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0. Introduction

The Ito stochastic calculus - in particular, the theory of stochastic differential
equations (SDE) and Ito’s formula - has proved itself a versatile and powerful
technique in the development of nonlinear filtering and control theory. It is
convenient to begin with a brief description of the filtering problem.

Let the unobserved signal process X =(X,) be a Markov process taking
values in R? It is assumed that its generator is known. The canonical model of
the observation process is given by

t
(0.1) Y= [h(X)du+W, OZt<T,
0

where h: [0, T]xR?—IR™ is a measurable function such that

T

0.2) [h (X )P du<oo  as,
0

and W=(W) is a standard, m-dimensional Wiener process.

The problem is to derive an SDE for the optimal nonlinear filter and to
prove uniqueness of its solution under suitable conditions. There have been
essentially three types of equations considered in the literature:

(1) Under very general assumptions on the dependence between X and W,
Fujisaki, Kallianpur and Kunita obtained a gneral SDE for the conditional
expectations II(f)=E[f(X)|Y, 0<s=t] for a class of f’s belonging to the
domain of the generator of X. This equation will be referred to as the FKK
equation [5].

(2) An equivalent and sometimes easier equation to work with is the one
for the unnormalized conditional expectation called the Zakai equation [14].

Under suitable conditions, the conditional probability density and hence
the unnormalized density exist and satisfy stochastic partial differential equa-
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tions derived from the FKK and Zakai equations. Most of the interesting
recent work on the subject has centered around the study of these stochastic
PDE’s. (Krylov and Rozovskii [9], Pardoux [117). Recently, Clark and Davis
have used the Kallianpur-Striebel or Bayes formula and the Zakai equation for
the unnormalized density to obtain a robust solution to the filtering problem
2, 3.

(3) When the signal and observation noise are independent, Kunita in-
troduced a third equation, a stochastic equation for the conditional probability
measure for which he proved the existence of a unique solution [10]. Kunita’s
equation is not an SDE and analogues of this equation will be called Kunita
type equations in this paper. It was left to Szpirglass to show the equivalence
of the Kunita and FKK equations in the sense that a solution of one is a
solution of the other [13]. It was further shown in [13] that the Zakai
equation and the corresponding Kunita equation are also equivalent.

A point of view put forward by Balakrishnan and discussed in his recent
papers ([1] and the references in [8]) questions the practical utility of the
observation model (0.1) on the ground that the results obtained cannot be
instrumented. A theoretical model for Gaussian white noise proposed in [1],
that permits us to deal directly with the observed phenomena requires us fo
use the theory of weak distributions or cylinder measures (first introduced by
Segal in connection with problems of physics and later developed further by
Gross [12, 6]). The reason is that the space of observations is a Hilbert space
of zero Wiener measure.

In our earlier paper [8] the finitely additive white noise approach to
nonlinear filtering theory was systematically developed in the important special
case when the signal and observation noise are independent. Since many of the
difficulties inherent in the calculus of semimartingales simply do not arise in
this theory it was possible to obtain the results under less restrictive con-
ditions. The theory naturally lends itself to robust procedures. Moreover, it was
shown in [8] that the robust solutions obtained by Davis can be recovered via
the white noise approach. A body of results more or less parallel to the
existing theory based on stochastic calculus was created in [8].

Our purpose in the present paper is to study the finitely additive white
noise theory in a more general framework so as to include applications to
signal and observation processes taking values in infinite dimensional separable
Hilbert spaces. The chief difficulty here is that we have no conditional density
since there is no Lebesgue measure (or any natural measure) in Hilbert space.
In place of the partial differential equations of [8] we work with finitely
additive analogues of measure-valued equations of FKK, Zakai and Kunita
types. These equations (of which the first two are differential equations) are
introduced in Sect. 3. The equivalence and the uniqueness of solutions of these
equations are established in the four principal results of this paper,
Theorems 3.1-3.4. An approximation procedure for obtaining the solution as
well as a certain robustness property are also derived. These theorems are
based on auxiliary results proved in Sect. 2, on equations governing measures
induced by multiplicative transformations of Markov processes.
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Before formulating the white noise version of the nonlinear filtering prob-
lem in Sect. 1, we summarize properties of weak distributions essential for our
purpose and state the finitely additive Bayes formula which is one of the main
tools of our investigation and whose proof is given in detail in [8].

A feature worth mentioning both of this paper and its predecessor is that
the finitely additive white noise approach stands by itself and is entirely
different in spirit from the methods involving approximations to solutions of
Ito or Stratonovich stochastic differential equations, discussed, for example, in
Ikeda and Watanabe’s recent book [7].

1. Finitely Additive White Noise Version of the Nonlinear Filtering Model

For the sake of completeness and the convenience of the reader we summarize
below the basic concepts of weak distributions (or cylinder measures) on
Hilbert space which are essential to the understanding of the finitely additive
white noise approach adopted in this paper. The definitions regarding integra-
tion with respect to cylinder measures in Hilbert space are taken from Gross
[6]. The definition of conditional expectation and the Bayes formula (in the
finitely additive set up) are from our earlier paper [8] to which we refer the
reader for details.

Let H be a separable Hilbert space and 2 the set of orthogonal projections
on H having finite dimensional range. For Pe2, let €,={P~'B: B a Borel set

in Range P}. Let €= | ) ¥,. A cylinder measure n on H is a finitely additive
Pe®
measure on (H,%) such that its restriction to 4, is countably additive for each

Pe?.
Let L be a representative of the weak-distribution corresponding to the

cylinder measure n. This means that L is a linear map from H* (identified with
H) into 2£(Qy, ¢/ ,11,) - the space of all random variables on a countably
additive probability space (2,24, I1,) - such that

(1.1) n(h: (b hy), ..., (h h))eB)=IT,((L(hy), L(hy), ..., L(h,))€B)

for all Borel sets B in R*, h,,...,h,eH, k=1. (Two maps L, L are said to be
equivalent if both satisfy (1.1) and the equivalence class of such maps is the
weak distribution corresponding to n).

A function f on H is called a tame function if it is of the form

(12) f(y):qb((yﬁhl)aa(y’hk))

for some k=1, hy,....,h,cH and a Borel function ¢: R*->IR. For a tame
function f given by (1.2), we associate the random variable ¢(L(hy),...,L(h)
(on (2,,.9,,11,)) and denote it by f~. We extend this map f—f~ to a larger
class of functions as follows:

Definition. Let #(H,%,n) be the class of continuous functions f on H such that
the net {(foP)”: Pe#} (here B <P, if Range R, <Range P) is Cauchy in IT,-
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measure. Furthermore, for fe #(H,¥%,n), let

f- =Lirgin Probability  (foP)".

It can be easily seen that the map f— /™ is linear, multiplicative. It is easy
to see that for a tame function f; the distribution of f and f~ are identical.
Furthermore, the distribution of f~ for fe #(H,%,n) depends only on f and
and is independent of the representative of the weak distribution. In view of
this we make the following definition:

Definition. The function fe%(H,%,n) is integrable (with respect to m) if
j |f~|ldIl; <oo and then for Ce¥ define the integral of f w.r.t. n over C,
denoted by |fdn by

C

(13) [ fdn=[ (1™ f~dIL,.
C 21
The finitely additive cylinder measure m on (H, %) such that for all heH,
(1.4) m{yeH:(y,h)<a} ! aj ex ( L x )dx
. ke =—rrxo— —
Yy V27 b <= PA 2

is called the canonical Gauss measure on H. The identity map e on H, consid-
ered as a map from (H, %, n) into (H, %) is called the Gaussian white noise.
The abstract version of the white noise nonlincar filtering model is given by

(1.5) y=¢+e

where & is an H-valued random variable defined on a countably additive
probability space (@, o, II), independent of e. To be more precise, let E=H xQ
and
F = U R A
Pe
where 4,® s/ is the usual product ¢ field. For PeZ, let «, be the product
measure (m|%,) ® I1. (Observe that the restriction m|%, is countably additive.)
It is easily seen that ap=0p on (%, ® )N (% @ ). Thus we can get a unique
finitely additive probability measure o on (E, %) such that a=u, on %, ® .
Now, let ¢, &,y be H-valued maps on E defined by

e(h,w)=h

(1.6) ¢(h, w)={(w)
y(h,w)=elh,w)+¢(h,w), (h,w)eH xQ.

Now (1.5) is the abstract version of our filtering model on (E, % ).

Let g be an integrable function on (2, o IT). As usual, we are interested in
E(gly). In analogy with the usual definition of conditional expectation, we
make the following definition.
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Definition. If there exists a ve #(H,%,n) such that for all Ce¥

(1.7 § g(@) 1o(y(h, @) dath, w)= [ v(y)dn(y),

C
then we define v to be the conditional expectation of g given y and express it
as

E(gly)=v.

Remark. Tt is casy to see that the integrand in (1.7) is %, ® &/ measurable,
where Ce%,, and since the restriction of o to %, ® </ is countably additive, the
integral appearing on the left hand side of (1.7) is well defined.

It was shown in [8] that such a v does exist. We state the related result
below.

Theorem 1.1 (see [8]). (Bayes Formula in the finitely additive set up).
Let y, & be as in (1.5). Let g be an integrable function on (Q, o, II). Then

()~ JE@ P, €D~ 1E(0)]*) dlT(w)
; feXP(U’,f(w))—%“é(w)”2)dﬂ(a})

The specific nonlinear filtering modet of interest to us can now be for-
mulated in the form (1.5).

“Let (S,%) be a measurable space, S being the state space of the signal
process X,. X, is further assumed to be a Markov process defined on a
probability space (@, o, II).

Let " be a separable Hilbert space and let H=I*([0,T], ). Let h=(h,) be
a measurable function from [0, T] x S into X" such that

T
(1.8) E[|h(X )5 ds< 0.
0

Let e=(e,) be A" valued white noise. Consider the nonlinear filtering model
(1.9) yo=h(X)+e;: 0<s<T.

Applying Theorem 1.1 to the model (1.9) with se[0,], (0<t<T), we have for
yeH,

1
(1.10) BUK ) 055 £0= 55 [ /dI)
where for Be &
(1) RB)=E1L,(X)exp ([0 h0X)ds—3] X)) ds).

In view of (1.10), I’ is called the unnormalized conditional distribution of X,
given {y,: 0<s<t}. Let F? be defined by

1

(1.12) RB=r

1

.I’(B), Be¥
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Then we have from (1.10) and (1.12), for ye H
(1.13) E(f(X )y, 0Ss=0)={ f(x)dF(x).

Thus, F? is the conditional distribution of X, given {y;: 0<s=t}.

As mentioned in the Introduction, when X, is a diffusion Markov process
taking values in R? and h: [0,T]xR*->R™ then # =R™ and we have
discussed the situation in [8]. The measure I’ (and also the measure F?) then
admits a density with respect to Lebesgue measure in R? and further satisfies a
partial differential equation under certain conditions. This equation has a
unique solution and thus I;” can be computed. In some cases (as in Kunita’s
paper [10]), S is taken to be a compact Hausdorff space in which case # can
again be assumed to be R™ (m=1). If S is an infinite-dimensional Hilbert
space, it is natural for 4 also to be infinite dimensional. As will be seen, the
dimensionality of 2" plays no role in the proofs of our results. The derivation
of the main results of this paper follows a general pattern which has nothing to
do with filtering theory as such but is concerned with transformations of
distributions of a Markov process by multiplicative functionals of the type
(1.12). It is convenient to study the latter problem separately in the next section
and apply it to nonlinear filtering theory in Sect. 3.

2. Multiplicative Transformations of Markov Processes

Let (E,&) be a measurable space. Let #(E) be the class of bounded & measur-
able functions on E. For f,, fe#(E), we say that f,—f weakly if f,—f
pointwise and f, is uniformly bounded.

Let (Z,) be an E-valued homogeneous Markov process with the associated
semigroup (P) (acting on #(E)). Let

Bo={feB(E): Pf—f weakly as t —0}.
Assume that (Z)) is such that

(i) For all feH(E), 3f,€%8, such that f,— f weakly.
(2.1) (i) For all fe4(E), (P f)(x) is a jointly measurable function of (z, x).
(iii) For all fe#(E), f(Z,) is a F-progressively measurable function
where #,=0(Z,: s<1).

Let 9 be the class of functions of f in %, such that there exists f,e%,
satisfying

22 (Ptf)(X)=f(X)+£ (Rfo)(x)ds,  VxeE.

It is easy to see that (2.2) determines f, uniquely. Define a map L from & into
A, as follows. For feg, let Lf = f, where f, f, are related by (2.2). L is called
the extended generator of B.

For a measure p on (E,&) and fe, let {f, u> denote | fdpu.
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The lemma proved below has been used by Szpirglas in a similar con-
nection [13].

Lemma2.l. Let @,={fe®: LfeD}. let u,, u, be finite measures on (E,&) such
that for all fc%,

(2.3) oy ={fpz).
Then py=p,.

Proof. In view of the assumption (i) (2.1), it suffices to show that (2.3) holds for
all fe#,.
For }t>0, let R, be the resolvent of P, ie. for fe4,

(R, /)00 = | e *(BL) ().
0

Then it is well known that (i) R, fe%, L(R,f)=AR, f—f and (ii) for fe%,,
AR, f— [ weakly as -0 (see [4]).

Now, fix feZ. Since L(R, [)=AR, f—f, it follows that AR, €%, and hence
(2.3) holds for AR, f. Since AR, f—>f weakly, this and the dommated con-
vergence theorem imply that (2.3) holds for f.

Now for fe#,, AR, feZ and (2.3) holds for AR, f implies as above that
(2.3) holds for f. As remarked earlier, this completes the proof.

The following Grownwall-type inequality will be useful later in this paper.

T
Lemma 2.2. Let « be a positive measurable function such that [oc(s)ds < 0.

(i) If a(t) is a positive bounded measurable function such that

M= a(s)alsyds, 05t<T

o&.‘r\

then a(t)=
(1) If a,(v) is a sequence of bounded measurable functions such that

t
dy (VS [a(s)as)ds, O0Zt<T, nx1
0
then a (t)—0.
t
Proof. Let n(s)= | a(u)du, t,=4(T)+ T and for 0=t <t,,
0
BO)=inf {(s20: (s+n(s) 2t}
Then B(z) is a continuous strictly increasing function and B(£) +n(B(t))=t. Thus

dn(p(0)

<
dt =1

Now let b{t)=a(f(t)). Then
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B()

b(y=a(p@)= fa(s dn(s)

=(I)a(ﬂ(5))d11(ﬁ(S))=Ib(S)dn(ﬁ(S))éfb(S)dS-
4] 0

Now, by Grownwall’s inequality, it follows that b()=0.
Similarly, letting b,(t)=a,(8(t)), we have

t
bn+ l(t)_gj‘bn(s)dsa této
0

and hence by induction, we have

tn
b= C—, 0St<ty, nzl

where C is the bound of a,(f). Thus b,(t)~0 V.

We now consider transformation of the distribution of Z, by a multiplica-
tive functional of the type (1.5) and characterize the transformed measure as a
unique solution to certain equations.

Let g be a real-valued measurable function on [0,T]xE such that
T

24) () |g,(x)|Safs), where [af(s)ds<co.
0
(1) j"gs(x) ds<C, 02C<oo.

For 0<t<T, defien G,, N, on & by
G(A)=E 1 ,(Z) exp ( (22 ds)
¢)
and

N(A)= .G(4), Aeé.

1
G,(E)
Then it can be easily seen that

(2.5 for 0Zt=T, G, is a finite positive measure on (E,&) such that for all
Aeé, G(A) is a bounded Borel function of t and G,(4)=E1,(Z,),

and

(2.6) for 0<t=T N, is a probability measure on (E, &) such that for all Ae&,
N,(A) is a Borel function of t and Ny(4A)=E 1 ,(Z,).

Theorem 2.3. (a) G, satisfies

(2.7) (fGy=CRGe+[<glB_[).Gds.
0
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(b) (G,) is the unique solution of (2.7) in the class of measures (K,) satisfying

(2.5).
(¢) Let G" be defined inductively as follows:

GAA)=E1,(Z)
and

(2.8) Gy {(4)=G(4) +§ C8(B_s1,), G ds.
0

Then G converges uniformly in t (in the total variation norm) to G,.

Proof. (a) Since
1z)exs ([.2as) = 12) [ 1+]exo (2045 0.2 dr |

we have for fe(E),
CGO=ES )+ ] EfZ)exp [ 82)ds) g2 b
= EB )20+ [ EES(Z)12,: 0Z52r)oxp ([ 22)ds) .2,
—E(R)Zy)+ g B N)Z)exp ({22 ds) 2.2,
—(B1Go +§ (&P, 1,6, db.

(by Let (K,) satisfy (2.5) and (2.7). Then for fe%(E), we have

29) SiG=K>=[<gB_ ), G,—K)ds
0
Let a(t)=os<up [[s;F)Kf, G, — K| (| f1=sup|f(x)). Then (2.9) gives
==t 59 Xk
a(t)§j a(s)a(s)ds

and hence, by Lemma 2.2, we have a(t)=0. Thus G,=K,.
(c) Similarly, if we define

a,(t)= sup sup [{f,G{—~Gyl,

then from (2.7) and (2.8), we get for n=1,

t
(fGi=Gy=[<gh_f. G =Gy ds
0
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and hence

a,(0=]al)a,_ y)ds.
(4]

Lemma 2.2 now implies that a,(¢)— 0 for all ¢. This is the same as the assertion
that G} converges to G, uniformly in the total variation norm.

Lemma 2.4. Let K, satisfy (2.5). Then (K,) satisfies (2.13) iff it satisfies (2.14).

(2.13) <ﬁKt>=<EﬂKo>+(§)<gs(P,-sf),Ks> ds, feB(E)

(2.14) LR ={fKp+[{Lf+g [ Kpds, feD.
0

Proof. Let us write 5,(f)={f,K,> and for fe%, let 6,(f) be the difference of
the right hand sides of (2.13) and (2.14), i.e.,

t

(2.15) 5t(f)=ﬁo(1’tf)+(§)ﬁs(gsl’,ﬂsf)ds—ﬁo(f)*iﬁs(Lergsf)dS-
Since for fe2,

t

Bf=f+[R(Lf)ds,

4]
we have, using Fubini’s theorem

(2.16) ﬁo(l’,f)=ﬂo(f)+£ﬁo(ELf) ds
and
(2.17) Bs(gsF_ ) =B& f)+ J(; Bi(gELf)dr.

From (2.15), (2.16), and (2.17) we get

tt—s 1

(2.18) 5(f)=] ﬁo(liLf)derg g BgRLf)dx ds—g BLS)ds.

Again, using Fubini’s theorem, we get

t tt—1 I3

(2.19) S()=[Bo(BLNds+] | B.(g.P Lf)dsdf—i B(Lf)ds.

Now suppose (K,) satisfies (2.13). Fix fe®. To show that (K,) satisfies
(2.14), we will show 4,(f)=0. Applying (2.13) to Lf, we get

BALS)=BolB.Lf)+ [ B,(8,P_, L) dr

and hence

 BuLf)du={ BolB LA du-+ | Byl B, Lf)dr du
4] 0 00
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Substituting ¥ =s and u—r=1, we have

tt—s

(2.20) 5 BLf)d f Po(ELf)du+] | Blg R LS dvds

and hence from (2.20) and (2.18) we have 6,(f)=0. . .
Now, for the other part, assume that (K,) satisfies (2.14). Fix fe%,. By
rearrangement of terms in (2.14), we have

(2.21) fﬁ (g, N)ds=Bf)— gﬁs (Lf)ds.
Applying (2.21) to B Lf, we have
022) [ Ble LS ds=f,_(RLN—Bo(BLI)~ :ﬁ)tﬁs(PrLLf) ds.

Thus from (2.19) and (2.22), we have

tt—1

02 AN=[A BRI [ BBLL) dsdr—j[f (Lf)d
~[ BB L ds- Isﬁs(PLLf)drdS—J" B(LS)d

Now

(2.24) B(P_.Lf)=B LA+ | BPLLS)dx.

From (2.23) and (2.24), it follows that J,(f)=0. Thus (2.13) holds for all fe2,.
In view of Lemma 2.1 this implies that (2.13) holds for all fe#(E)

As a consequence of Theorem2.3 and LemmaZ2.4, we have the following
theorem.

Theorem 2.5. (a) G, satisfies

(2.25) LGy ={fG>+][{Lf+g,f,Gds.
0

(b) (G,) is the unique solution of (2.25) in the class of (K,) satisfying (2.5).
We will now obtain similar equations for the normalized measures N,.

Lemma 2.6. N, satisfies the following equation:

(2.26) AN ={fiNo» + é) (IS +g, /- Ny ds— [ {fi Ny <g,, No» ds.
0

(LG

Proof. <ANy= 165

and thus {f,N,> is absolutely continuous in view of
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Theorem 2.5. Further,

ii_ —_<Lf+gtfaGt> -1
G PR 16 [ <an6)

=S +8 N> —fiN> g, N.
Hence (2.26) holds.
Lemma 2.7. Let (K)) satisfy (2.6). Then (K,) satisfies (2.27) iff (K,) satisfies (2.28):

Q27) KDY= RO+ g, fi K> ds— [ (LK ><g, K> ds

(2.28) SR =(BLKo) + e R_ K ds—[ g, K>{E_ £, K ds.

Proof. The proof of this lemma is similar to that of Lemma2.4. Let BN
={f, K> and let J,(f) be the difference in the RHS of (2.27) and (2.28). As in
T

Lemma 2.3, using the identity P, f = f + [ PLf and Fubini’s theorem, we have
0

tt—~s

(2.29) 6(/)=] Bo(RL)ds+[ | B(g R Lf)dvds
0 00

tt—s t

[ | Bulg) BB LS deds—[ B(Lf)ds

00 o]
t tt—1t

=(Bo(BLf)ds+[ | g, PLf)dsdc
Y 00

tt—1 t

—{ | BJg) BB LS)dsdr~ gﬂs(Lf)ds.

0o 0

Now suppose (K,) satisfies (2.28). Then for fe2, apply (2.28) to the function Lf
and integrating over [0,1], we get that the RHS of (2.29) is zero, so that §,(f)
=0 and hence (K,) satisfies (2.27).

On the other hand, if (K,) satisfies (2.27), we will show that &,(f)=0 for
fe9,, to complete the proof as in Lemma24. So fix feZ,. Apply (2.27) to
P Lf and rearrange terms to get

T

(2.30) T A& BL ) ds=p, (BLI)—Bo(PLf)— | B(BLLS)ds
0 0

t—1T

+ | Blg) BARLS)ds.

0

t
Also, using the identity B,_ Lf=Lf+ [ PLLfdz, we have
(4]
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(2.31) §B._ABLf)dr={B(F_,Lf)ds
0 0

tt—s

B(Lf)ds+[ | B(PLLf)dtds

tt—1

BLf)ds+| | B(PLLf)dsdx.
00

i

i

Oy O ey

Now, (2.29), (2.30) and (2.31) imply that J,(f)=0. As remarked earlier, this
implies that (K,) satisfies (2.28).

Theorem 2.8. (a) (N) satisfies

(2.32) ANy =S N + [ <Lf +8, /Ny ds
0

—[{ANY<g Ny ds, Vfed.
0
(b) (N) satisfies

(2.33) <f,M>=<Ptf,No>+£<gsB_sﬁNs> ds
— {8, NoCP_,f,Nyds, VfeB(E).
0

(c) (1) (N)) is the unique solution of (2.32) in the class of (K,) satisfying (2.6).
(ii) (N) is the unique solution of (2.33) in the class of (K,) satisfying (2.6).
(d) Define N inductively by {f,N°>=Ef(Z) and for n=0

LN =CR NG +(§) (g P N ds— [ g N KR fN> ds
0

Then N — N, uniformly in the total variation norm.

Proof. (a) and (b) follow from Lemmas 2.6 and 2.7. In (¢) we will prove (ii).
Then (i) follows from Lemma 2.7 and (ii).
Let (K,) satisfy (2.6) and (2.33). Then

(235) (AN—K)=[{gR_fN-Kpds—[{g.N,—K><{B_ f,N)ds
0 ¢]

t
+j <gs7 Ks> <'Pt-sf; Ns_Ks> ds.
0

Thus if a(t)=sup sup |[{f,N,—K_>|, then from (2.35) we have, for a suitable
sEt feBE)
frrst
13

constant Cy, a(t)< C, [a(s)a(s)ds and hence, from Lemma2.2, a()=0. This

0
proves (c). (d) is proved by proceeding as in the uniqueness proof above and
in Theorem 2.3.
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3. Equations of Nonlinear Filtering;
Existence and Uniqueness of Solutions and Robust Filtering

We now use the results of the previous section to obtain equations for the
measures I;” and F! related to the nonlinear filtering problem introduced in
Sect. 1. Recall that F? is the conditional distribution of X, given {y,: 0<s=<1}
in the model (1.9). (I is the unnormalized conditional distribution.) We will
show that for all yeH, I and F can be obtained by the method of successive
approximation. Finally, we will show that the maps y—1I” and y—F’ are
continuous (with the total variation norm on the range). Thus, I’ and F} are
robust filters.

Let E=[0,T]x S, & =%, ,®. Let Z,=(t, X,). Then Z, is a homogeneous
Markov process (see Dynkin [4], p.167). Assume that (X,) is such that the
process Z, satisfies the condition (2.1) imposed in Sect. 2.

Let Qf be the two-parameter non-homogencous semigroup on %(S) defined
formally by the relation

(@ NX)=E(f(X)| X =x).
If P denotes, as in Section 2, the semigroup associated with (Z,), then we have
(3.1 (BN, x) =10 fs+2,)](x).
Assume that h satisfies

(3.2) A =q(s) Vxes, fqz(S)dS<w-

Condition (3.2) will be assumed to hold throughout the rest of this section.

Theorem 3.1. (a) I satisfies the following equation

t
(3.4) AL =@ LI +[[(h, ) =3 11710 £ 17> ds.
0
(b) I” is the unique solution of (3.4) in the class of measures (K,) satisfying
(3.5).
(3.5) For Be¥, K((B)=E 14X ), KB} is a bounded Borel measurable function
of t.

(c) Define I, inductively as follows: IP((B)=E14X), and for nz0,
{AHIP,. 1> is defined by the right hand side of (3.4), with I?, replacing I”. Then
I, converges uniformly (in t) to I” in the total variation norm.

(d) If y,—y in H, then I’ I in the total variation norm.

Proof. Fix yeH. Define g: [0,T] x E—~IR by

(3.6) g,(t: )= (hy(x), y,) =5 1A ()%

We will also write g (x)=g(s, x).
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Observe that

T
g, ) =(q(s) [y, +30%6)=als), [als)ds<oo
0

and

V&5t x)ds <3 { Iy, 1 ds < |yl
0 o]
Now for feZ(E),

£6)=E(f2) expjg;z 5)

—Ef(t, X exp (j [0,X.), 70— 3 (X)) ds
— )T,

and hence we have
(3.7) Gy ={f(t,) I}y for feB(E)
In view of (3.1) and (3.7), the Eq.(2.7) reduces to
(3.8) ), > =00 f (). I
+J (gD /6, )X, Iy ds,  feB(E)

Now, (3.8) holds iff (3.4) holds and thus (a) and (b) follows from Theo-
rem 2.3. It is easily seen that

LGH=L0), 100, feB(E)

and thus (c) also follows from Theorem 2.3.
For (d), let g, be defined by (3.6) for y=y,. Then we have, since y,—y in H,

t t
[8,5,X)ds—[g(s,X,)ds pointwise
0 0

and for some constant C,

88, X)ds <5y, &)Pds <y, 7= C.
0 0
Thus

T t
exp (f 2,55, Xs)ds) —exp (f g.(s, Xs)ds> in INQ, o7, IT)
0 )

and hence I”~— I in total variation norm.

Theorem 3.2. (a) I} satisfies the following equation
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B9 SR =Cf) P>+ [ (L), )P ds
0

+£ e y)=31h 71 f(s,), > ds,  fed.

(b) (I?) is the unique solution of (3.9) in the class of measures (K,) satisfying
(3.5).

Remark. Recall that L is the extended generator of (1, X,) and 2 is its domain.

Proof. In view of (3.7), the Eq. (2.25) reduces to (3.9) and hence (a) and (b)
follow from Theorem 2.5.

The following theorems on the conditional distribution F? can be deduced
from Theorem 2.7 and

(3.10) AN =Lf), D,

(where for a fixed y, g is defined by (3.6)) in the same way as Theorems 3.1 and
3.2 were deduced from Theorems 2.3 and 2.5. (Part (d) of Theorem 3.3 follows
from (d), Theorem 3.1.)

Theorem 3.3. (a) F} satisfies

(B.11) <LEY=<XQ) /R +(§) b y) =3I P1 Q2L B ds
= lhg, ) =3 Ih |7, ECQIf > ds,  feB(S)

0

(b) F? is the unigue solution of (3.11) in the class of probability measures (K,)
satisfying (3.12):

(3.12) Ky B)=E14X,) and K,/(B) is a Borel measurable function of t for all
Be%.

(c) Define F}, inductively by F((B)=E14X,) and for n20, {f,F} ,,> is
defined by the right hand side of (3.11), with F?, replacing F?. Then F}, converges
uniformly (in t) to F? in the total variation norm.

(d) If y,—y in H, then F’»— F? in total variation norm.

Theorem 3.4. (a) F} satisfies
(3.13)  {f(t,), F>=<{f(0,"), 3} +£ L), ) B> ds
+£ [hg, y)—3IA 12D f(s,°), B> ds

—g Mhy, y)—318070, S (s,) B ds,  feD.
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{b) F is the unique solution of (3.13) in the class of probability measures
(K,) satisfying (3.12).

Remark 1. Theorem 3.2 is concerned with the Zakai equation of the unnormal-
ized conditional measure I} while Theorem3.1 is the corresponding Kunita
type equation. The FKK equation for the conditional probability measure F?
and its Kunita equation are studied in Theorems 3.4 and 3.3 respectively. All
four of these equations are, of course, in the white noise set up.

Remark 2. If (X)) is a homogenous Markov process, it suffices to consider
functions of ‘x” only (i.e., functions on S) in Theorems 3.2 and 3.4. Then L will
be the generator of (X ). In this case, in Theorems 3.1 and 3.3, @ is replaced by
0,_,, O, being the one-parameter semigroup associated with (X,).

)
Remark 3. If (X)) is an R“%valued diffusion, then L= (é-t—h?,) on C*([0,T]

xR%, where for each t, &, is a second order differential operator of the form
d 2 d a

a;(t,x) ——=—+ Y b,(t,x)—. Further, in this case, it suffices to demand
I, ) gt 2 b0 5g

that (3.9) and (3.13) hold for functions of x only (i.e., fe C*(R%).
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