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A Method for Studying the Integral Functionals
of Stochastic Processes with Applications

II. Sojourn Time Distributions for Markov Chains

Prem S. Puri*

1. Introduction

This paper is in continuation to [4], where the work done by several authors
in the past on the integral functionals of stochastic processes was briefly surveyed.
More importantly in [4] a method was introduced for the study of the distribu-

tion of the integral t

Y(t)= | f(X (), 7)dx, (1)
0

where X (¢), t=0 is a continuous time parameter stochastic process appropriately
defined on a probability space (Q, o, ), with & as its state-space; f is a non-
negative (measurable) function defined on & x [0, co). Here it is assumed that the
integral Y(¢) exists and is finite almost surely for every ¢>0. The method is based
on the introduction of a “quantal response process” Z(t) defined for a hypo-
thetical animal as: Z(z) equals one if the animal is alive at time ¢ and is equal
to zero otherwise. In particular, it is assumed that

P(Z(t+41)=0|Z())=1, X (t)=%)=5f(x, £) At +0(41), )

with Z(0)=1 and J a nonnegative constant. Here the state “zero” is an absorption
state for the process Z(t). With this, it is evident that

P(Z()=1)=E {exp [ =5 Of f(X(@),7) dr]}, 3)

which in turn gives the Laplace Transform (L.T.) of the integral Y(¢). Thus the
study of the integral Y(¢) can equivalently be carried out by studying the process
Z(¢). It is to be noted that the quantal response process Z(t) does not influence
the process X (¢) in any way, rather as it is clear from (2), is influenced itself by the
growth process X (t). Again as was pointed out in [4], f is assumed to be non-
negative here without loss of any generality.

In [4], the above approach was applied to time homogeneous Markov Chains
(M.C) X(t) with {1,2,3,...} as the state-space. In this paper, we shall explore
further certain aspects of the integral Y(z) of such processes. In particular, for a
M.C. X(¢) we shall find the joint distribution of times spent by the chain in each
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state of a given finite set J of states, before it hits a taboo set H. Constructively,
we define the M.C. X () as follows: If X(¢,)=i at some epoch ,, the value of
X (¢) will remain constant for an interval t, <¢<t, + 1, whose random duration
is exponentially distributed with density function c; exp(—c¢; x), ¢;20; the prob-
ability that X(¢,+t)= is p;;, where the matrix p=(p;;) is a stochastic transition
matrix. We assume that the quantities ¢; and p;; are independent of time and that
¢;<co for all j so that the process X (r) is time homogeneous, stable and strong
Markov. Also, we assume that the sample paths of the process X(t) are right
continuous. Again since the process is defined constructively, it is separable. We
assume hereonwards that the function f depends only on X (f) and not explicitly
on t. Also, in order to specify the function f, we are given a sequence of numbers
f)=f; with 0= fi< o0, i=1,2,.... It is evident from the construction that the
process {X(t), Z(t)} is a M.C. with state space £={(i,r);i=1,2,...;r=0,1}.
Also it is not difficult to see that the exponential parameters for various states

of Z are given by c=(C+8f); Go=c;. @
Furthermore, the transition matrix of the imbedded discrete time M.C. of
{X(t), Z(t)} is given for i, j=1,2,..., by

Pi1, j1=C; pij(ci+5fi)~l; Pil,io=5fi(ci+5fi)_1§ Pio,jo=Dij> Dio,j1=0. (5)

Let N(t) denote the number of jumps (changes) occurring in the M.C. {X (1), Z(1)}
during (0, t]. We now introduce the following notation.

Bi(t)=P(X(t)=jIX(O)=i); P;()=P(X())=j, Z()=1|X(0)=i, Z(0)=1);

B, ;(t, )=P(X(t)=j, Z(t)=s, N(t)=n|X(0)=i, Z(0)=r1);

P, ;()=P(X(t)=j, Z(t)=5|X(0)=i, Z(0)=7); (6)
’T(O‘)z(nij(“))§ ﬁ(a)z(ﬁij(“)); C=(5ijci)5 I=(5ij)3

I=(L1LL..); f=0;f); p=0y,

where i, j=1,2,3,...;r,5=0,1;n=0,1,2,...; «>0; 0;; is the Kronecker delta and
7;;() and 7;;(x) are L.T. of B;(r) and P;(1) respectively. Similarly let ;. js(@) and
T js(% 1) denote the L.T. of B, ;(t) and B, ;(t,n) respectively. Clearly the
symbols F;(z) and P, ;,(t) represent the same probability. We shall find it con-
venient to use one notation or the other as the case may be.

Following a standard argument, the L.T. m;, ;,(«) satisfy the following back-
ward system of equations with i, k=1,2, ...

(xt+c;+40f) nil,kl(a)zéik+cij§1pij 51,k (), (7a)
(+c;+0f) Ty ko) =0 f; Mg o) +¢; z Pij T, k0 (), (7b)
=1
(x+c;) nio,ko(a)zéik+cizpij T0,k0(2). (Tc)
=1

It is known from Feller’s construction (see [2]) that there always exists a
solution 7™ of the system (7) which is minimal among all its solutions. For
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simplicity sake, we now make the following basic assumption (B) throughout
this paper.

(B) The matrices p,f and C are such that the minimal solution of (7) is completely
stochastic, or equivalently for a>0, and i=1,2, ...,

oY Wiy (@)oY my go(@)=1 ®)
k=1 k=1
and w
(xkz ﬂ:io’ko(a)z 1 (9)
=1

Necessary and sufficient conditions are available for condition (B) to hold.
We describe one in the following (see also [3]). Let X(0)=i, Z(0)=r. Also let
7, be the moment the process leaves the state (i, r) for the first time; 7, the moment
it leaves the next state (iy, 1) =(X (), Z (7)) for the first time, etc.; 7, the moment
of leaving the state (i,, #,)=(X(1,_y), Z(t,-,)) for the first time. In order that
M.C. (X(1), Z () satisfies the condition (B), it is necessary and sufficient that

i 1

— =00, (10
n=1 CX(zn), Z(tn)

with probability one, where ¢’s are as given in (4).
We state without proof the following lemma to be used later.

Lemma 1. Let the condition (B) hold. Then the solution of the backward sys-
tem (7) satisfying Chapman-Kolmogorov equations is unique. The same solution also
uniquely satisfies the forward system (11) given below. Furthermore, these uniqueness
properties are maintained even when the original M. C. is modified by lowering the
values of any of the original ¢;,’s (or equivalently of ¢;’s and f;’s) or even when for
some states these are replaced by zeros thereby making them absorption states for
the modified M.C.

The last statement of the lemma follows from (10). The forward system analogue
of (7) 1s given by

(x+c,+3d 1) i1, k1 (0) = 0y + Z C; Dk nil,jl(“), (11a)
i1
@+ ) g ko (D=0 fi g, k1 () + Y. ¢ Pji iy, jo (@), (11b)
=1
(atcy) T, ko (@) =05+ chpjk Mo, jo (%) (11¢)
i1

Because of the condition (B), it easily follows that N(¢) is almost surely finite for
every t>0, so that

nir,js(a): Z Tcir,js(aa I’l), i’j=1’2’ g 1 S:()al' (12)
n=0
Also, note that
T =T, ko0 =T, k1T Tis,kos LEk=12,.... (13)

We now introduce the following fundamental lemma.
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Lemma 2. Ler the condition (B) hold. Then n(x) and #(¢) are related through
the identity.

T () — g () =6 Z fjﬁij(“) ﬂ:jk(a)9 (14)
Jj=1
or equivalently in matrix form
(o) —R(x)=0 & () fr(cx). (15)
Proof. (14) follows by adding the system of equations
Ty, kol n+1)=6 Zlf; Y T, j1(0 M) g, o (0, n—m), (16)
Jj= m=0

over n=0,1,2,..., and using (12) and the fact that m;; (2, 0)=0. On the other
hand (16} follows from the following backward type system of equations for
;. xs(%, 1) and an induction argument on n.

@+c;+0f) Mg rolo n+1)=08f Mo ol M)+ Y, ¢; pi; T kol(e,n),  (17a)
iz1

j=

(4c;+0f) miy, (o, n+1)=Y ¢; p;; Ty (e, 1), (17b)
=1

(0+¢) Mo koo n+H1)="Y ¢; pi; Mg o (00, M). (17¢)
1

Here Tcio’ k0 (O(, 0) = TEik(OC + Ci)_ ! and nil, jl(ai O) = TCij (OC + ci + 51;)_ 1. The detaﬂs Of
the proof are omitted.

2. Main Results

One of the problems treated in this paper (section 2.2) is to find for a M.C.
X(t) the joint distribution of the times spent by the chain in each state of a given
finite set J of states, before it hits a taboo set H. For this we need to introduce
the following notation. Let X (0)=i and H denote an arbitrary taboo set of states
which may possible be empty but is such that i¢ H. Following Chung [1] we define

pi=inf{t: t>0; X(©)+i|X(0)=i}. (18)
ay=inf{t: t>p; X()=j|X0)=1i}. (19)

Here p; is the first exit time from i and
P(p;2t|X(0)=i)=exp(—¢;t); t=0. (20)

Also note that «;;> p; almost everywhere. Let

o if o< inf oy,
%= { g @)

oo  otherwise.
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Thus po;;=o; if H is empty. Again let
op=inf{t: t>p;; X()eHIX(0)=i}. (22)

If isj, yoy; is the first entrance time from i to j under the taboo H. On the other
hand since i¢ H, oy is the first entrance time from i to the set H. We define for
t>0and i¢H,
B ()=P(oz =t; X(1)=j|X(0)=i), (23)
and
nbi()=Plug2t; X(0=), Z(©)=1|X(0)=i, Z(0)=1). (24)

The probability ,B;(t) is the transition probability from i to j in time ¢ under the
taboo H. Note that if i#j and jeH, then yzPB;(t)=0. A similar interpretation is
to be taken for zP;(r). Also it is evident that (H (1) and (g 2;(1) are in general
both substochastlc matrices with

u O) H (0+) H (O)ZHEj(OJf'):éij' (25)

We say k is accessible from j and write jw» k iff for some >0, B, (1)>0. If H
is nonempty, we write jw» H iff there is a state ke H such that jwk. If jw H it

o0

can be shown that jH (t)dt< oo (see Chung [1], p. 192). Since (t) aP; (1),
0

it follows that | zB;(t)dt< oo.
0

To begin with, in the next section, our aim will be to find the joint distribution
of the integral Y(x;) and X (o). To this end, let

uk;(t)=P(o; <m1n(1nfoclk, 1) X(0)=i). (26)
In particular, let
Ej(t):P(aijé t1X(0)= i)é EH(t):P(angt’X(O): i)- (27)
Similarly let
HF}j(t)zP(oclJSmm(lnfoclk, 1), Z(2)=1X(0)=t, Z(0)= 1) (28)
and
Fy()=P(a; =1, Z() = 11X (0) =1, Z(0)=1). (29)

2.1. Joint Distribution of Y (o) and X (o)
Let H and the set
D={j: j¢H, j~ H} (30)

be both nonempty. We then have j uPj(t)dt<oo, for all jeD. Let i¢ H. Also let
for ke H,

ik(tlH)ZP(aiHé L, Z(ug)=1, X(e;) = k| X (0)=1, Z(0)= 1)' (31

It is clear that if i¢ D, o,y =00, a.s., so that G, (t/H)=0. Thus we assume that
ie D, and have the following theorem.
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Theorem 1. Let the condition (B) hold. Then for ie D,

E(exp[-aff(xm)dr] 1| X(0) =< 0) = (3 et o). (32

and

E (exp [~5 ij{if(X('c))dr] X(0)=i ) Z ¢ Pin HnU(O)-i—hm W (33)
0 j¢H
where
Fiy(o0)= z C; Pin Hnij(O); Pig= Z Djk> (34)
jeD keH

g7 (®) and git;;(o) are the L.T. of zP;(t) and y (t) respectively, with >0, and
I(t) is the indicator function of the set [X(O)= k]

Proof. Observe that the history of the process until the time point o;; does
not depend upon ¢, and f; for ke H. Consequently, since we shall be concerned
with the process {X(t), Z(t)} only until the moment «;; starting from state i,
without loss of anything we modify the M.C. by taking ¢,=f,=0 for all ke H.
With this modification, the states of H become absorption states for the M.C.
{X(t), Z(t)}. Let for this modified M.C.

0,;()=P(X()=}, Z®)=11X(0)=i, Z(0)=1).. (35)
Clearly, for j¢ H, and ke H,
0ii0=gBi®;  Qu®=Gy(t|H). (36)

In view of condition (B) and Lemma 1, the modified Egs. (7) and (11) for the
modified M.C. also have a unique solution which is completely stochastic. Thus
considering the last jump to set H during (0, £} for the modified M.C., we have
for keH, ieD,

Qik(t Z jQ”(T)C p_}k d‘E (37)

jeD O

From (36) and (37), it then follows that

Gut|H)= Y, fa (0 ¢ pjedr. (38)

jeD O
Using this, we have for ke H, ieD,
L.H.S. of 32)=P(Z (;5)= 1, X(o;) =k|X (0) =1, ;5 < o) (39)
=Gy (00| H)/Fy(o0)=R.H.S. of (32),

where F(c0) is positive, since iw»H by assumption. From the above, it easily
follows that for ieD,
L.H.S. of (33)= Y ¢;p; pfti;(0)+ lim P(o; s 21, Z(1) = 1| X (0)=1i, Z(0)=1), (40)
jeD I-©
where it is easily seen that the last limit exists and that, by using a Taubarian
argument, is equal to the limit on the right side of (33). This completes the proof.
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Subject to the condition (B), it is not difficult to see that for i, jeD, yit;; satisfy
the following analogues of Egs. (7a) and (11a)

(o4 ¢;+0f) uftij () =0+ Y. ¢; iy pftj (@), (41)
leD

(o +¢;+0f) uftyj (@) =06;+ Y. ufiu(e) ¢ py;- 42)
leD

For j¢(DUH), the Eqs. (41) and (42) are still valid if [eD is replaced with {¢ H
under the summation signs on their right sides. These equations can be solved
to yield (y47;;), which in turn using (32) gives for every i~ H the desired conditional
joint distribution of Y(xy) and X(op) given o;z<oco. Also by taking f;=1,
for j¢ H, (33) gives the L.T. of the first passage time o, to set H.

Consider, in particular, the case where the set D is finite. For this let Cy, fz, px
be the finite matrices obtained from C, f and p respectively by restricting them
only to the states of D. Let

h= (hij) = (Hﬁij (0)) »  Lj¢D. (43)
Since jw» H, we have h;;<oo for all i, jeD. Also for fixed ke H, let
Pr.« =Pir); GR,kz(Gik (co|H)); ieD, (44)

be two finite column vectors. We then have the following corollary.
Corollary. Let D be finite, and Cg, fr and pg be such that the matrix
(Cg+0fg — Cg pr) is nonsingular. Then under the conditions of Theorem I,
Gr i =(Cr+0fr—Crpr) - CrPri; keH, (45)

which, for the case with F,y(c0)=1 for ieD, yields the exact expression for (32).

Proof. For fixed ke H, and varying ie D, we have from (38) on letting ¢ — o0,
GR,k:h'CR.pR,k; kEH. (46)
On the other hand letting o — 0 we have from (41) and (42)

(Cr+06fg—Crpg)-h=I; h-(Cx+5fx—Crpp)=I, 47)
so that
h:(CR+5fR_CR pR)_l, (48)

which yields (45). This completes the proof.

2.2. Joint Distribution of Sojourn Times for Different States

Let the taboo set H be nonempty. Let J={[,,1,, ..., 1,;} be another set of
states with [,¢H, but [~ H for r=1,2,..., M. Given that the process starts
with X (0)=i, i¢ H, i~ H, our aim in this section is to find the joint distribution
of the amounts of times 4C;; , r=1,2,..., M, spent by the process X(z) in states
I, 15, ..., Iy respectively, prior to the moment it hits the taboo set H. To this end
let 8,>0, p=(p,6,,) and 1=(5,,); r,m=1,2,..., M. Also, let y(J, J)=(n,,, (o)),
and 5(j, J)=(17j,1(oc), ...,nj,M(oc))’, where #;, () is the L.T. of ghB,(t), for j, k¢ H.
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In particular, if k¢ H and k-~ H, the integral

Hq,-k(oo)zfyek(r)dr=n,-k<0), (49)
is finite. Finally let
no(J, J)= (Wz,zm (0)); no(j, J)= (’7,'1, ©),..., Hitar (0)),- (50)

Then we have the desired theorem.

Theorem 2. Let the condition (B) hold, and the M x M matrix (I+n4(J,J) B)
be nonsingular. Then, if X (0)=1i; i¢ H and i~ H, we have

M
E(exp[ = X ruCa]) =L (81 ) Do ) BT moli ). (51

Proof. Tt is evident that the distribution of (5Cyy, ..., yCi,,) is independent
of ¢; for jeH. As such, like in section 2.1, we consider a modified M.C. which
is same as the original one except that now ¢;=0 for jeH, so that every state
of H is now an absorption state. Clearly as in (36), the probablhty P(X(t)=jlX(0)=i)
for the modified chain with i,j¢ H, is same as zP;(t). Again, we assume that
8f, =P, r=1,2,..., M, and otherwise f;=0 for ]¢J The following relations are
now easy to establish.

LH.S. 0f(51)=E(eXp[ 5 § f(X(r)dt] X(0)=i)

—E(exp| 5 [ /(X (o) e ]| x0)=1)

~lim: (exp| —5 gf(X(r))dr] X(0)=i) (52
:%afexp(—at)E(exp [—5£f(X(r))dr] X(O)=i) dt
=l 3. u(o),

where 7;,.(@) is L.T. of P(X(t)=k, Z(t)=1]X(0)=i, Z(0)=1), defined for the
modified M.C. the last but one equality of (52) follows from a Taubarian argument,
whereas the last one follows from the condition (B) which incidently remains
valid for the modified M.C., by virtue of Lemma 1.

We now proceed to evaluate (52). It is easy to see that subject to condition (B),
n and # satisfy the identity (14) which in the present case takes the form

M
i () — Ty (o) = Zﬁrﬁil,(a) ma(0);  k=12,... (53)
=1
The Eq. (53), for k=1, ..., M, can be written down in the matrix form as
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where #(i, J)=(;1, --s 7li,,) - Since (I+14(J,J) B) is nonsingular, (I+n(J,J) )
will be nonsingular for small enough «, so that (53) for keJ can be uniquely
solved for #;; , r=1,2,..., M, in terms of #’s. The remaining #;,’s with k¢J, can
then be obtained explicitly as {see also [4])

ﬁik(“)z’?ik(“)f‘ Zlﬁr i1, (00) 11,(21). (55)
Again, let B
1;.(2) :kzlnjk(a)' (56)

Since (55) is valid for all k, on using it we have from (52)
. M
LH.S. of (51)=lim 21, 03~ X A, 0, (4
hind r=1
. M
—lim | 1= X i, )] (57)
A re1
M
=1- Z /))rﬁil,(o)'
r=1

Here we have used the fact that a#; (¢)=1, for all j and «>0. This is a simple
consequence of the condition (B). Finally, since the matrix [I+#,(J,J) f] has
an inverse, (51) follows from (57), thereby completing the proof.

In general the L.T. given by (51) is a rational function of 8, f3,, ..., iy and
can be easily inverted to yield the desired joint distribution of the sojourn times.

Special Cases. As an illustration let us consider the case when M =1, so that
we are interested in the distribution of 4 C;; for a given state I¢ H. From (53) we have

M (0) = T (@)= Bl () e ();  k=1,2,.... (58)
For k=1, this yields
ﬁu(“)z’?iz(fx)'(1+/))’711(°‘))_1- (59)

Using this in (51) we finally have

E(eXp[‘ﬂHCil]):1—/’)’71'1(0)(1‘*‘/))7711(0))-1

60
21—ﬂHQiz(OO)(l‘i‘ﬁHCIH(OO))—I, ©0)
where gq;,(c0) is given by (49).
Again, we have (see Chung [1], p. 213)

#4i1(00) =@y (0) gF; (0), i1, (61)

so that using these in (60) we obtain

(148 aq(0)) ™5 =

E —BrCiD= 62
(ExpL=FuCul) {[1+ﬁqul(oO)(1_—HEZ(OO))](I+ﬁqul(OO))—l; i+l (62)
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Inversion of this transform yields

[ —exp[ —t/uqu(0)]; i=I,

63
L= uFa(o0) exp[ — t/maqu(eo)); %l &

P(Hciéﬂx«)):i):{

This coincides with the known result due to Chung ([1], p. 229), where he gives
three different methods of deriving it. Here then we have given a fourth method
based on the ideas presented here. Our method however, works for the general
case involving any finite number M of states as exhibited above.

Continuing further, let us now consider the case with M =2. We use the
notation / and s for I, and I, respectively. With M =2, it is easy to show that
the matrix (I+y,(J,J) B) has an inverse, so that the Eq.(53) with k=/ and s
can be uniquely solved for #;; and #;,. This along with (61), on using in (51) yield
after a little simplification

Exp[—BiuCu—PraCis=[1+p1Brai+ B a+ B, a5]

_ (64)
[+ B, Bras+pras+fras]™"
where
a,=(1-0;)(1~0;5) as ag [(1 + aF51(00) gFis(00) + gF5(o0) HFil(OO))
—(gFi5(0) HF;I(OO)+HEI(CD)+HES(C)O)):|’ (65)

a,=(1-9;) a5(l —HFil(OO)); az=(1-0;,) aa(l _HFis(OO))a

a4:a5a6(1—HEs(OO)HP;l(OO)); as=pgqy(0); A= pqss(0).

Here &’s are the Kronecker deltas. The L.T. (64) can easily be inverted to yield
for t;, t,20,

PlnCuuSt 5 ConSt) =1~ 1=-22) exp(—t/as) —exp(~as ta)
5

g 5
a a

4 (—3 _ 4 ) exp(—as ts/a4>} —exp(—as t/a)
ag  ay4

(66)

[(l—i) §~—)i—j}r"’lex (—agt/as)dt
o) B Rk g P et

xk

a o0
_ (1 __i) exp(— tz/as)k;m

t
- [ texp -—(—ai——l—)r dt
0 ag  4s

ko4

(4 wmas\ & X T, (_&>d]
(a4 ai )k§1k!klgr exp a4T ik
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where
= (—“#——1—) i 67)

614_ a4

Finally, we present in the following the first two moments of ;C;, and ,C,, as
obtained by using (64).

Case (1). s=i.
E(gCy))=pq1(00) - gFyi(0);

E(4Cii)= ug::(0);
Var (5 Cyp) =[5g1(00)]* gF(0) (2* HFil(OO));

(68)
Var(y C")=[H¢Iii(00)]2;
Cov(yCit, 5Ci)= pq1(0) - 5q;:(00) gk (0) gk (o0);
p(HCil’HCii):HE‘l(OO)HEi(OO)'[H 1(00)(2_11 ,(oo))]
Case (ii). [ +1, s+i.
E(5C;))=gqu(00) - gFy(0);
E(Hcis):Hqss(oo)HEs(oo);
Var(HCu)Z[Hq”(oo)]zHEZ(OO)(Z_HFH(OO));
Var (5 C;g) = [udss (00)17 - 5Fi5(0) (2= gFi5(0)); (©9)

Cov(gCii» gCis) = nq11(90) ggss(0)
+ [Fsi(0) gFis(00) + gk (00) gFy(00) — gFiy(00) gFis(0)];

p(aCits uCis) =(uFs1(00) gF5(00) + pFis(90) gF;y (00) — gk (0) gk s(00))
[H 11(00) gF; (OO)( F;y (o0 ))(2—H is(oo))] H

Here p represents the correlation coefficient which, of course, is defined when
gFii(00) and zF(o0) are both positive. It is clear from (68) that when one of
the two states l and s coincides with the initial state i, the two sojourn times
#Ciy and zC;, are nonnegatively correlated. However, the author has not been
able to conclude one way or the other about the possible sign of p for the case (ii)
or equivalently of the expression

aF51(00) gF(00) + gFi5(00) gl (00) — gy (00) gl (00), (70)

particularly when all the F’s involved are positive. The results of [4] and of the
present paper have been applied to birth and death processes arising in various
practical situations. These along with other results have been reported elsewhere
(see [5]). The reader may also refer to a result analogous to our (51) and due to
Professor J.F.C.Kingman (Z.Wahrscheinlichkeitstheorie verw. Geb. 11, 9-17
(1968)). The author is grateful to Professor Kingman for drawing his attention
to this result.
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