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Let (X, #/) be a measurable space, @ <R an open interval and B|.«Z, 3¢ @, a
family of probability measures fulfilling certain regularity conditions. Let A be a
prior distribution on @ and R, , be the posterior distribution for the sample size
n given xe X". 9, denotes the maximum likelihood estimate for the sample size n.
It is shown that under certain regularity conditions on A for every compact K< @
there exists ¢, =0 such that

sup B} {xe X"|d(R, . 0% )= cx(log n)"* n "7} = o(n~ "),
SeK = '=

where Q8 « is the Borel measure on @ having Lebesgue density

n n (o —98,(x)>
Vzm(g) e"p[_i ) ]

and d(R, ., 05 ) denotes the variational distance between R, ,and Q; ..

1. Introduction

Let (X, .o/) be a measurable space and Fy| ., Je O, a family of probability measures.
© denotes a parameter set. Let % be a g-algebra on @ and let A be a prior distri-
bution on (@, #). For every neIN we define a probability measure R, on (X" x @,
A" @ %) by

R(Ax3)=[P(A) 1Y), Aed" I,

and x — R, ., xe X", denotes a version of the conditional probability of R, under
the hypothesis «/". R, |4 is called the posterior distribution given xe X™.
Asymptotic properties of posterior distributions are closely related with the
asymptotic behaviour of Bayes estimates. In 1949 Doob, [1], proved a general
result concerning consistency of Bayes estimates of a real parameter relative to
quadratic loss. His result was generalized in 1965 by Lorraine Schwartz, [117], and
in 1973 by the author, [12] and [13]. Roughly speaking, for every prior distri-
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bution 4 on a parameter set © any sequence of Bayes estimates is strongly consistent
A-almost everywhere, iff there exists a A-almost exact estimate. The existence of a
/-almost exact estimate can be interpreted as the possibility to separate the values
of the parameter by infinitely many observations. It was also shown by Lorraine
Schwartz, [11], that for those points 3¢ O, which can be separated from the com-
plement U’ of any of their open neighbourhoods U by a uniformly consistent test,
the posterior probabilities R, .(U’) converge to zero Pj-almost everywhere. In
a recent paper LeCam, [4], 1973, showed that under dimensional restrictions on
© a similar result is true for a sequence (U,) of neighbourhoods which decreases
of the order n~'/? relative to the Hellinger distance. These results show that even
in general cases for large sample size the mass of the posterior distribution con-
centrates in arbitrary small neighbourhoods of the true parameter value. Already
in 1953 it was shown by LeCam, [ 3], that in sufficiently regular cases the variational
distance between the posterior distribution and the normal distribution centered
in 9,(x) with variance a(9)/n converges to zero PN-a.e. for every 3@, (cf also
Schmetterer, [10], pp. 391 ff) It is one of the aims of the present paper to estimate
the speed of convergence of the posterior distribution to the normal distribution.
Previous results of this kind were given by van der Waerden, [14], and Johnson,
[2], (cf. Remark 3).

2. Discussion of the Results

The results are stated in the framework of minimum contrast estimation. For the
motivation of this approach confer Pfanzagl, [7].

@ is assumed to be an open interval of R and # denotes the Borel g-algebra of
O. A family of .«/-measurable functions f;: X — IR, 3¢ @, (sometimes denoted by
x—f(x,9), is a family of contrast functions for {P,|3e®} if Py(f,) exists for all

8e¢0, 1@, and if
P(fy)<Py(f) forall 9e@®, 1@, 9=+1.

A minimum contrast estimate for the sample size n is an .2/"-measurable function
3, X" — O satisfying

Zf&n(gc)(xi):gng Zfs(xi), xeX".
i=1 €Y =1

For those xe X" for which it is possible we define the probability measure

Jexp (= Y.1.(x)) 4do)
R, (5=t = . sea.
Jexp (= L1:(x) Mdo)

Lemma 1 gives conditions under which for every compact K< ©

sup exp (—i;f(xi, o-)) =oo}=0(n"1).

o

sup F§ {&eX”

Sk
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Since in the following these conditions are always imposed we may restrict our
attention to those xe X" for which R, , can be defined.

In the following we make assertions on the limit behaviour of sequences of
events. Let E,(x, 9, K) be a statement depending on nelN, xe X”, 3e® and K< 6.
For notational convenience the assertion: “For every compact K <@ there exists
cx =20 and aeR such that

sup B {xe X"|E(x, $ K)}<cgn=* forall nelN”
ek

1s abbreviated by
E (x, 3 K}~ 0g(n9.
If ¢ can be replaced by a sequence ¢ 20, ne N, satisfying lim ¢’ =0, we write

n(&a ‘9, K)NOK(n_I)'

The regularity conditions cited below are listed in the next paragraph which
also contains several auxiliary results. In order to improve the readibility of the
paper the proofs of the theorems are collected at the end of the paper.

The first result estimates the speed of convergence in Theorem 6.1 of Lorraine
Schwartz, [11]. For every 3¢ © define B;(9) to be the open ball of radius ¢ around 8.

Theorem 1. Assume that regularity conditions (i), (ii), (iii), (vii) and (j) are satisfied.
Then for every 6>0 and every compact K < © there exists 1, >0 such that

R, (Bs(8))>exp(—ngx n)~Og(n).

The next theorem shows that a result similar to Theorem 1 is true when the
radius of the neighbourhoods decreases of the order (log n)*2 n~Y2. It is however
necessary to replace the true parameter value $ by the sequence of minimum
contrast estimates. Let

W2 (x, s)={c€®@|n'?|oc— 3 (x)|/a(9)"* <(s log n)*'?},
if s>0, 30, xe X", neN.

Theorem 2. Assume that regularity conditions (i)~(iv), (v)(b), (vi)~(viii) and (jj) are
satisfied. Then for every r >0 and every compact K < © there exist s, >0 and ¢, =0

R, (Wi (x, s))Zcgn"~O0g(n ).

Remark 1. If condition (vi) is replaced by (vi) and if (jj) holds with t = 1/2 for every
compact K < @ then the assertion of Theorem 2 holds with sg =1+ 2r and O (n~?)
replaced by og(n~*/?). This can be proved with the aid of Lemma 5.

Remark 2. If condition (vi) is replaced by (vi) then the assertion of Theorem 2
even holds with 3, (x) replaced by the true parameter 9 and Oy (n™?) by o (n="2),
This can be proved with the aid of Lemma 3 of Pfanzagl, [9].

Define
f exp[—n(o—8,(x)*/2a(9)] A(do)

ne(2)= Jexp[=nlo 5,57 2a(@] A(do)
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2edh, xeX", neN, 3e@-d(R, ,, ~ﬁ,¥) denotes the variational distance of R, ,
and Q5 .. )

Theorem 3. Assume that regularity conditions (1)-(v), (vi), (vii), (viii) and (jj) are
satisfied. Then for every compact K <@ there exists ¢y =0 such that

d(R, ., Qn JZcx(logn)> 12~ oy (n *12).

If stronger regularity conditions on A are imposed the assertion of Theorem 3
can be improved considerably. Let Q) , be the measure on @ having Lebesgue
density

Vnl2ra(@) exp [ —nlc—3,x)*/2a¥)], oceb.

Theorem 4. Assume that regularity conditions (i) —(v), (i), (vii), (vii]) and (jjj) are
satisfied. Then for every compact K <@ there exists ¢x =0 such that

d(R,, ;. On ) Z cx(logn)? n= 12~ og (n™"'2).

In Theorems 1 and 2 conditions on second moments and in Theorems 3 and 4
conditions on third moments are involved. The respective estimates of speed of
convergence are Ox(n~') and og(n~'?). Speed of convergence of higher order can
be achieved by modifying the regularity conditions (towards existence of higher
moments) and applying Lemmas 1 and 2 of Pfanzag], [9].

Remark 3. Theorem 4 is related to a result of Johnson, [2]. Assume that P, <y
for every 3¢ @, where u is a o-finite measure on &, and let hgedP;/dy, 3 ©. Let
F?, be the distribution function of the measure induced by R, , and

Ty o—=n?(0=8,x) b, ,(8,(x), oeR,

where
1 2
bn,5<9>=[—— y

log h(x;
n = aTZ Og T(xl)

1/2
] , Je0O.
=98

Then under certain regularity conditions (involving fourth continuous partial
derivatives of log hg(x) with respect to 3 and second derivatives of the density of 4)
Theorem 2 in [2] implies that

lim sup |2 (FY,, (1)~ ()~ p(0)(a, £ + b =0 P-ace.
neN eR ; - :

for every 9 ©. The constants a, and b, depend on xe X" through 3,(x). If in the
definition of F}, the term b, .(9,(x)) is replaced by a(9)~"? where

-1
|-
=3

then Johnson’s result leads to the conjecture that for the so modified distributions
F?, the PM-probability of deviations

sup n'/2 |F? (1) — @(1)| = c(log n)''?
teR

62
a(9)= —P, [7 log h,

converges to zero for every 3 ® (@ denotes the distribution function of the stan-
dard normal distribution). Theorem 4 proves this assertion even for the variational
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distance of F;, and @, and establishes an estimate for the speed of convergence.
The imposed regularity conditions do neither involve differentiability assumptions
on a density of A nor higher partial derivatives of log hy than of second order.

3. Auxiliary Results

Regularity conditions. (i) 9 — P, is continuous in @ with respect to the supremum
metric.
(i) For each xe X, 3+ f;(x) is continuous on @.

(i) For every 9e@ there exists a neighbourhood W, of & such that
sup P(fs) < oo.

Wy
(iv) For each xe X, 91— f,(x) is twice differentiable in @. With

2

0 0
S0 9 =25 /o) and 16,9 = 5 ()

we have for all 3e®: Py(f'(., 9))=0.
(v) For every compact K < ©:
(@) Inf R((f"(, 9))%)>0,
(b) InfFy(f"(., 9)>0.
(vi) For every compact K< 0O:
(a) sup By ((/7(., 9 <o,
(b) sup B (., M) < o0.

(vii) For every 9¢© there exists a neighbourhood U of & such that for every
neighbourhood U of 3, U< Uy, and every compact K <@, sup P(( inlt; [ < 0.
ek ge

(viii) For every 8@ there exists an open neighbourhood ¥; of $ and a measur-

able function ky: X — R such that sup P.(k?)<co for every compact K <@® and
tely

L7 0) = (x, 9| S[T =] kg(x)  forall 7, eV}, xeX.

Conditions for the prior distribution.
() For every 6 >0 and every compact K< @

6in}{i{ae@lla—Sl<5}>0.
(jj) For every compact K< @ there exists t 20 (depending on K) such that
liminf infn* A {oe®|jc— 9| <n~¥?}>0.

nelN  Sek

(i) 4 has a continuous, positive density p on @ with respect to the Lebesgue
measure satisfying the following condition: For every compact K <@ there exist
constants dg >0, cx >0, such that o€ ®, IeK, and |oc— 9| <d, imply

p(o)

m*l Zcklo—39.
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Obviously we have (jjj) = (jj) = (j).
Remark 4. Simple Taylor expansion arguments show that conditions (iii), (iv), (vi)
and (viii) imply the following condition:

(iii)’ For every 9€@ there exists a neighbourhood W, of & such that

sup P (supf2)< 0.

eWg oe W,
In order to avoid differentiability assumptions where it is not necessary we some-
times propose condition (iii) instead of conditions (iii), (iv), (vi) and (viii).
Remark 5. In Theorems 3 and 4 it is necessary to replace condition (vi) by

(vi) For every compact K& &

(a) sup Fy(1f"(., 9P) <o,

(b) sup Fy(|£"(., P < oo.

The proof of the following Lemmal is strongly inspired by the proof of

Lemma4 in Michel and Pfanzagl, [5]. Conversely, Lemma4 in Michel and
Pfanzagl, [5], is an easy consequence of Lemma 1.

Lemma 1. Let conditions (i)-(iii) and (vii) be satisfied. Then for every >0 and
every compact K < @ there exists gx >0 such that

lZf(xl,a)<Pg(f9)+spo,((n 1

lo— 9|>a

Proof. Let C={(8, 1)e K x @[ |8 —1|=8}. Obviously, (3, 7)e C implies P, ( f) < B (f).
Because of conditions (if) and (vii)(b), Lemma 3 of Michel and Pfanzagl, [5], yields
the existence of an open neighbourhood U, ,,< U, of 7 such that

Py(fo) <P (inf f(., Ug, »))-

Because of conditions (i), (iii) and (vii), Lemma 2 of Michel and Pfanzagl, [5],
implies that y— P,(fg) is continuous and y~P, (inff(., Ug ,)) is lower semi-
continuous. Hence there exists a compact neighbourhood C , <@ of 3 such that

B(f))<B(nff(, Usy) if yeCyy.
Since {Co(sﬂ) x U 4(3, 7)€ C} is an open cover of C, there exists a finite subcover
determined by (3;, 7)e C, j=1,...,m Let C;=Cy, ., and U;=U, .. Then oe U;
implies

flx,0)zinff(x,U), xeX,
and 9e C; implies

Py(fo) <Pa(fo)<B(inff(., Up).

For every (9, o)e C there exists j e{l, ..., m} such that 8¢ C; and o€ U;. This implies

inff(x;, U) P&(fs Zf(x”“) Py (fs).

=
M=

i=1
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Since y— P, (inf f(., U))— P,(f,) is lower semicontinuous and positive on C 5t
follows that

a= inf (Bnff(, UD=B(f)>0,  j=1,...,m.
Hence we obtain that

inf Zf(x,, o)-B(f)=Se

le-8{2d yg
implies
1 2. .
- ._Zlmff(xi, U)—Py(inff(., U)) Sex—a;

for at least one je{l,...,m}. Choosing 3x< mm a; and applying Cebyiev's
inequality proves the assernon O

Lemma 2. Let conditions (i), (ii) and (iii) be satisfied. Then for every e>0 and every
compact K <@ there exists 0 >0 such that

- )> P N 4
o S9|<5K n, Z (i, 0)Z Py (fo)+e~O0g(n )

Proof. Conditions (i) and (iii) imply by Lemma 3 of Michel and Pfanzagl [5],
that for every 3e K there exists an open neighbourhood V; of §, V, < W, such that

Pylsup (., V) <R(fo)++

Lemma 2 of Michel and Pfanzagl, [S5], and condition (iii) imply that
o P,(sup f(., V) is continuous on W;. Lemma 5 of Michel and Pfanzagl, [6],
and condition (iii) imply that o+ P,(f,) is lower semicontinuous. Therefore

Os={ae V3| P,(sup f(., Vo)) <P,(f,) +¢/2}

is an open neighbourhood of 9. Since K is compact there exist 9,, ..., 3, such that
the sets 0;= =0y, 1=5j<m, cover K. Let 6;>0 be such that for every 9¢K the
Ok nelghbourhood of § is contained in at least one O;, L <j<m. Then for every
JeK

1
- Zf(xzsa)>P3(f9)+8

o — 8[ <61\ ny

implies

1 n
7 Lsup [(xi, 0)Z Ry (sup f(., 0) +4/2

for a certain je {1, ..., m}. Hence for every 9e K there exists 0;, 1 £j<m, such that

R@"{?EEX"I s Zf(x,,6)>Ps(f9)+s}
§su0pPJ’ {zeX" - Zsupf(xi, OJ)zE(supf(-,O,-))+8/2}. O
te0; i=1
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Lemma 3. Conditions (vi)(b) and (viit} imply that for every compact K< © there
exist constants by>0, dy>0, and for every 3e K, nelN a set A, g€ such that

(a) sup PN(XNNA,50=0(n""),
ek !
(b) xeA, 5 x, 70 and |t—9| < dg imply

12 12
=N M n—= 3 (x| S|t -8 by
n; niy

Proof. Confer Lemma 5 of Pfanzagl, [9]. O

Lemma 4. Let conditions (iv), (vi)(b) and (viii) be satisfied. Then for every >0 and
every compact K <@ there exists a x>0 such that

>8~0K(n 1).

Z I (s 6)=B(f (., 9)

i=1

Jo— 9[<5K

Proof- Choose by and di according to Lemma 3. For every xe 4, 5 ¢, 6>0, d <dy,
we have

Zf”(xi,a) B(f"(., 9))' ’ _Z £, =Py (f7(., 9)| + 6 bg.

|a 8|<5 n,;

According to Cebyéev’s inequality condition (vi)(b) implies

12
- ; [ ) =B, 9)

€
25" Ox(n™h).

Choosing § g% proves the assertion. [
K

Lemma 5. Let conditions ()~(v), (vi), (vii) and (viii) be satisfied. Then for every
compact K< @ and every s>0 there exists cx =0 such that

sup >c(logn)’? n= Y%~ oy (n=1?)

ageW(x,s)

Z J" (i a)=By(f7(., 9))

}’l

Proof. Choose dy, by according to Lemma 3. Then
1 n
sup Zf”(X,,O') PG| 2 G =R, 9)
geWdix.s) 1 ; n;

+ bK(Ig_gn(&” +(S a(9))1/2(]0g n)1/2 n—-l/Z).

Lemma 1 of Pfanzagl, [9], implies that there exists cx =0 such that

>%(log M2 n~ Y2~ op(n~Y2).

\% PRI E

Lemma 3 of Pfanzagl, [9], implies that for sufficiently large c¢x=0

19,00 — 812 (—ZC—,fK—(s a(9))”2) (log W) n=Y2~ 0 (n=?). [
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Lemma 6. Let conditions (1)~(iii) and (vii) be satisfied. For a Borel set X< define
Vi Z)i={0e@|n"*(c - 9,(x))a(9)/*eZ}, xeX", neN.

Then for every s> 0, every sequence (7,) <R, |,/ <1/2, neN, and for every compact
K <O there exists ¢ =0 such that

sup | ) exp[—n(1+7y,)(0—9,(x)*2a(9)] da

TR VP (x. D)0 W (x,5)
—a(9)? 012 fexp(—1%/2) dr|Z e |7,l n 2~ Og (n7Y).
Proof. Let pg>0 such that {oeR |dist(c, K)< pg} is a subset of . There exists n
such that n=ny implies for every e K
(sa(8))'*(logn)? n="2<py/2.
Since
18,(x) =812 p/2~ Og(n™?)
we may restrict our attention to those xe X" for which n>ny implies
{oeR| —(slogn)'”? n'*(0 —3,(x))/a(9)* < (slog n)' *} = @.
Let n2ng. A simple substitution yields
exp[—n(1+7,)(0~8,(x)*/2a($] do

V2 (=D Wd(x,s)

=q(§M? p-112 | exp(=7*(1+v,)/2) dz

Sl Sslogn)

for every Ze 4. Thus the proof is finished since for every yeRR, [v|=1/2, there
exists ¢>0 such that

sug] [ exp[—2(1+9)/2] dr— [exp[—1%/2] dtij=clyl. O
ZERB TA{t2<slogn) by
4. Proofs

Proof of TheoremI. Let 6>0 and choose e>0 according to Lemma 1. Let
Nk <ég, Nx>0. It is easy to see that for every 6, >0

azgnit;(log/l{ae@[ [a—9]<d,}—log A(@)> —w0.
The inequality
R, {0€®||6~9|25}>exp(—ngn)

is equivalent with

1 n
~log | exp [——;Zlf(xi,a)] A(do)

o e—8)ze

1 H
—log [ exp [—z e a)] A(do)> —ng
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which implies for arbitrary ¢; >0 and 3eK that
_ , f ,0)> — —

W izz fx;, 0)— llgm ", Z f(x;, 0) 11K+
From Lemma 1 we obtain

=~ By(fo)—eg=~— inf Z f(x;, 0)~Og(n 7).

. ~3zs Yi

Therefore we have only to show that

o s|<a Z f(x;, 0)=Po(fo)>ex— VIK+ ~OK(”-I)

But this assertion follows from Lemma 2 choosing d; sufficiently small. [
Lemma 4 of Michel and Pfanzagl, [5], implies that under regularity conditions
(i)—(iii) and (vii)
8,(x)¢0~ Ok (n™ ).

Hence we may assume 3,(x)e®. In the following we use repeatedly a Taylor
expansion argument which runs as follows: For every 6@

Zf(x”ff)—Zf X)+ (0 —9,(x)* Zf”(xn@ X, 0)),

where |9, (x)—3,(x, 0)| g |3,(x)—o|. For notational convenience define
12 "
A s 0)=exp | =3 (0=, - . S, By, 9) |-
i=1
xe X" neN. It follows that for every Ze %
f A,(x, 0) A(do)

Z —

na(2)= j"A (x, 0) A(do)’

Easy computations show that Theorem 1 implies that for every 6>0 there exists
#x >0 such that

[ Au(x 0)i(do)

__InBs($) _ ~ —~1
igg Rn,;(z) J‘ An(-&; O') /l(dO') >€Xp( 771( n) OK(n )
Bs(%)

Proof of Theorem 2. Lemma4 of Michel and Pfanzag], [5], and Theorem 1 imply
that for every § >0 there exists #, >0 such that

R, {0€0]|0—3,(x)| 28} >exp(—1ng n)~Ox(n™").

Hence it is sufficient to prove that for every r>0 and every compact K< © there
exist s, >0, ¢x and 6 >0 such that

R, {0€@|6x>0—9,(x)|>(s¢ a(9) log M2 YA > n " ~0g(nt).
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It follows from Lemma 4 that for every ¢>0 there exists 5, >0 such that

sup Zf”(xn w5 0) =B ("G 9> e~ O0g(n),

lo— 8, (x)) <dx | 1 iz1

(use Lemma 4 of Michel and Pfanzagl, [5]). The set of all xe X" such that the in-
equality on the left hand is true will be denoted by MM(g, 6, 9).
Let s>0 and define

SHx, 8)={0e O] 5 >0 —9,(x)|> (s a(9) log n)*2 n~12}
and

V,(x)={0e®|lo—3,(x)|<nY2}.
It follows that )£¢M,(,1)(8, 5¢.,9) and n2ng imply

[ A4.x 0)(do)
R} (Silx )=

T 4,5.0) o)
J exp|=5(8,00-0P(a) o) Ado)
<S‘9(xs)
Vj()exp[——(g ()~ ) (a(9)- 1+s)] (do)

_oxp[—3 (logm)s(1 ~ea(®))]

T AV () exp[ —3@(9) T +e)]
Let p>0 be such that K, ={se®|dist(s, K)<p} is a compact subset of @. Let
M (p, 9)={xe X"||8,(x)—8|> p}. Then sup PI (M (p, ) Scg n~". x¢MP(p, 9)
implies Sek

o e 3 12
Iu’pentnfn AV, (x) hrrgnlqnfn Sleanl/t{O'e@“o’ I<n~12}>0

according to condition (jj). Thus it follows that there exists cx 20 with

R, ((Si(x, 8))> ¢y n@1=sU=2a@2 L O (1),
It is obvious that for every r>0, s>0 can be chosen such that the assertion of the
theorem holds. []

Easy computations show that Theorem 2 implies that for every r>0 and
cvery compact K <@ there exist sg >0 and ¢, >0 such that

[ Aux0)i(do)
su Rnx ) E0PP (o) >cpn "~0 n_l .
S R B = ) |7k~ O™

WP (x,5K)

The proof of the next theorem is related to the proof of Satz 3.11 in Schmetterer,
[10] In the followmg we denote by M{¥(s, ¢, 9) the set of all xe X" such that

Zf” (i 80, ) = Ba(f" (-, 9)| Zc(log m)? n= 12,

aeW"’(x s) ”l
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It follows from Lemma5 that for every compact K< @ there exists ¢, >0 such
that
xe MO (s, e, ) ~Og(n~12).

Proof of Theorem 3. For simplicity of notations we introduce the following ab-
breviation

Bj(x, 0)=exp(—n(o —9,(x))*/2a(9)).
According to Theorem 2 there exists s>0 such that
[ A,(x 0)A(do)

W2 (x,5K) 1

f An()ﬁa G) /]“(do-)
%

Zexn 2~ O (n)

and similar to the proof of Theorem 2 it can be shown that s >0 may be chosen
in such a way that

[ Bix,0)i(do)
Wid (x,5%) > -y2 -1

[BiGno)ide) |2k Ok

(2]

Therefore we need only show that
Afee)  Biwo) |,
weso| | Aa(x 0) A(do) | Bi(x,0) A(do)
W2 (x, 5K) W2 (x,sK)
2 cx(logn)*? n=12 ~og(n=1'?).
It follows that (with simplified ndtation)
A B

ke, S, BN '
S Tad (B

w@ w

A, 1
< B? A —BS] A
—W',[‘?I:( )(jB‘gdilfAd) f d;{l—i— j’BSdiln n|d
w@ w
1

< A,— B dA<2 (sup |2 1)

w2

Let s; and ¢ be such that xe M{¥(sg, cx, ) ~og(n~3). For x¢MP (sg, cx, 9)
we have

o log 22t 9)
ce W,‘?(I;- sK) 8 Bﬁ ().C., O-)
n (o —9,(x) [ ¢ q ]
- ZY T @2 “(x,, 9 -1
Uevs’?u(g’ o 3 a(‘g) a( ) n izzlf (XU n(-&a O-))

< a(9)(logn)** n~ "2

°k,
2
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From |e¢—1]<¢ €] for some ¢>0 and sufficiently small |¢| the assertion follows
immediately. []

Proof of Theorem 4. Let V. (x, Z) for any 22 be defined as in Lemma 6. We have
to show that

sup |R, « (V¥ (x, 2) n W (x, 50)) =1/ 27 | exp(—12/2) dr|
e ) P
> cg(logn)'? n=Y 2 ~ o (n=1/2).

Theorem 2 implies that we need only show

4,(x, 0) A(do)

Vi? (x.3) n WP (x.5x) 2
> /2 —122)d
b [ A,(c 0) Ado) v 7] exp(= /2 de
WP (x.5K)

Zcxllog V2 n=Y2~ o (n=1?).

Choose sg such that xe M{¥(sg, cx, 9)~og(n "?). Choose ny such that n=ny
implies
(sga(®lognm'?n=12<d,/2

for every 9eK (where dy is chosen according to condition (jjj)). Since |3, (x)— 9|
2 dg/2~0x(n~") we may restrict our attention to those xe X" for which nZng
and oe W, (x, sg) imply |6 — 9| <dy. Then we obtain from condition (ijj) that for
nzng and Xe R

| [ A,di—p(®) | A,do|<p(®cgllogn?n='2 | A, do
AW

Vi‘xg " V;?g [l VV,? V:‘xg sl Wr?

which implies

[ A4.di [ Ado(l+é)

o wp N7 datise
[A,dl [A,do(1+7)
Wi W

where max {|&,|, |7,]} < cx(log m)'/? n=12,
Define y,=sup a(9) ¢k (log 0 n="'2. Then x¢M> (s, cx, ) implies
SeK

exp I:__E (O-_ Sn()i))z

n (o —9,(x))*
2 a(g) _—‘(1_}'")]

(1+%)]§An(>ﬁ, g)<exp [_2 e

We obtain with the aid of Lemma 6 that n= ny, Ze % and x¢ M (s, ci, 9) imply

[ A4,di (1+&)(fexp(—1*/2)di+e,)

Vi n w3 _ x
WfsAn dl (L+n) (/27 +1,)

where max {|¢,|, |1,[} < cx |7,l. Now easy computations finish the proof. []
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