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Splitting Times for Markov Processes
and a Generalised Markov Property for Diffusions

Martin Jacobsen

1. Introduction and Summary

In [7], Williams gives the following result on decomposition of the one-
dimensional Brownian motion. Let {B,: t =20} be a BM° (Brownian motion starting
at 0). Let = denote the passage time to 1, ¢ the last time 0 is hit before = and p
the time point in [0, o] where the path attains its maximal value «. Then the follow-
ing construction yields a process identical in law to {B,: t <7}: choose a uniformly
on [0,1] and run a BM° (independent of o) until it first hits «; continue with
o—R; where R, is a three-dimensional Bessel process, independent of « and the
BM?, starting at 0 and run until it hits « for the last time; finish with a new Bessel
process, independent of the previous items, starting at 0 and run until it first hits 1.

It is an immediate consequence of this result that if £ is either of the random
times p or g, then conditionally on (&, {B,: 0<t < ¢}), the law of the post-& process
{B(t+¢): t =0} depends only on B(¢), i.e,, BM? starts afresh at the random time &.
(For other decomposition results and proofs, see [8].)

Tt is the purpose of this paper to define for time-homogeneous Markov processes
a class of random times, splitting times, for which one might expect this kind of
generalised strong Markov property to hold, to discuss the problems arising
when one tries to prove general results to this effect, and to show a splitting times
theorem for one-dimensional diffusions.

Stopping times T may be characterised as splitting times enjoying the property
that conditionally on the pre-t behaviour, the post-t process is a replica of the
given Markov process. Williams’ decomposition result shows that for splitting
times t the conditional post-t process may be a Markov process different from
the given process.

In [5], Meyer, Smythe and Walsh and in [6], Pittenger and Shih discuss a
Markov property with respect to coterminal times. As will be pointed out in Sec-
tion 3 below, coterminal times come very close to being a special kind of splitting
times.

2. Preliminaries

Throughout the paper we shall assume the basic Markov process to possess
smooth sample paths and be given in canonical (i.e. function space) form.

Therefore, assume E, the state-space of the process, to be a Polish space with
Borel o-algebra %, and C(E) the space of bounded, real-valued continuous func-
tions on E. Write T=[0, cc[, T=[0, co] and let Q be the relevant subset of E7, i.c.
Q is either the space of continuous paths from T'to E or the space of right-continu-
ous paths possessing left-limits everywhere.



28 M. Jacobsen

Write X, for the projection X,: Q - E given by X,w=wt (teT,weQ), let %
be the o-algebra of subsets of Q generated by all the X, and write %,(%") for the
pre-t (post-t) algebra generated by {X},.,({X},»,). Finally, let 6, be the shift

X,00,=X,,, on Q. - -

Definition 1. A time-homogeneous, canonically-defined Markov process with
state-space E is a family {P"}xE g of probability measures on (Q, #) satisfying:
i) for every bounded, # -measurable Y: Q — R, the mapping x+—P* Y from E
to R is Borel-measurable;
ii) for every xeE, P* {XO =x}=1;
iii) for every bounded, # -measurable Y: Q - R and foreveryte T, xeE,

PiyYol,= PX0Y.
The transition semigroup {E},. for the process is given by
(Bf) x=P*f(X,)
(te T, xeE, f: E— IR bounded Borel).

The notation used here as everywhere else is the following: if Yis P*-integrable
P*Y denotes the P*-expectation of Y while P*(Y; F) is the integral of Y over the set
F.1f Y=1, we write of course P*F instead of P*1,. If % is a sub s-algebra of %, By
denotes conditional expectation of P* given . In case there exists a regular condi-
tional probability, B Y will always denote (pointwise on Q) the integral of Y with
respect to that conditional probability. Finally, functions like

o | Y(o') PX*(do’)

will be denoted P** Y where more generally the ~ isused to show which parts of
the P*:integrand depend on the integration variable. For instance one writes
PXeg (O, V) for

o[ g(Uo', Vo) PX9(dw)

and PXg(U, V) for
o[ g(Uw, V') PY ¢ (dw).

With the setup we are using here, the o-algebras %, %#° may be characterised as
g-algebras saturated with respect to a measurable partition (cf. [2]). For teT,
let ~, ~ be the equivalence relations on Q defined by

wro iff ws=w's (s€[0,1]),

ote iff os=w's (selt, o).

As a special case of Lemma 1.2 of [2], it follows that F egz'*t (Fe#" iff FeF
and F is a union of ~ (~) equivalence classes (atoms). Notice that the atoms them-
selves belong to % and thus determine a measurable partition of Q.

The Markov property iii) of Definition 1 may now be formulated as follows:
for every xe E, te T there exists a regular conditional probability P ,, of P* given %,



Markov Processes 29

uniquely determined by
P FnO ' G=1,P*0G (Fe#,Ge%).

F (1)
P}, is also proper, ie. for every we, the probability P}, (-)w is concentrated
on the ~ equivalence class containing . )

Because of this, conditional expectations given % may be computed treating
anything % -measurable as constant.

A random time is a % -measurable mapping t: Q- T. The corresponding
shift 4, is a measurable mapping from {t< oo} to Q, identical to 8, on {t=1}.
Similarly X.: {t< o0} — E is measurable and equal to X, on {t=1}.

For an arbitrary random time 7, the pre-t algebra & is defined as the g-algebra
of events which is saturated with respect to the equivalence relation ~ given by

woyw iff tw=t0w and ws=w's (se[0,tw]NT)
(cf. [2]).
A (strict) stopping time is a random time t such that {t=t}e%, (teT). The
process is Markov with respect to the stopping time 7 if

PfyYo0,=P*9Y on {1<ow} (2.1)
for every bounded, measurable Y: @ — R and every xeE.

Formally (2 1)is obtained from the Markov property by 1dent1fy1ng conditional
expectations glven &, with those given % on {r=t}. Since 7 is a stopping time,
(=1}, m/ with ~ =~ on {r=t}. Thls fact partly justifies the identification
but does not of coursc prov1de a rigorous proof. For that, extra conditions are
needed to ensure that one works with the correct versions of the conditional
probabilities given the .

If (2.1) holds for all stopping times the process is strong Markov. The strong
Markov property will appear as a special case of the corollary to Proposition 1
below. The proposition deals with the identification principle in a more general
setting.

For the formulation we need the following concept. If 7 is a random time and
{},.r a family of sub o-algebras of & with each .o/ being the saturated g-algebra
determmed by a measurable equivalence relation <, we say that the pre-t algebra

Z, 1s generated by {,Q{ } provided

i) {r=tled (1€T),
i) ~ =2, on {t=1t} (teT).
Proposition 1. Let t be a random time and let (A}, be a family of c-algebras
which generate %, such that
Fr{i<tled (FeF,teT). 2.2)

Suppose that for every xeE regular conditional probabilities B} of P* given ,;z/
exist for all te T, and suppose that versions of each of these may be chosen such that
the following condition is satisfied: for every neN, t, <---<t,€T, f,, ..., f,e C(E),
we{t <o} the mapping

zH(P(,)nf e ) 23)

is right-continuous at t,=1tw.



30 M. Jacobsen

Then conditionally on / at w the post-t process is identical i in law to the post-t
process conditionally on o, i.e.

Py YobB)w=(Bj,,) YoO )00 (wef{r<o})
for every Y: Q — R bounded and measurable.

Proof. It suffices to show that for every xeE, neN, t, <---<t,&T, f;, ..., f,€
C(E), Fe# n{t< w0}

§ (B wy Yo0.,) 0 P*(dw)= P*(Y; F)

F

with Y=]] f;(X,) and to check that the integrand on the left is f/': -measurable.

Because {2/} generates #, the integrand is constant on Z.-atoms. It is %-
measurable since by (2.3)

o0

x . . k+1
(I.zl/'(rw) Yo er)w: hm 2 (&((k+1)2"‘) Yof ( o )) @ 1Fnk(a))>
o]

R 47

k k+1
= <r<_
where F,, {2n=r< o }

Using this representation, dominated convergence and the fact that
Fr\{SST<t}e,sz/ (Fe ,s=teT)
which follows from (2.2) because {s<1}e %, we find that

§ (B ey YoO,,) 0 P*(dw)
F

k+1
=lim ZP (,w((ku)z )Yoe(T);FnE,k)

R— 00 k=

~lim sz(y 9(k+ ) Fank>

n—»cx)k o

=P*(Yo0,; F).

In the spec1al case where the <7 i increase with ¢ condition (2.2) is always ful-
filled, assuming that {7, /\ generates %,, and equlvalent to

Fn{tstiesd, (Fe%,teT).
Thus 7 is a strict stopping time with respect to the increasing family {./)}.
In some cases condition (2.3) may be simplified.

Corollary. The conclusion of Proposition 1 holds if {of} generates #., if (2. 2)
holds and if for every xeE, we{t < w0}, te T, the post-t process condltlonally on o,
at o under P* is time-homogeneous Markov with initial state X, and transition
semigroup {XQ }, . not depending on t satisfying

*Qs: C(Ey—»C(E) (seT). (2.4)

It is even sufficient that for any we{r < oo} this condition on the post-t process
holds for t =t w only.
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Proof. The first assertion is proved by verifying (2.3) of the proposition. By
assumption - ‘o
P (B Yo0) =30 ¥ 23)

for every Y: Q>R bounded and measurable. (Here {},0’}, ; are the function
space probabilities corresponding to the semigroup {30 }.)

That the right hand side of (2.5) is right-continuous in ¢ for all Y of the form
[T/ fi(X w1th t, <---<t,, ;€ C(E) follows if we show that, writing 0’ =7Q”

y—Q'Y (2.6

is continuous. But for n=1 this is equivalent to (2.4). Furthermore, if ;0. =0, then

n+1

0’ __ﬂlf,-(th)=Qy:ﬂlf}(X,j) (1,0, o fort](X,)

s0, using (2.4), (2.6) follows by induction.

As for the proof of the second assertion observe that the proof of the pro-
position applies if each P;,, is determined only within {t<t} and there satisfies
(2.3).

We shall need the second part of the corollary in Section 5 below.

The first assertion contains a version of the strong Markov property as a
special case: if 7 is a strict stopping time, then {#} generates %, and, since the
conditional post-t process is the given Markov process itself starting at X, the
corollary shows (as is of course well known) that the strong Markov property
holds if P: C(E)— C(E) (teT). (Recall that this condition is sufficient for the
process to be strong Markov with respect to any stopping time , strict or not, and

the enlarged pre-t algebra #,, = () #,,,.)
e>0

3. Definition and Basic Properties of Splitting Times

We shall study random times 7 with respect to which the process obeys the
following generalised Markov property: for every xeE, ¥: @ » R bounded and
measurable, the conditional expectation

PJ’(t) Yo@ (31)

(defined on {r < o0}) depends only on (z, X ).

Intuitively one would expect this gencralised Markov property to hold for
random times t having the property that knowledge that t=¢t may provide
information about the behaviour of the path after time ¢, but only so that this
post-t information does not depend on the behaviour of the path prior to . This
leads to the following.

Definition 2. A random time 7 is called a splitting time if it has the following
cross-over property: for any two paths w,, w, with 1w, =tw, (=t say) and
w t=w,t, it is true that tw =t where

{wl u W=y
wu=

oy (u=t). 3-2)
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It is evident that any strict stopping time is a splitting time. Furthermore, the
definition is symmetric in past and future so that random times that are stopping
times for the time-reversed process (e.g. last exit-times) are also splitting times.
One also finds that the random times g, p of the introduction are splitting times.

David Williams suggested the name “splitting times” and himself proved
that discrete time processes are Markov with respect to arbitrary splitting times.
This result, which has not been published, may be formulated as follows.

Let X=(Q, #, 4, X,, 0,, P*) be a time-homogeneous Markov process in the
sense of [1] with discrete time-parameter set T,={0,1,...} and state-space E.
Write & for the o-algebra generated by {X},er,- Call 7: Q — T; U {00} a splitting
time if for every te T, there exists F.e.4,, G,e % such that

{t=t}=Fn67'G,. (3.3)

Define the o-algebra ,/% as follows: M eﬂ iff Me.# and for every te T, there
exists M, e,ﬂ with
{t=t}nM=M,n6'G,.

Theorem 1 (Williams). For every xeE, Y: Q » R bounded and measurable,
(i Ye0)w=P**(Y|G,,) (0we{t<ow0}) (3.4)

where the right-hand side may be defined arbitrarily (subject to the measurability
constraints) for those w for which P*-* G_,=0.

In the proof, one works of course on the sets {t=t} (teT,) separately. The
proof rests on the Markov property alone. (See the proof of (3.5) below.) Notice
that the representation (3.3) is non-unique but that (3.4) holds no matter how the
E, G, are chosen.

One reason why this result cannot be used to establish results for continuous
time is that, unlike stopping times, splitting times cannot in general be approxi-
mated by monotone sequences of splitting times with countable range. The
splitting time p of Section 1 is an instance of this.

We return now to the continuous time case and the discussion of Definition 2.
In the setup we are using, Galmarino’s characterisation of strict stopping times
(see [4] p. 86) is valid. Definition 2 is the splitting-times analogue of Galmarino’s
characterisation. The following proposition gives the splitting-times analogue of
the customary definition of stopping times, which also matches Williams® defi-
nition.

Proposition 2. A random time t is a splitting time if for every teT there exists
Fe%, G,e% such that

{r=t}=Fn6'G,.

Proof. To verify the cross-over property, assume w,, w,€{71=1t} with o, t=cw, t.
Defining w as in (3.2), since o w,, ® ~w, it follows that e F,n6;* G,.

Notice that if 7 is a splitting time and one defines F, (0, G,) as the set of paths
~-equivalent (~-equivalent) to some path in {t=1}, then

{t=t}=Fn0'G,.
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Since F, (871 G,) is a union of % -atoms (97 *-atoms) we see that the converse to
Proposmon 2 holds if F and 6] G are # -measurable.

Consider now a splitting time « w1th {r=t} asin Proposition 2. Define 1,=1,_.¢,
and let o denote the equivalence relation

oy, iff oy, and lo=Lo,

with &, the g-algebra determined from .

It is immediate that the family {¥,} generates %.. Furthermore, since ¥, is the
o-algebra generated by ({X},.,, 1,) we claim that a regular conditional probablhty
of P* given ¥, is defined by

(i F 07 G o=1y(w) P**(Gl{lg,=1,0}) (Fe#, GeF) (3.5

where the conditional probability on the right may be defined arbitrarily (subject
to the %,-measurability condition) for those w for which the P**“-measure of the
conditioning event is 0. ]
The proof of (3.5) proceeds as follows: if for example F'e &, and H=F' n {1,=1},
one finds XA (T
PX(PY(G|{14=1}); FNH)

=P*(P*(G|{15,=1}); FNF n6;1G)

=P*(PX(GG); FNF)

=P*(Fn0;'GnH).

This is the argument used by Williams in the proof of Theorem 1.

Because of (3.5), one might expect that Proposition 1 could be used straightaway
to establish the Markov property for t. However, it may be true that

PYefl, =1,0}=0 (3.6)

for all we{r=1t}, which makes it impossible to verify (2.3) of Proposition 1, the
limit as ¢t | 7w not being defined.

An example of this is provided by the splitting times p, ¢ of the introduction.
For instance, one has {¢=t}=F, N0, ! G, with

F;———{Bt:()} a ﬂ{Bs<1}e.§€,

St

G,={B,=0} n{B,>0 for all s€ 10, 1]} %,

using the notation of Section 1. It is now clear that (3.6) holds because BM? will
with probability 1 cross its initial level infinitely often in any time-interval 0, «].
The generalised Markov property (3.1) states that the process should start
afresh at time 7. An important particular case arises naturally when the conditional
post-t process is itself time-homogeneous Markov with law depending only on
7, X,. In [5], 7 is then called a birth time for the process and it is proved (Theo-
rem 5.1) that any coterminal time L is a birth time in the following sense: the
process {X;,},., is strong Markov with respect to the family {% .}, , of
c-algebras. Also the transition semigroup for the conditional process is given.

3 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 30
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It is pointed out in [5] that the restriction to t>0 is essential. This way the
problem we discussed in connection with (3.6) is avoided.

As we mentioned in the introduction, coterminal times are nearly splitting
times. A coterminal time L satisfies in particular that

Le0,=(L-t)v0 (teT).

Assuming o, € {L<t}, o, ~ o, it follows that (Lo 0,)w,=(Lo0,)w, =0 so that
Lw,<t Thus {L<t}e%" showing that L is a (non-strict) stopping time for the
time-reversed process.

On the other hand, the p of Section 1 is a splitting time but not a coterminal
time.

In [6], results are given which show that a Markov property (in the sense of
(3.1)) is valid with respect to any coterminal time. There the difficulties around
(3.6) are solved by showing that certain limits of ordinary conditional probabilities
exist (cf. Definition 5.2 and Theorem 1).

4. A Class of Conditional Diffusions

Before formulating and proving splitting-times theorems for diffusions we
shall summarise the facts needed from diffusion theory and prove some preliminary
results.

We shall only discuss conservative regular diffusions but it is fairly obvious
that the results extend to non-singular diffusions with killing.

Let J be a subinterval of the extended real line, with int J denoting the interior
of J.

A canonically-defined Markov process {P*},., with state space J is called a
conservative, regular diffusion provided

i) the P* are probabilities on the space of continuous functions from T'to J;
ii) the process is strong Markov;

iii) P*{r,< o0} >0 (xeintJ, yeJ).

Here 7, is the passage time inf{te T: X,=x}.

Let a be the lower and b the upper boundary of J. We shall need the following
facts about diffusions (cf. [3] or [4]).

Any conservative regular diffusion on J may be characterised by a scale
§:J — IR, which is strictly increasing and continuous, and a speed measure m on the
Borel subsets of J which is locally strictly positive and finite (i.e. 0 <m[x, y]< oo
for all x<yeintJ). S, m must satisfy certain conditions at the endpoints of J,
mentioned below for the boundary a.

If a¢ J, then either Sa= —oo or | (Sy—Sa)m(dy)=co for all xeintJ.

la.x[

If aeJ, then Sa>—o0 and | (Sy—Saym(dy)<oo for all xeintJ. If also
la,x[

m]a, x[ = co for all xeintJ, a is necessarily absorbing. Otherwise a is absorbing
iff m{a} = oo, and reflecting iff m[a, x[ < oo for all xeintJ.
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S, m are related to the exit probabilities and mean exit times by

Sx~Sa
Sp—Sa’
P* Tzzﬂzl j‘ﬁ[ Gaﬁ(x7 y)m(dy)

P {rp<t,y=

for all a < BeJ, xe[a, B]. Here t,5=1,A 15 and G,; is the Green function

_ (Sx—Sa)(Sp—Sy)

S (x<yela f]).

Ga/}(x’ J/)= Gmﬂ(yy X)

More generally, if f: [«, f]— R is bounded and measurable, then

z(aB)
P J J(X) dt=} fm Gop(x, 3) f () m(dy).

From a special case of this, one finds

Sy—Sua

P (1,5 (1<) = | Gl )) 2o m(dy),

: Spos @.1)

x . —oy

P*(t,4; {Ta<‘cﬁ}):]a’_fﬂ[ G,p(x, Y)mm(dY)-

The proof of (4.1) is as follows:
Sy—Sa “ah §(X,)—So
Gl y) <o mdy)=P" | ————o—dt

Ja,jﬁ[ g SB—So g Sp—Sa

PX(PYO {7, <3,}; {t, >t} dt

8§ Qe—mg O3

P{t500,<1,00,, 1,4>1} dt

=6fP"{rﬂ<ra, Typ> 1t} dt

=Px(f‘z/;; {Tﬂ<1’-z})

where we have used the Markov property once and Fubini’s theorem twice.

It is well known that the transition operators for any conservative regular
diffusion on J are operators on C(J).

Suppose {P*},.; is conservative and regular on J with a¢J. Then a is an
entrance non-exit boundary for {P*} provided

Sa=—o0, [ (§x—Syym(dy)<oco (xeintJ). 4.2)
Ja, x{

We shall need the following result about entrance non-exit boundaries.

Proposition 3. Suppose {P*}._; is a regular diffusion on J with a an entrance
non-exit boundary. Then there exists a unique probability P°on the space of contin-

3%
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uous functions from T to Ju{a} satisfying P*{t,<oo}=1 (xeJ) and such that
{P*},cso1 defines a canonical strong Markov process with continuous paths and
state space Ju {a}. The transition operators for this process are operators on
C{Ju{a}).

For the proof see [4].

Starting from a, the new process immediately moves into J itself never to
return to a.

To arrive at the conditional diffusions needed in Section 5, we begin with the
following quite general result.

Let {P*}__; be a canonical Markov process with state-space E. Let A€ be an
event satisfying this condition: for every teT there exists 4,€%, such that
A=A4,n0]! A. Finally, let E ;= {xeE: P* A>0}.

Lemma 1. For every xeE ,, teT
‘ P*(X,eE |A)=1. 4.3)
Furthermore, if for x€E ,, teT, f: E, — R bounded and measurable, one defines
(By,. [) x=P*(f*(X,)|4), (4.4)

where f* is an arbitrary bounded and measurable extension of f from E , to E, then
the family {P, },.r defines a one-parameter semigroup of stochastic transition
operators on E ;.

Proof. Using the Markov property and the definition of E ,, one finds
P*(AN{X,€E })=P*(PX" 4; 4,n{X,€E})
=P*(P*0 4; A)=P* 4,
proving (4.3). Eq. (4.3) shows that the Definition (4.4) is unambiguous. For the

proof of the last assertion of the lemma, only the semigroup property needs
verification. But

(Py,e(Pys £)) x
=P*((P,, /)(X); {X,€E }|A)
=(P*A4)~! P*[(P¥® )~ PXO(f(X); {X,€E } nA); {X,€E } nA]
=(P*A)~* P*[PXO(f(X); {X,€E } nA); {X,€E} nA]
=(P*A)" P*(f (X, ); {X,€E} n 4,007 An{X,, €E,})
=Paipsf)x.

Ifitis also known that all paths in 4 take values in E , only, the proof of the semi-
group property is easily converted into a proof that the conditional process
{P*(-|A)} xc £, 1s Markov with state-space E ,.

Again let {P*},_; be a regular conservative diffusion on J with scale S and
speed measure m and let aeJ with o <b. Write

A= {X, >}, J,={xeJ:x>a}.

t>0
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We have the following dichotomy: either P* 4,>0 for all x>o or P*4,=0 for all
x> o with the first possibility occurring iff § b < o0 and b is not a reflecting boundary
(ie. bisin J and absorbing or not in J with Sh< oo and [ (Sb— S y)m(dy)= co).

To see this, observe that for x>«

. Sx—
P* 4,= P*{z,= 0} = lim P*{z, <7} = x=5a

Sb—Sa
provided bis not reflecting. If b is reflecting, P’ {r,< o0} =1 and consequently
P*A,=P*{1,<1,,7,00(t,)=00}=P*{1,<1,} P{r,= 00} =0.

This motivates the following.

4.5)

Definition 3. A conservative regular diffusion {P*} on J is said to be positively-
inclined if P* A, >0 for all e J~ {b}, xeJ,.

The next result is basic for the sequel.

Proposition4. Let {P*}._, be a positively-inclined conservative and regular
diffusion on J. For every o.e J~ {b}, the equations

Q;=P*(-|4,) (xeJ)
define a family {QF} of probability measures on the space of continuous functions
from T to J, which determine a conservative regular diffusion on J,. This diffusion
has scale 5. = —(S—Sa)1,
speed measure
m, (dx)=(S x~ Sa)*> m(dx)

and a as entrance non-exit boundary.

Proof. Although formally defined as a probability on the space of continuous
paths from T to J, Q% for x>« may obviously be considered a probability on the

space of continuous paths with values in J,. Furthermore A, satisfies the condition
imposed on the 4 of Lemma 1 with E , ,, = J,. By that lemma therefore,

(Q,,. f)x=05(f (X))

defines a stochastic semigroup {Q, ;} of transition operators. According to the
remark following Lemma 1 one finds that {Q7} is a canonical Markov process
on J, in the sense of Definition 1. To prove that it is a regular conservative diffusion,
it thus remains to show that Q% {r,< o0} >0 for all xeintJ,, yeJ, (which is trivial)
and to verify the strong Markov property.

We shall achieve this by showing that each Q, , maps C(J,) into itself. As (4.5)
shows x> P* 4, is continuous, so this is equivalent to showing that

x> PX(f(X,); A)=P*(f (X,); {z,= 0}) (4.6)
is continuous on J, for every fe C(J).
But if x<yelJ,, then
PX(f(X(+1); {r,<t,, 7,0 0(z,)=o0})

Sx—Sa . e
ZWPU(X:),{%—OO})-
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When y|x the left hand side converges to P*(f(X,); {r,=o0}) by dominated
convergence. It follows that (4.6) is right-continuous.

A similar argument may be used to establish the left-continuity except at b
when b is absorbing. But in that case we have for any x < yeJ, that

S P (= o0))
=P*(f(X(t+7,)); {t,00(z,)=00, 7,<1,})
=P*(f(X(t+71,)); {r,<7,=0})
and as y1b the last term tends to

Sx—Sa

P*(f (b); {Tb<fa})=m

Jb).
Thus

lim P*(f (X,); {z,=0})=f (b)) =P*(f (X); {z,=0})

proving the left-continuity at b.

The scale and speed for {Q}} may be computed directly. If y <deJ,, xely, 8],
Eq. (4.5) shows that

R =1
_ Sb—Sua
Sx—Sa
_ Sb—Sa Sx—Sy S6—Su
Sx—Sou S§6—Sy Sb—Sa
_ SaX— 8,7
S,0—S,y

P*{r;<1,, 1,= 00}

P*{r5<1,,1,00(1,5)= 0}

proving that S, is the scale for {Q}}. Also
S, x
e Ty = s, Sh P*(t,4; {1, =00})
_5,x
)

S,b S,b
( *(T,55 {ts<t,) < 5.5 + P*(1,5; {1,<15}) y)

and using (4.1) this reduces to

§ Goys(x9) S72(y) m(dy)

.ol

with G, being the Green function for S,. Thus m, is the speed measure for {Q5}.
Finally it is immediate that (4.2) holds for a=a, S=S,, m=m, so « is entrance
non-exit.

This proposition in conjunction with Proposition 3 shows that for every aeJ
a probability Q2 on the set of continuous paths from T'to J, U {«} may be adjoined
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to the family {Q3},., such that the enlarged family defines a strong Markov
process with continuous paths, state space J,u{a}, and transition operators
mapping C(J, U {o}) into itself.

5. Future-Minimum Times and a Splitting-Times Theorem for Diffusions

We shall be concerned with positively-inclined conservative and regular
diffusions on a state-interval J. Q will denote the space of continuous paths from
Tto J.

For te T let G, denote the event [} {X,>X,} and write 1, for 15,

5>t

Definition 4. A random time 7 on Q is called a future-minimum time if
i) for any te T'and any w, € {t =t} the conditions w, ~ w, and 1w, =1, w, (s<1)
imply tw,=t;
i) 1,=1on {r<o0}.
Condition i) states that 7 is a stopping time with respect to {(X,, 1,)},.7-

Suppose that 1,w=1 and let s<t. Then 1,0=1 iff wu>ws for all ue]s, r].
This being a pre-t condition on o it follows that i) and ii) are equivalent to

a.i) for any te T'and any w, € {t=t} the conditions w, ~w, and 1,w, =1 imply
Tw,=t;

a.ii) 1,=1 on {t < w0}.
Definition 4 as it now stands, is due to J. W. Pitman and supersedes an earlier de-
finition where the random times were described in an implicit manner only.
The two most important examples of future-minimum times are the last time
the path is below a given level
t=sup{teT: X,<a} (with sup #f= o0)
=inf{teT: 1,=1, X,=a} (withinf@=o0),
and the last time the path attains its minimum value y=inf{X,: te T’}
t=sup{teT: X,=v}
=inf{teT: 1,=1}.

Proposition 5. Any future-minimum time t is a splitting time. Furthermore, if for
te T, is the o-algebra saturated with respect to the equivalence relation ~ given by

wlgth iff wyyw, and 1{t§t}w1:1{r§_t}w2a

then the of, increase with t and generate %.. In particular (2.2) holds and  is a
stopping time with respect to {</,}.

Proof. Using condition a.i) it is immediately verified that any future-minimum
time has the cross-over property.

For the remainder of the proof observe first that

W 77 @2 with w,, w,e{r=<t} implies tw,=10,, 5.1
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since for example the inequality t; =tw, £tw,=t, shows that 1, », =1, w, and
hence by a.i) that T, =tw,.
Let t<u and o, 5 0. If w,, w,e{t>u} evidently w, 5 0. fw, w,e{tsu}

the equivalence w, 5 w, follows from (5.1). Thus A<,

The implication (5.1) also shows that {r=t}e.d (teT), and that w,e{r=t},
w; 7 w,implies w,  w,. Since the converse implication is obvious, we see that
{ o/} generates Z,.

By the remarks following Proposition 1, condition (2.2) is satisfied and 7 is a
stopping time relative to {.}.

For the proof of Theorem 2 below we need the fact that for any path we {r <t}
it is possible to pick out the level X, w by looking at @ on the interval [0, £] only.
This is formalised in Lemma?2 which shows how the information we{r<1}
decomposes into information about the pre-t behaviour of @ and, relative to that,
information concerning the post-t part of w.

To formulate the lemma introduce the stopping operators s,: Q — Q given by
X,o5,=Xwnt)uteT).

Lemma 2. Let 1 be a future-minimum time and define
M,=X(tA(tes) (teT).

Then M, is -measurable, M,= X, on {t <t} and
fr<t}=({X,>M,} (teT).

u2t
Proof. The %,-measurability of M, is evident since o, ~ m, implies s, 0, =S5, ,.
Assume wef{r <1} so that in particular we () {X,> X,}. Because 7 is a future-

ut
minimum time and s, o it follows that (tos,)w=1w. Hence M, =X  and
we(}{X,>M,}.

uzxt

If conversely weﬂ {X,>M,} in particular wt>M,w and the definition of M,
then shows that t,= (r os,)w<t. The assumption on w, the fact that 7 is a future-
minimum time and the equivalence w~s,« now implies that tw=t, so that
wef{r<t}.

We come now to the main theorem. For the formulation of this let {P*},;
be a positively-inclined conservative and regular diffusion on J, let {Q7} ;. i b€
the conditional diffusion of Proposition 4 with the entrance non-exit boundary «
adjoined and let t be a future-minimum time with M, as in Lemma 2.

Theorem 2. With {P*} and t as above, conditionally on %, within {t <o}, the

post-t process is identical in law to the process {Q%} with a=X,, starting at its
entrance non-exit boundary X,. More specifically

PiyYo0,=0%3Y on {t<o0} (5.2)
for every xeJ, Y: Q@ — R bounded and measurable.

Proof. For the proof of the Markov property (5.2), we shall _use the second
assertion of the corollary to Proposition 1. Since {2/} generates %, and since (2.2)
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holds (Proposition 5), it suffices to show that
P/ Yo0,=0%0F on {z<1} (5.3)

for every xeE, teT, Y: Q - IR bounded and measurable and to check that (2.4)
holds.

Given (5.3), this latter fact follows from Propositions 3 and 4 so only (5.3)
needs verification. )

Because o, is the g-algebra generated by & and {r <t} it suffices to show that
., PX(Yol,;Fn{t<t})=P*(QF0 Y, Fn{z<t 5.4
for any Fe 7. (Y0, {t=t)=P"(Qx(y {r=1}) (54)

Because {P*} is a regular diffusion

P {X,>X}=0 (xeJ)

u>0

and consequently

P*{t=1} SP*{X,>X,} =P*P*O () {X,>X,}=0

u>t u>0

so in (5.4) we need only integrate over F n {z<t}.
Using Lemma 2 and the Markov property it is seen that with 4, as in Section 4

P*(Yol,; Fn{t<t)=P*(Yo0,; Fn () {X,>M})

uzt
=P*(P*(Y; Ay); F)
=Px(Q1{1((tt)) Y pxo Aprys F)
=P F () {(X,>M,)

uzt
=P Q¥ Vi Frfr<t})

and the proof is complete. (The fact that there is a proper, regular conditional
probability of P* given %, justifies the above manipulations with conditional
expectations, cf. Section 2.)

The theorem holds in particular for 7 the last time the process is below a given
level a or 7 the last time the process attains its minimum value.

If in particular the diffusion {P*} is a Brownian motion with an upper ab-
sorbing boundary b, the associated diffusion {Q*} of Proposition 4 becomes
o+ R with b absorbing and R, the three-dimensional Bessel process on [0, oo[.

It is now clear why the Bessel processes occur in Williams® decomposition
result [7].

That a splitting-times theorem holds at the time where a positively-inclined
diffusion attains its minimum is proved in Theorem 2.4 of [8]. The result is first
proved for a particular diffusion and then extended to other diffusions by time
substitution. :

We shall now mention an example of a splitting times theorem slightly dif-
ferent from Theorem 2.

Let {B*}, g be canonical one-dimensional Brownian motion and let {B}} be
Brownian motion with constant drift k>0. Then Bf=B*¢~! with ¢: Q- Q
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given by X,o¢p=X,+kt. Also {Bi} is positively-inclined and the associated
conditional diffusion {Q},. , has scale and speed

xZo

Smx= _(e—Zka__e—-ka)—l’

mu(dx)=(e_2k“——e“2’”‘)2%ez"xdx

corresponding to the generator

1 42 d
7 W—l—kcoth(kx—ka)jx—

(cf. 2.4 of [8]).

Defining t=sup{te T: X,< —kt} (with sup #=o0) it is readily verified that 7
is a splitting time. The map ¢ transforms 7 into t* =sup{te T: X,<0}. Applying
Theorem 2 to t* and {Bj} and transforming back we therefore find

By Yo0)o=0g"""" Yoy, (we{r<oo})
where ¥ _: Q — Q is given by
X, oy, =X, —k(t+c).

In other words, a Brownian motion starting at xelR and conditioned to stay
above the line t— y —kt forever (where y < x) is identical in law to the diffusion on
[0, o[ with generator 2 p

5 W—I—kcoth(kx)ﬁ

starting at x—y subjected to the transformation ¥_, of Q. In particular this
conditional process is non-homogeneous Markov.

The main result of this paper, Theorem 2 gives a generalised Markov property
for a special class of processes and a special class of splitting times. By exploiting
the theory of diffusions we were able to describe exactly what the conditional
post-t process should be and to verify the crucial condition 24. However, the
structure of the problems discussed and solved for diffusions (for instance the fact
that certain splitting times are stopping times with respect to families of increasing
o-algebras other than the %) suggest that a generalised Markov property with
respect to splitting times must hold in great generality.
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