the restriction of an ich.incr.pr. in D, [0, co) with can.r.e. ,,0,4, then
clearly py=inf{c>0: A{h|°< o0} (cf. Th.5.1 in [14]), so py generalizes the largest
index defined by Blumenthal and Getoor [3] for pr. with stationary ind. incr.

To simply formulations, assume throughout that the basic probability space
is rich enough to support any randomizations we need. In the following two
theorems we state more than is actually needed in the present paper.

Theorem 1.1. There exist ich.incr.pr. Y in Dy[0, 00) and Z in D,[0, 1] with
can.r.e. (y,,d, )=, 0, f) and (&', 0, f') respectively such that X=Y+Z on [0, 1]
and

@) B lhli~*<o0 as., c>1,
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(i) B’ |h|< o a.s. whenever B2 I°< oo a.s. for some ¢> 1,

(i) p,<px(1+305) " as.

Proof. We may clearly assume that a, g, §§ are non-random. Let 3 be N(0, 1) ind.
of X, and note that B+ 3 h is a Brownian motion on [0, 1]. Taking x A+ (B+ 3 h)
to Yand —o 3h to Z, we may thus assume from now on that (0.1) holds with
a=0=0. Separating positive and negative §; and noting that the assertions are
trivially true when B R < oo, we may also assume that e !>, =8,2>--->0. Let
¢ be a Poisson pr. on N ind. of X and with intensity Z J;, and let §;,<&,<--- be
its unit atom positions. Define JjeN

Bi=B;~Be,» jeN, a=Y B, F=Y3,
YO=Y [B;,1, (1)~ ;11=Y By, [1, (t— )~ 1] —o/t.

Since Y. 6,3§j is a Poisson pr. on R’, with intensity B, it follows by [7] and [14]

J
that o exists a.s. and that Y has stationary ind. incr. with can.r.e. (0, 0, B). Further-
more,

Z(t)=X(t)—'Y(t)=oc’t+Zﬁ;[1+(t—rj)—t],

so Z has ich.incr. and can.r.e. (o', 0, §).
For any ¢>% we get by convexity

Blhl =Y [h 1(B;— B )< Y |B; log B;1°— B, llog B |-

Writing B,=8;|log B, =, B=Y. 55, it is seen that p;~f;|log B, so fZR< w0

N j

implies B*1?¢< oo, and hence (i) follows from (ii). To prove (i), assume that
B? 1< oo for some c> 1. Choose arbitrary ae (0, ¢c— 1), put m,=[n*(log n)~“], neN,
and define the measures v+, v- e (N) by

”+:Z5j+25mna VT =25;—Z5mn

with unit atom positions {v; } and {v; } in non-decreasing order. Since §,, L k]=1

iff n?(log n)~“<k+ 1, and further n* (log n)~~kiff n~2-%% k*(log k)"/2 we obtain

for large k
v [ k]<k—k*(log k)3, k+k*(logk)*3<v*[1,k].

Hence we get for large k, by the Hartman-Wintner law of the iterated logarithm,
v [Lk]=¢[1, k1< vT[1, k], or equivalently vi <&;<v; for large j. Thus

Bj‘ﬁv;éﬁj_ﬁéjéﬁj_ﬁvj’: jlarge,
so it suffices to prove the inequalities

(b —B)<oo, L= )<oo.

Expressing these sums as double sums in the differences f;— f#;, ; >0 and reversing
the order of summation, it is easily seen that both sums equal Z B,

19%
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We shall make use of the inequality
xy<x*|log xl'+y* |log y| =, (1.1)

which holds for any fixed ceR provided x, y>0 are sufficiently small. To prove
(1.1), note that ¢t~ s|log s|* iff s~¢t]log t| ™%, so for any re(1, 2) and for small x and y

x y
rxy<2(s|logslds+2(t|logt|=°dt
0 ]

~ ij% {s? |log s|°} ds+ ofy% {t* llogt|=} dt
=x?|log x|+ y* |log y| .
Now put in (1.1) x=x,, y=1y,, where
x,=n*(logn)~**B, , y,=n"*(logn*? neN,

and note that
y2 [log y,|= ¢ ~2°n~(log n)=c**

is summable since ¢ —a> 1. To estimate x> |log x, |, write f(s)=s? |logs|~* and
note that
m,—m, 12 f(n)—f(n—1)—1~ f'(n)~2n(logn)~*
so by monotonity for large nyeN,
o0 >Zﬁ,2- llog B;I°2). (m,~m,_,) B2 |log B, |
j n
z ) n(logn)~“g; |logf,, |

n>ngp

1.2)

In particular it follows that x, — 0, so for large n
x5 [log x,|°=n(log n)=* B2 |log{n*(log n)=* B, }I°
<n(logn)~“f;, llog B, ',

which is summable by (1.2). Therefore by (1.1), Z Bom, =, X, ¥, <0, and the proof
of (ii) is complete. n

To prove (iii) for py <2, let pe(0, 2) be such that
Y Br<oo. (1.3)
j

For a>4, put kf=j+[j], ky=j—[j"], and let ge(2™"+p~ )", 1Ap) be
arbitrary. As in the proof of (ii) it suffices to show that

S (B —B<mo, Y (5= By fi<oo, (14)

provided a is small enough. We may restrict our attention to the first sum in (1.4)
since the second sum is always smaller. Write

m=[n09,  m=[n+1/24-],
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‘and note that
m,—m,_;~(1—a)"  mi~(1—a)~* (m,—k, ),
and similarly for m, —m;, _,. For sufficiently large j,eN we therefore obtain
Z (ﬁkj‘ - ﬁj)q <(1—a)! {Z my, (ﬁm,. T Bm")q + Z m,’ (ﬁm,, P ﬁm;,)q} .
J>Jo n n
We shall prove that the first sum on the right is finite. The argument for the second
sum is similar. Abbreviate §, =x,, a/(1 —a)=b, and note that (1.3) implies

Y nPx2<oo (1.5)

n

by monotonity. Writing r=1+p(g~"' — 1), we get by Holder’s inequality

Y, —x A=Y nP T (x, = xS nP xE (1.6)

n

and here the second factor is finite by (1.5). Approximating sums by integrals and
proceeding as in [6], p.150, it is seen that the first factor in (1.6) is finite iff
Y. nP~'x < 0. Applying Holder’s inequality once more, we get

Z nb—lx;§ {Z nd}l—r/p {Z nb xﬁ}r/p’
where
d=b—(1-r/p) ' =afl-a)—(g"'—p~1)~".
Now ¢~'—p~' <4 by assumption, so d< —1 for a close to 4, making the first
factor finite. The second factor is finite by (1.5).

Theorem 1.2. If B, 2 B,=---20 and if f*I°< 0 a.s. for some ¢> 1, there exist
some ich.incr.pr. Y, in Do [0, 00) with can.r.e. (%, 0, 1.), where

[L£G71 1 #1155,

™

A, =

j=1

such that Y, — X and X —Y_ are a.s. non-decreasing on [0, 1] apart from finitely
many downward jumps. We may take yF =o— B h whenever ¢ =0 and f |h|< co.

Proof. As in the last proof we may assume that (0.1) holds with «=0=0 and
non-random f, 2§, = --- 20. Note that

G L~ f(x L x)F dx~ [ [(log x)™* +1, x](x I, x)~* dx
=1 e e

J

=2(nl, n).

If §’ is a Poisson pr. on R, ind. of X and with intensity 1. and unit atom positions
p1zp>=--20, it follows by the Hartman-Wintner law that f;=8; (or §;<8))
for sufficiently large j. On the other hand, the arguments in the last proof show
that ) |B;— B;] < o0, so we may define Y, on [0, 1] by

J

Y, @=2 Bl =) =1+t Y (B;—B)=2 [B; 1, (t—1)—B;1].
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To see that Y, have stationary ind. incr., let {c;} be the centering in [7] and note
that Yi(t)zg[ﬂ}1+(t—rj)—cjt]+t%:(cj—ﬁj).
The asserted monotonity of Y, — X is seen from the formula
Y, (t)—X(t)=§l(ﬁ}-ﬁ,~) 1,@—7y), tel0,1],

while the last assertion follows from the fact that no centering is needed when
Bhl< 0.

2. Local and Uniform Rates of Growth
We first extend some results by Hin&in [157], Millar [17] and Fristedt [8].
Theorem 2.1. (i) llmsup X2ttty =0 as.

(i) If fe¥, and o= 0, Bf <o as., then
1111101 X@)/f~(t|logt|)=0, ¢>1, a.s. 2.1
(iii) If fe¥, and o=pR_=0—Fh=0a.s, B(h+f)< oo a.s., then
}Lnol X0/ ')=0 a.s.
Proof. (i) The argument for Th. 4.3 in [17] yields in case of ind.incr.
}1}{)1 t='Hogt| ¢ foX(1)=0 a.s,

and (2.1) follows from the fact that, by the convexity of (f~)? near 0,
lim limsup f~(at)/f ~'()=0.
al0  t-0

Now Th. 1.1 reduces the proof to the case p, =<1, since f f< oo clearly remains
valid for the pr. Z there. Next the pr. Y, of Th. 1.2 satisfy | X (£)| <|Y, (1) v [Y_(0)]
for small >0, so applying (2.1) to Y, completes the proof of (ii).

(i) Use the iterated logarithm for Brownian motion and Th.1 in [14], and
apply Th. 1.1 to reduce to the case py < 1. Then apply (ii) with f(t)=|t{%.

(iit) This follows from Th. 1 in [8] and Th. 1.2 above.

By Th.3 in [15], the normalization in (i) is essentially the best possible even
for 6 =0. As for (ii) and (iii), we have the following result in the converse direction
(cf. Fristedt [8, 9] and Millar [17]).

Theorem 2.2. If fe ¥, and ff= 0 a.s., then
limscl)lp IXOf (=00 a.s.

Proof. Since fe%,, there exists for any a>0 some b>0 with af ~'(t)< f~'(b?)
for small t>0. The argument of Fristedt 9], p. 180, completes the proof.
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We next extend some “lower function ” results of Fristedt and Pruitt [10, 11].
(The remaining results of § 3 in [10] and §§ 3-4 in [11] may be similarly extended.)
Define for § |h| < oo

g(u):Z(l—e‘“’”), u=0. (2.2)

Theorem 2.3. Let o, o,  be non-random with=fR_=0,a=fh< 0, BR =o0.

(i) Suppose that lilxg liminf g(u)u=*=oc0, and let p>1. Then for some non-

random a€R’, £

lim%an(t) g i pt " Lo/ht=a as.
t—

(ii) Suppose that lim limsup g(cu)/g(u)>d>1, and put p,=p;'=d> Then
for some non-random a,, a,eR’,

liminf [gnlf ]{X(s+t)—X(s)} g Yp,t7 ! |logt))/|logt|=a, as.,
,1—1

t->0 se
lims(%lp [[i)nlf ]{X(s-{-t)—X(s)} g Y p,t7 " logt])/|logt|=a, a.s.
t— se[0,1—¢

If lim liminf g (c u)/g ()= co, then p, and p, may be replaced by any p>0.

Proof. To see that a,a,,a, are non-random (possibly 0 or o), note that the
events in Lemma 2 of [11] are invariant under finite permutations of the ; and
apply the Hewitt-Savage 0—1 law. To prove (i), define A, and Y, as in Th. 12
and put

g, (u)= f(l —e " A, (dr), uz0.
0

Then Y_ ()X ()<Y, () for small t>0, while for large u>0, g, u)/2<gWw)=
g_(u) p* or equivalently g~'(p~* )< g '(w)< g7 '(2u). Hence

aglig}%)nf Y, (g @pt )l t< 0,

aglimionf Y_ (g 'prr Lol >0
t—

a.s. by Th.1 in [10]. As for (ii), the same method works except that we have to
change a finite (but random) number of jump sizes to make ¥, —X and X—Y_
everywhere monotone. Clearly, such changes do not effect the events in Lemma 2
of [11].

3. Hausdorff Measure of the Range

We first extend a result by Blumenthal, Getoor [3] and Millar [17]. Write
dim for Hausdorff dimension.

Theorem 3.1. If 0=0, and if a=f§ h whenever 8 |h|< oo, then
dim X(4)<p,dimA4 a.s. (3.1
for any Borel set A=[0,1].
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Proof- Let (z, ) be non-random and put d=dim A. Assume first that d<1 and
choose arbitrary ae(d, 1], c>apy. For neN, cover 4 by intervals [, ;, j=1, ...,
such that Z |I;|“<n~". If we can show that

n’

2 IX (LI 20, (3-2)
j
then (3.1) will follow by turning to some suitable sub-sequence. Now X =X, + X,
implies X
Y IX TS YAX L)+ (L)
j j
<23 X, @)+ T 1X, (1)1 (33)
J J

so from the proof of Th.5.1 in [17] and from Th. 1.1 above it is seen that the
assertion may reduced successively, first to the case p, < 1, then to the case § |h| < 0
and finally to the case of non-decreasing pr. But for the latter, (3.2) follows from
[17] and Th. 1.2 above.

Next suppose that d=1, assume without loss that A=[0, 1), and let c¢> p,.
We intend to show that there exists for any ¢ >0 some partition of 4 into (random)
intervals I; such that ) |X(I))l°<e for any refinement {I;} of {I}. Now this is

J
true for pr. with ind. incr. according to the proof of Th. 5.1 in [ 17], and the method
of successive reductions works as above, provided we replace {I,;} in (3.3) by a
common refinement of the partitions used for X, and X,.

We next extend Th. 3 of Fristedt and Pruitt [10]. Let g be given by (2.2) and
define f, for p>0 as the inverse (near 0) of the function t— I, t/g~'(pt~' 1, 1).
Put f=f,. Write H for Hausdorff measure with respect to f.

Theorem 3.2. Let a, g, § be non-random with6=fR_=0,a=fh< o0, BR=00.
Then H(X[O, t])=ct a.s. for some non-random ceR’_ .

Proof. By the Hewitt-Savage 0-1 law, H(X[0,t])=a(t) is a.s. non-random
(possibly 0 or oo) for each t€[0, 1], and since a is non-decreasing, this holds a.s.
for all ¢ simultaneously. To show that a(t)eR’,, te(0, 1], consider the pr. Y, of
Th. 1.2 and change the largest jump sizes if necessary to make Y, —X and X —Y_
monotone. (This will not effect the Hausdorff measures.) Then check that Th. 3 in
[10] remains true with f, in place of f and carry through the comparison as in
the proof of Th. 2.3. To see that a is linear, note that by definition

as—)+tat—=)Za(s+t)=Za(s)+alt), s,t>0, s+t=1, 34
so a(s+t—)=a(s—)+a(t—), proving linearity on [0, 1). For t=1 use (3.4).

4. Variation of Independent Increment Processes

Throughout §§4-5, let I, I1,, I1,, ... be finite partitions of [0, 1]. In §4 only,
let X be a pr. in D, [0, 1] with (not necessarlly stationary) ind. incr. and without
fixed jumps. For s>0 define 7,: [0,1]— R, 629 ([0, 1]) and 2eM([0,1]x R")
by the Lévy formula

log Ee*XO=juj,()—%u? 62[0, ]+ [ (€™ —1—iuh,(x)) A([0, 1] x dx),
!
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and put 62=82[0,1], A=1([0, 1] x -). Let B,, B,, ... be the jump sizes of X and
write f=)" J; .
J

Theorem 4.1. Let {II,} be nested with |I1,|, — 0, and suppose that (I1,7,)* R—0
for some £>0. Then

(I1,X)* 6% 6,+ B> a.s inMR). @.n
This improves slightly a result by Cogburn and Tucker [5]. By taking account

of “time”, we may easily restate this and the remaining theorems of §§4-5 in
terms of convergence in M ([0, 1] x R).

Proof. By Minkowski’s inequality, we may assume that §, =0, and then

(II,XR—c*+p>R  a.s. 4.2)
by [5]. To complete the proof, note that for any process X in D{0, 1],
IIX—§ asin RR). 4.3)

We next improve and extend results by Fristedt [8] and Millar [17].

Theorem 4.2. Let 62=0 and |I1,| , — 0, and suppose that either
() {I1,} is nested, fe¥;, fLeM(R), (I1,7,) f— O for some £>0, or
(i) §o=0, fe¥,, f AcTM(R).
Then ff <o a.s. and
JULXy—> B as.in P(R).

Proof. To see that ff < oo a.s., note that f is a Poisson pr. on R’ with intensity
4, and conclude by monotone convergence from simple functions that EB f = 4, f<oo

Assuming (i), it suffices by (4.3) to prove that
1imi(l)’lf limsup(I1,X,) f=0 a.s.. 44
where X, is obtained from X by deleting all jumps of modulus >u. We may

therefore assume the properties defining %, to hold on all R. In particular, by
subadditivity and Minkowski’s inequality, for some ce(0, 1) and any x;, y;-JeN,

{2 Sl+y)l= LGy )T = {E Lf e+ £ )1y
< {z f(xj)}c‘l” {z f(}’j)}c,

1e.

{2 S} = S0 = {2 16—y} 4.5)

Since (I1,7,) f— 0, we may therefore assume that §,=0, and since 9,—9, is con-
tinuous and of bounded variation, implying

(Hn(ﬁs_?u))fzo[(Hn()/}s‘?u)) lhl] nd 0 as n— oo, u>0,

it suffices to prove (4.4) with X, replaced by Y,=X,—7,. For symmetric Y,, the
arguments leading to Lemma 4.4 in [17] yield E(/1,Y,) f <4, f, where 1, = 1 A



266 O. Kallenberg

Since {(II,Y,) f} is a reversed supermartingale by Lemma 3.1 in [17], we get by
Doob’s maximal inequality

P{sup(I,Y,) f >a}ssup E(I,Y) f/a< A, fla, a>0.

Proceeding as in [17], p. 60, and applying (4.5), we obtain for nonsymmetric Y,
P{sup |[(IT, Y)) f1'—m;,|>a"} <42, f/a, a>0, (4.6)

where m,,, is a median of (11, Y,) f. Now it follows as in the proof of Th. 4.1 in [17]
that E(I1,Y,) f <24, f, so

3SP{ULY)fzm, }<EULY) f/m, <22, f/m,,

and we get m,, <44, f. Thus by (4.6), sup(I1, Y,) f—2> 0 asu — 0, and so (4.4) holds
for Y, and place of X,,. "

In case of (ii), we may assume by (4.3) that f is concave on R, and R_. But then
(I1,X)f<Bf by monotonity and concavity, while linminf (II,X)f=zBf since

XeD[0,1], so we get (I, X) f— B f, which by (4.3) completes the proof. (Note
that the last proof applies to any pure jump process with bounded variation.)

5. Variation of Interchangeable Increment Processes

In this section, let X be an ich. incr. pr. in Dy [0, 1] with can. r.e. o, g, f.

Theorem 5.1. Relation (4.1) holds if either

(i) {I1,} is nested with |I1,] , — 0, or

(ii) Y JT,|3< .

Part (ii) extends and improves results by Rubin and Tucker [21] (who assume
Y |I1,13 < o0) and by Millar [18], p. 324. Results by Blumenthal and Getoor [2]
show that |I1,|, — O is not sufficient in general.

Proof. In case of (i) it suffices by (4.3) to show that
limsup |(IT, X,)* R — 02| 250, u—0, (5.1)

where X, is defined as in the proof of Th. 4.2. Using Minkowski’s inequality and
applying Th. 1.1 and 4.1, the proof of (5.1) may easily be reduced to-the case 6 =0
and py<1. Repeating the same argument twice with Th. 1.2 in place of Th. 1.1
completes the proof. As for (ii), the assertion follows by (4.3), Minkowski’s in-
equality and Fubini’s theorem from the following lemma.

Lemma 5.1. For non-random (o, $)+0 and a =0,
(ITXYR

a2+ B%*R

PrOOf. Abe‘CVIate ﬁ0=0, U:O-2+B2R, p‘l=t1—t1,_1, éjzX(tj)““X(tl_l), ’7]0:
B(t)—B(t;_ ), nu=1,@;—1)—1,(t;_;—7)—p;, and write ). and )’ for sum-

2
—1} =0(113). (5.2)
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mation over Z_ and N respectively. By the fact that, for jointly Gaussian variables
34, 9,, 95,9, with zero mean,

£, 9,8, 8,=E8 %, EHI+ENEI 3, +ES 9,E, I,
and by the formulae in [1], pp. 65, 107, we get for i=j, k<1,

Erljz'k:pj(l—pj)’ E’?ik’?jk=_Pin,

Variio=2(Enk)’=0®}), Covini,nj)=2(Enion;o)* =2pi p;,

Varnh=p;(1-p)*+(1—p) p} —p; (1—-p)*=p;+0(p]), k=+0,

Cov (i, n) =pi(1—py)* p} +p? p;(1—p;)* + (1= pi—p)) P ]
—Pipj(l—Pi)(l—l’j)=‘Pin(1+0(Pi+Pj)), k+0,

Varnjknﬂ::pjz'(l—pj)2=0(p]2')a Cov(niknilanjknjl)=pi2plg-

Hence by independence, if § has only finitely many atoms,
Eé}:VarZﬁk "Ijk=z Bi Var nix=vp;(L—p;),
k k
Var 5,; =Var z Bi ’1,2'k+z Y BB NixMji
k k1

=Z Pi Var 17%k+2 ZZﬂI% B Var Niuhi=p; ). B +v* 0(p}),
3

k1 k

Cov (&, é,z)z Cov {Z B n +Zk‘,¢; Bi Binax s :Z, Bi "Ifk +Z Z B B Nk 7’Ij1}

k!

==Z i Cov(n, ’7%1:)"‘ 2 Z Z Bt B Cov (.11, Nk D)
3

k+1
=—pip; ), Be+v  pip;O(pi+p),
k

SO
EUTXP?R=Y E&=0Y p,(1—p)=v(l—|}),

Var(ITX)*R=} Var &+, Y Cov(¢}, &)

ifj
=;’ 7203 prZ; pip;}+v* 0 {3 p} +Z¢Z p:ip;(pi+ D))}
=;' Be lT3+0* O(H3)=v* O(T}3),

and (5.2) follows. In case of infinitely many f-atoms, apply (5.2) with § replaced by
Be=1y B, e>0, and X by the corresponding pr. X,. Since BZR-> 2R and
(1 X,)* R—(ITXY R a.s. as ¢ — 0, the truth of (5.2) for 8 and X follows by Fatou’s
lemma.

Let us finally point out that Th.4.2 as well as the results by Blumenthal,
Getoor [3] and Monroe [19] on “strong” variation generalize in an obvious way
to ich.incr. pr. The details are omitted.
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6. Ergodicity and Variation

Th. 5.1 may be considered as the “strong” counterpart to the “weak” Th. 2.2
in [14]. In this section we proceed by giving strong analogues to Th. 1.2, 3.2, 4.2
and 4.1 in [14].

Theorem 6.1. Let &,,&,, ... be ich.r.e. with can.r.m. y in a lcscH space S, and
let m, be the can.p.pr. of &, ..., &, neN. Then for any measurable f: S — R,,

fr/n—>fu a.s. within {uf<oo}.
This is an obvious extension of a result by Varadarajan (for f=1, see Th. 7.1
in [20]; see also [16], p. 400, and [4]).
For the remainder of this section, let X be an ich.incr.pr. in D, [0, o) with

can.r.e. I; A (or y,,0, A). The next two theorems improve and extend results by
Rubin and Tucker [21].

Theorem 6.2. For suitable versions of the can.r.m. p, of
{X(p-X((j-1)p):jeN}, p>0,
we have as p—0
Hpgi/p—I,  gau/p—>A4 as. (6.1)

Proof. Let I, A be non-random. Then (6.1) holds as p — 0 through any sequence
by [6], p. 564, and the assertion follows.

Theorem 6.3. For suitable versions of the can.r.e. (g, o, B,) of the restrictions
of X t0 [0, 5], s >0, we have 6/s=0?, and as s— oo, for any measurable f:R— R,

f(0280+8,B)s—2>fA a.s. within {Af<o}, 6.2)
[a,—B(h—g)ls—T a.s. (6.3)

Note that the last assertions may also be written
fB/s—2>fA a.s. within {1 f<co}, (6.4)
(—BLIO/s—>y,, e>0, as. (6.5)

Proof. Let I' and A be non-random. By Th. 5.1 in [14], it is possible to define
o?=s0?, and we may further take «,= X (s) and let the §, be given by a Poisson pr.
on R'x R, with intensity /1 times Lebesgue measure. Then {f, f} is a pr. in
D, [0, co) with stationary ind.incr., and so S, f/s— E B, f=Af a.s. by the law of
large numbers ([16], p. 558). By [20], Th. 6.6, this implies (6.4). Finally, (6.5) is
merely a restatement of the law of large numbers for the pr. X, obtained from X
by omitting jumps of modulus >e&.

Taking a statistical point of view, suppose we want to estimate I; A from the
incr. of X. As discussed at length by Rubin and Tucker [21], we may then proceed
in two steps, using either Th. 6.1-6.2 or Th. 5.1 and 6.3. An estimate in one step is
given by the following ergodic-variational result.

Theorem 6.4. For neN, let ¢,=s, ' >0 and let IT, be a partition of [0, s,] into k,
intervals of length p, i»j=1,...,k,. Let s,— co and suppose that

(i) ¢ |IL,I13 -0,

(i) ), ca [IL,]3 <o,
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(i) Y ¢,y p,;e”Pri<oo, £>0.
n n

Then ¢, I, X)g;—T as., (6.6)

g, (LX) "> A a.s. 6.7)
Note that, if p,;=p,, j=1, ..., k,, neN, then (i)-(iii) reduce to

Ykit<oo, Ye #n<oo, £>0.
n

n

As the proof will reveal, (i) and (ii) suffice if ¢ =0, while (ii) and (1ii) suffice if (y,, A)=0.
Moreover, (i) and (ii) imply

c,(IM,X*R—6*+1>R as., (6.8)
provided A has bounded support, (or even provided A* R=21h* < o).

Proof. We may assume I] A to be non-random. Suppose that 4 has support
in [—M, M]. If a,, o 52, B, are the can.r.e. of the restriction of X to [0, 5,], we get
by Lemma 5.1

E{c,[IT,(X —c, 0, W)]* R—(0? +c, B} R)}* =E(0* +¢, B; R O(c} |11, [3).
Using an auxiliary result in [17], p. 56, we obtain
E(@®+c,B2RY*<20*+2c2 E(B2R)?*<20* +8¢, A* R+4(A2R)%,
so by (i1} and Fubini’s theorem,
e[, (X —c,o0,W)]* R—(6*+¢, B2 R)—0 a.s.
By (6.4), ¢, B2 R may be replaced by A R, and furthermore,
(%) €uUThY R— 75 ¢, 13 —0  as.

by (6.5) and (1), so (6.8) follows by Minkowski’s inequality.

Assuming AR < o, y,=0, write X =X, + X,, where X is the purely discrete
part of X and let {£,;} and {#,;} be the II -incr. of X, X,. Let Y(s) be the number
of X;-jumps in [0, s], s>0, and note that Y is a Poisson pr. with intensity AR. Now

(I, Y NZ¢, Y(s,)+3¢,(IL, Y*(N\1),  neN,
and letting n— oo it follows by (6.8) and the Iéw of large numbers that
UL Y)2(NN1)—-0 as.
Hence for any interval I

¢ (T, X2 1 — BAI| S M? ¢, (IT, Y2 (N ~1)— 0,
so by (6.4),
(L, X, —> A2 as. (6.9)

As for X,, note that for any ¢>0

E(anz)?'lf:Z E[r’rzlj; !"Inj]>8]=‘72 anj E[9%; l‘9l>86—1pn_j%]! (6.10)
J J
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where 3 is N(0, 1). But
E[9%9|>ep~¥]— 1, p— 0,
E[9%;18/>ep~*]~e(np/2)~* exp(—3&*/p)=o[exp(—1&¥/p)], p—0,

SO
sup E[9%; |9]>ep~ ] exp(}¢*/p)< o,
p>0

and hence by (6.8), (6.10), (iii) and Fubini’s theorem
c, (I, X,)? —¥> 028, a.s. (6.11)

Returning to X, fix u, v>0 and let ¢€(0, u A v). Abbreviate A=(—occ, —u]u
[v, ©0), A,=(—c0, —u+e]u[v—¢, c0). My Minkowski’s inequality,

[T, X)* AT =3 {Cujt 1?5 Euytniase AT
é [Z {Cl‘th; ﬁnjEAs}]%-i' [Z {71513 énjEAza rlnjels}]%
+[ A Guje AL naye I3+ [ (i muje I3 1P

<[UTL X, ATH +e[UT, X)) AT + (v o—o) (LX) T

+[UL, X,)* 1%
Multiplying by c#, and the letting n— oo and ¢ — 0, we obtain
limsup c,(II, Xy AS/A*A4  a.s. (6.12)
by (6.9) and (6.11). Similarly,
liminfc,(IT, X)* A°= 1> A° a.s., (6.13)

and by comination of (6.8) with (6.12) and (6.13) for arbitrary u and v,
(I, X)? 2> 0% 8y +4% as. (6.14)

The restrictions AR < oo and y,=0 may be removed by (6.8) and Minkowski’s
inequality.

Now (6.14) implies (6.7). To prove (6.6), conclude from the law of large numbers
that c,(IT, X)' R — 7y, and use (6.14). Finally, for 1 with arbitrary support, write
X=X'+X" where X" contains the jumps of modulus > M. By the law of large
numbers

Clg (1, X) I —g (I, X'} [|£2¢,(IT,X"YR'L2¢, B, I3y — 2413 as., k=1,2,
for any interval I, so it suffices to apply (6.6) and (6.7) to X* and then let M — co.
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