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1. Introduction

In this paper we obtain upper bounds for large deviations for certain classes of
dependent random vectors. One of the situations we study is as follows.

Let {X;,j=0} be a Markov chain with state space S and transition proba-
bility . Let E be a topological vector space and f: S—E. We obtain upper
bounds of the type

n—1

limsupnn‘llogP{n“l.if(Xj)eF}é —A(F) (1.1)

where F is a closed subset of E,

A is a set functional associated by convex duality to ¢, where for ¢eFE', the
dual of E, ¢(&)=logr(T},), and r(T,) is the spectral radius of a certain operator
naturally associated to & n and f.

This extends some of the work on large deviations by Donsker and Varad-
han [6].

Another situation that we study is that of sums of exchangeable random
vectors.

In Sect. 2 we present a general result on upper bounds for large deviations
of dependent random vectors, slightly extending some work of Ellis [8].

Section 3 contains an integrability theorem which provides the basis for the
extension of upper bounds from compact sets to closed sets in Sects. 4 and 5.
Even in the case of independent identically distributed random vectors Theo-.
rem 3.1 (with the family {x,} reduced to one measure) simplifies the methods in
the literature ([6, 1]) and appears to have independent technical interest.

In Sect.4 we prove the upper bound (1.1), slightly strengthened, as an
application of Theorem 2.1. The content of Theorem 4.2 is that under very
weak restrictions on x and f a natural upper bound of the form (1.1) exists for
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Functionals of a Markov Chain”, Department of Mathematics and Statistics, Case Western
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compact sets and, if suitable integrability and tightness conditions are imposed,
for closed sets as well. Then we show that some important results on upper
bounds for large deviations of infinite-dimensional random vectors recently
proved in the literature may be obtained as corollaries of Theorem 4.2. We
consider the case of independent, identically distributed random vectors taking
values in a separable Banach space (Donsker and Varadhan [6]; Bahadur and
Zabell [2]; also Azencott [1]) and the case of occupation times of a Markov
chain (Donsker and Varadhan [6]). Our approach has some features in com-
mon with Ch. 7 of the interesting very recent book [15], although the points of
view are different (this book appeared half a year after the present work had
been submitted).

In Sect.5 we prove a result on upper bounds for sums of exchangeable
random vectors.

To close this introduction, we remark that we have recently obtained
results on lower bounds in the framework of Sects.2 and 4. At present,
however, our results for lower bounds are less simple and general than the
upper bound result.

2. Upper Bounds for Large Deviations of Dependent Random Vectors

In this section we prove a general result on upper bounds for large deviations
of dependent random vectors under an assumption on the limiting behavior of
their Laplace transform. The case of compact sets has been discussed in Ellis
[8], on the basis of an idea of Girtner [9]; we give a somewhat strengthened
version using their approach (for other related references see [8]). The con-
dition (2.3) below, which makes it possible to pass from compact sets to closed
sets, is used in [6] and has been isolated by Azencott [1] in the case of partial
sums of independent identically distributed random vectors. A technical obser-
vation perhaps worth emphasizing is that upper bounds for large deviations of
random vectors {Y} depend only on a limiting inequality for the normalized
logarithms of the Laplace transforms of {Y,}.

Let E be a Hausdorff topological vector space, endowed with its Borel o-
algebra. Let E' be the dual space of E; the weak topology induced on E by E’
will be denoted o(E, E'). Given a function ¢: E'—R, its convex conjugate i, is
defined by

/1¢(X)=§161§[<5,X>—¢(5)] (xeE)

and the Cramér functional Ay of ¢ is defined by

A¢(A)=i£1£i¢(x) (A<E).
Theorem 2.1. Let {P,acl} be a family of probability measures on a measurable
space (Q, ) and for each wcl, let E, be the B-expectation functional. Let {Y,}

be a sequence of E-valued random vectors, defined on Q. Assume: for every
CeE,
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limsup,n~'logsup E,exp<&, ¥,> < (&) 2.1)
ael

Jor a certain ¢: E'—>R. Then
(1) for every o(E, E')-compact set F cE,

limsup,n~'logsupP{n" 'Y eF}< —A,(F); (2.2)
ael

(ii) if, furthermore, the following condition holds: for every a>0, there exist
a compact set K,c E and nyeIN such that

supB{n"'Y,eK}<e™™  (n2n), (2.3)

acl
then (2.2) holds also for every closed set F.
Proof. Let A=4,, A=A, We have several cases:
(1) A(F)£0. This case is trivial.
(2) 0< A(F)< co. Let £>0 and introduce
H(Q)={x€E:{{,x)—¢({)>A(F)—¢e} (€E).

Then
Fc{xeE: A(x)>A(F)—¢}= U H(¢&).

¢eE’
Since F is o(E, E')-compact, there exist {,,..., &, in E’' such that

Fc .QIH(Q).

13

Now P{Y enF}

A
Ry

{Y,enH(E)}

Re"

{6 Yo >n(¢(C)+b)},

M= ipg=

12

A
=

I
-

where b= A(F)—s, e "N E exp £, YD

<kexp{—n(inf{¢(&)—n~'1ogE,exp<t, Y,>} +b)}.
By assumption (2.1),

limsup,n~'logsupP{Y,enF}< —b= —A(F)+e.
ael

Since ¢ is arbitrary, (2.2) follows.
(3) A(F)=o0. In this case, fix m >0 and consider

L) ={xeE: {&,x) —¢(&)>m}.
Then F < | ) L(¢), and proceeding as in (2) one obtains
.4

limsup,n~'logsupP{Y,enF} < —m.
ael
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Since m is arbitrary, (2.2) again follows. This completes the proof of (i).
To prove (ii) let >0 and let K, be a compact set satisfying (2.3). Then for
every closed set F

B{n"'Y,eF}=B{n ' Y,eK,nF}+ B {n"' Y,eKin F}
<2max(B{n'Y,eK,nF},B{n" ' Y,cKS})

and since K,nF is o(E, E')-compact we have by (i) and (2.3)

limsup,n~'logsupP{n~'Y,eF} <max{—A(K,nF), —a}
ael
<max{—A(F), —aj}.
Since a is arbitrary, (2.2) follows. [

Remark. As observed by Ellis [8] the argument of Theorem 2.1 is still valid if
{n} is replaced by a positive sequence {a,} with lim,a,=co.

3. An Integrability Theorem

A subset 4 of a vector space E is positively balanced if .xe A whenever xeA
and Ae[0,1]. Given a convex, positively balanced set A< E, its Minkowski
functional q 4 is defined by

g (xy=inf{A>0:xelA} (x€E)

(with the customary convention: inf¢= + o0). Then g,(x)<oco if and only if
xel J(nA), and g, is subadditive and positively homogeneous.

n

Theorem 3.1. Let E be a Hausdorff locally convex topological vector space, and
let Eq<E be a convex, positively balanced subset of E such that E, with the
relative topology is Polish. Let p: E,—»IR* be a measurable function such that

(a) p is subadditive and positively homogeneous,

(b) for every neighborhood V of 0 in E there exists ¢>0 such that
{xeE,:p(x)<e}cVNE,.

Let {p ,ael} be a family of probability measures on E such that

(1) p E))=1 for all ol and {y,, acl} is tight,

(2) for every t>0,

su?jexp(tp)dua< .

Then there exists a compact, convex, positively balanced subset K of E such

that
sup{exp(a)ds, <o,

For the proof of Theorem 3.1 we need
Lemma 3.2. Let 7,(t)=p, ({x: p(x)>t})eel, t>0). Then
lim sup(z,(£))}"=0.

t—~w acl
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Proof. Given £>0, choose a>0 so that e~?<s. Then for all ¢ >0,

T, (t)Se“[explap)dy,
<e “M, (independent of a by (2)).
Therefore
sup(t, ()" e M,

xel

limsupsup(z,(t)/'<e “<e. O

t—~ o ael

Proof of Theorem3.1. We will prove the following statement, which clearly
implies the conclusion: for every fe(0,1), there exists ¢>0 and a compact,
convex, positively balanced set K < E, such that

d({x:gqp(x) >t e forall o, allt>1. (3.1)

Choose f&(0,1). Set
o =10f{t>0:7,(6)<f™};

it follows that 7,(t,, ,)<f™. Let
B, ,={xeEq: p(x)=t,,}.
By (1), there exists a compact set K,,=E, such that
UK )< p™  for all «;

by the assumption on E, we may assume that K, is convex and positively
balanced (see e.g. [14], p. 50). We may also assume K, =K, for all m. Now
let

Am: U m‘ 1(1<mr\13m,az)’

ael

K =closed convex positively balanced hull of (| ) 4,,).
We claim that K is compact. To prove this, we first observe that
d,,=m~'(supt, )0 as m—oo. (3.2)
ael

In fact, given &>0, choose m, so that m; '/?<¢/2 and for all o, all t>md/?,

log /(¢ logz, (1) <&/2;
this is possible by Lemma 3.2. Let m>m,. If t,, ,/2>m"'/?, we have

T(tm,o/ 22 B
(Tn,o/2) 1087, (L5, o/2) 2 (8, ,/2)m 10g B,
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1
s ogh <82,

2
() toeraten, 2

L

m,a

<e.
m
On the other hand, if 7,, ,/2<m'/?, then
b 2
" §~——m1/2 <——mé/2 <E&.

Thus for m>m,, we have (supt,, ,)/m<e, proving (3.2). It follows that (U4, is
ael m
totally bounded; for, let ¥, ¢ be as in assumption (b). Choose m, so that d,<s

for mzm,. Then
Ud,=( 1) 4,)u( ) 4,)

m<mo m>mg
<K, vixeE,: p(x)<e}
<K, V(VAE,),
proving the total boundedness of ({ J4,). By the assumption on E,, it follows
that K is compact (see e.g. [14], p. 5'6), establishing the claim.
To conclude the proof we verify (3.1). Given t =1, let m=[t]. Then for all
< (%2 4 (9> 1) = 1, (LK)
= 4, (mK))
su, (K, N B, .))
S (K5 + Ty (6, o)
Spm+p=2p"

and since "1 < ' we have

H({x:gp0)>tH=@p~Hp. O

The following example, due to J. Rosinski [13], shows that the assumptions
of Theorem 3.1 cannot be easily relaxed.

Example 3.2. For every infinite dimensional normed linear space E, there exists
an E-valued random vector X such that E(exp|X|)<oo but E(expgy(X))=c0
for every compact, convex, balanced set K.

Proof. By the Riesz lemma (see e.g. [7], p. 578) there exists a sequence {x,} < E
such that |x,|=1 for all n and ||x,—x,| >1/2 for n+k. Let a,=logn, p,=cn™3,

where c is chosen so that ) p,=1.

n=1
Let X be an E-valued random vector such that:

P{X=a,x,}=p,.
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An easy computation shows: E(exp | X |)< co. On the other hand, the compact-
ness of K implies lim,gg(x,)=0o0 and it easily follows that E(expqg(X))
=c0. [

4. Vector Valued Functionals of a Markov Chain

We shall work with the canonical version of a Markov chain. That is, we take
the underlying measurable space to be S™ with the product o-algebra, where
(8, ) is a given measurable space, and {X ,j=0} are the coordinate maps; we
denote by &, the g-algebra generated by X, ..., X,. 0 is the shift operator on
SN that is, 6((x;);20)=(x));z;- The Markovian probability measure on S™
determined by the transition probability « and the initial distribution u will be
denoted F,; we write P,=F_for xeS and E, for the P-expectation functional.

We denote B(S) the Banach space of real-valued bounded measurable
functions defined on S, with the supremum norm |- | .

Theorem 4.1. Let M be a family of probability measures on S. Let E be a
Hausdorff locally convex topological vector space and let f: S—E be a measur-
able map such that for every écFE/,

Supje<5’f(y)>u(dy)< 0,
peM

sup [e<ST O n(x,d y) < oo.

xS

Let T;: B(S)— B(S) be defined by

(T,2)(x)=[K(x,dy) g(y)

where
KE_(X7 A)= je<63f(y)> n(x,dy).

4

n—1
Then if Y,= Y f(X) and E€E,
j=0
limsup,n~'logsupE,exp{¢, Y,> <logr(Ty), 4.1
neM

where r(T,) is the spectral radius of T..

Proof. First we need an expression for E exp{&, Y >. This is: for n=2,
E,exp{¢, Y, = [v(dx) e/ KE~D(x, 5), (4.2)

where K¢ is the m-fold composition power of the kernel K.

To prove (4.2) assume, inductively, that for a fixed n=2 and all initial
distributions v (4.2) holds.

Applying a suitable form of the Markov property (see, e.g., [12], p. 19), we

have
E,exp<l. Y, D=E,E {exp{{, Y, DI&,}

=E,exp{&.f(X o)) E,{exp{¢, Y, 0>F,}
=E,exp{{.f(Xo)) Ex, exp{&, Y,
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and by the inductive assumption
o =E, {expl&,f(Xo))expl& f(X ) K V(X ,, 8)}
=jV(dx) e<€,f(X)>je<§,f(y)> n(x,dy) th— 1)(y, S)
= [v(dx) eI &P K®(x,5).
Since (4.2) is immediate for n=2, this proves (4.2). Next, by (4.2)
E,exp<& Y,y gsug K& D(x, 8)[e¢570 u(d y)
=Ty~ 1 fet O u(dy),

(SupE, exp< & Y, )< | Ty~ 1| (sup [ eSO u(d y) ',
pueM peM

limsup,(sup E, exp<&, ¥, )" <lim, | T/ || "
ueM
=r(Ty)

by the spectral radius formula (see, e.g., [7], p. 567). This proves (4.1). [

For the statement of Theorem 4.2, let
(&) =logr(Ty) ((eE);
also, as in Sect. 2, we write
l(X)=§2Ep[<if,X>—¢(é)] (xeE),
A(4)y=1nf A{x) (A< E).

xe4
Theorem 4.2. Under the assumptions of Theorem 4.1, we have
(a) For every o(E, E")-compact subset F of E,
limsup,n~"logsup B {n~ ' Y,eF} < — A(F). (4.3)

pneM

(b) Let Ey and p be as in Theorem 3.1 and assume f(S)c E,. Assume also
(i) for every t>0,

supfexp{tp(f (1)} u(dy) <o,

He

Sugfexp{tp(f(y))} n(x,dy) < oo,

(i) {f(w):peM} and {n(x,f~'(+)): xeS} are tight.
Then (b,) for every closed set F c E, (4.3) holds,
{(b,) for every a=0, {xeE: A(x)<La} is compact.

Proof. (a) follows at once from Theorems 2.1(i} and 4.1. In order to prove (b,)
it is enough, by Theorem 2.1(ii), to show that condition (2.3) is satisfied. By
assumptions (i) and (i) and Theorem 3.1, there exists a compact, convex,
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positively balanced set K < E, such that

b, =supfexp{ax(f ()} u(dy)< oo,
ueM (4.4)
b, =Sug§exp{qK(f(y))} n(x,d y) < oo.

By the Markov property,
EuequK(Yn)éE exp{qg(Y, ) +ax(f(X,_ )}
=E,exp{qg(¥,_ )} fexp{gx(f O} (X, _5,dY)
<(E,exp{qx(Y,_)}) b,
and iterating we obtain, for all ue M,
EuequK(Yn)éblbg_l b,
where b=max{b,,b,}. Therefore, for y>0, ueM,
P{n"'Y,¢yK}=P{qe(Y,)>ny}
<e "E,expgg(Y,)
<exp{ —(y —logh)n}.

Given a>0, choose y=a+logh; then K,=yK satisfies (2.3). This completes the
proof of (b)).

Let a=0 and let F={x:A(x)<a}. We shall prove: there exists 0<c< o0
such that if xeF, then

(E,x><c  forall éeKP, (4.5)
where K®={¢eE": {£,x><1 for all xeK}, or equivalently,
¢~ txeK®°.
Since K°°=K by the bipolar theorem (see, e.g. [14], p. 126), it follows that

FccKk,
which proves (b,).
In order to establish (4.5), let

H(x,A)= :S exp(gg(f () m(x,dy),
(Tu)(x)=[u()H(x,dy) for ueB(S);
then by (4.4), T: B(S)—B(S) is a bounded operator. Also, if £eK°,
ESOD=ag(f ) axo(O) = ax(f () (veS)

and therefore
KP(x, AASH"(x,4) (nz1).
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It follows that for £eK?°,
r(Ty)=lim, | T7|*"
<lim, | T*|[*""=r(T).
Now for xeF, for all £eE’

& x)=a+logr(Ty,
so for €K,

& x>=Za+logr(T)=c,
proving (4.5). [

Remarks. (a) It is not difficult to formulate and prove a result extending
n—1

Theorem 4.2 to the case when Y, = Zf(Xj, X;,1), where f: SxS—E. We omit
the details. j=0

(b) In the case of R*valued functionals, sharper (that is, non-logarithmic)
large deviation bounds for convex sets will be studied in a forthcoming paper
by L Iscoe, P. Ney and E. Nummelin.

We will apply Theorem 4.2 to two situations: the case of partial sums of
independent, identically distributed random vectors and the case of occupation
times of Markov chains. In both cases we obtain new proofs of the upper
bound part of results of Donsker and Varadhan ([6], Theorems 4.4 and 5.3).

For the statement of Theorem 5.1, let

(&) =Jexp<& x) udx) ((eE),
Ax) =sup [(& x> —loga(d)]  (x€E),

A(A)= inf A(x) (A<E).

xeA

Theorem 4.3. Let E, E, and p be as in Theorem3.1. Let u be a probability
measure on E such that uW(E,)=1 and

fexp(tp)dp<oo  for all ¢>0.

Let {X,,j21} be a sequence of independent E-valued random vectors with ¥ (X P

=pu for all j, and let S, =) X ;. Then for every closed set F —E,
j=1

i=
limsup,n~logP{n=!S,eF} < —A(F). (4.6)
Also, for every a=0 {x:A(x)<a} is compact.

Proof. With obvious notational changes, the result follows from Theorem 4.2
by taking S=E,, f=Ids, M={u}, n(x,-)=u for all xeS. Observe also thaf,
trivially, r(T)=| T;| =A(). O

Remarks. (1) Theorem 4.3 is actually a slight generalization of Theorem 5.3 of
[6], which follows by taking (E,|-]) to be a separable Banach space, E,=E
and p=||-|.
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(2) Again assume that E is a separable Banach space. Let {y,}, p be
probability measures on E and assume that {u,} converges weakly to u. For
each nelN, let {X{:1<j<n} be an independent system with £ (X")=y,, and

let S¥= Z X%, Then (4.6) remains true with S, replaced by S¢ under the
=1
1ntegrab111ty condition: for all >0,

sup, fexp(t [1x1) u,(dx) < 0.

This fact may be easily proved using Theorems 2.1 and 3.1. It is the upper
bound part of a result proved by Chevet [4] for a sequence of Gaussian
measures and by Bolthausen [3] for general probability measures.

For the formulation of the next theorem, which is essentially Theorem 4.4
of [6] we recall some definitions in [6]: for a Polish space S, C,(S) is the
Banach space of real-valued bounded continuous functions defined on S, w1th

the supremum norm;
U, ={ueC,(S): infu(x)>0};
xeS

n is a Feller transition probability: if ueC,(S), then nueC,(S); for
ueMT(S), the space of probability measures on S (with the weak topology),

19 =sup {{log(u/md s,

pelly

I(A)=infI(y) (A=MMI(S));
ned
{L,} is the sequence of occupation times of the Markov chain {X ;}:
n—1
L, A)=n"13Y I,(X ().

i=0

Theorem 4.4. Let {X,,j=0} be a Markov chain with Polish state space S and
Feller transition probablllty n. Let M be a relatively compact subset of I (S).
Then

(a) For every compact subset F of I} (S),
limsup,n~'logsup P, {w: L (v, *)eF} < —I(F). 4.7
pneM
(b) If, furthermore, {n(x,*): xS} is tight, then

{(b,) for every closed subset}F of MF(S), (4.7) holds,
(b,) for every a=0, {ucIR{(S): I(u) <a} is compact.

Proof. We apply Theorem 4.2. Let f:-S—IR;(S) be defined by
f(x)=4d,;

then f is a continuous map and for all w,

n-—1 n—1
n~ 'Y (w)=n""! 'Zf(Xj((D))Z”_ ! v_zoéXj(m):Ln(w’ *)
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If E=9(S), the space of finite signed measure on § endowed with the weak
topology ¢(IR(S), C,(S)), then E'= C,(S); if {=¢, is the element of E' given by

ge C,(S), then
(& b,>=fgdd,=g(y) forall yeS.

It is well known that if E,=9*(S), the space of finite non-negative measures
on §, then E, satisfies the assumption of Theorem 3.1. Moreover, if p=|-|,,
the total variation norm, then p satisfies conditions (a) and (b) of Theorem 3.1
and p(f(y))=16,l,=1 for all yeSs.

Assertions (a) and (b) above will follow from statements (a) and (b) of
Theorem 4.2, respectively, if we prove: for all ueIR{(S),

I() = A(w), (4.8)

where 1 is as in the statement of Theorem 4.2, taking info account that
E'=C,(S); that is, 4 is the conjugate convex function of

p(g)=logr(Ty) (g€ Cy(S)).

We first prove I(p) <A(u). Let uell,. Since n is a Feller transition probabili-
ty, it follows that g=log(u/nu)e C,(S). We show next that v=ru is an eigenvec-
tor of T, associated to the eigenvalue 1. In fact, for all xe§,

(T,0) ()= ef¥ n(x,dy) v(y) =)o) v(¥) n(x,d y) = v(x). (4.9)

We claim now that
r(T)=1. (4.10)

For, since 1 is an eigenvalue of T,, obviously 1<r(T,). To prove the reverse
inequality, let a=info(x) (necessarily positive). It follows from (4.9) that if
T=T,, then xeS

v=T v=aT"l,

, ol zallT* 1] =1T"],
1=lim,(|lv]|/a)"" Zlim, | T"|*/*=r(T)

by the spectral radius formula (see, e.g, [7], p.567). This proves the claim
(4.10).
From (4.10) we have for pe®i7(S)

Jlog(w/nu)du=[gd p—logr(T) < A(w)

by the definition of A. Since ¥ may be arbitrarily chosen in M, it follows that

I(u)=sup {flog(u/mu)d i} < A(n).

uelly

Next we show that A(u)=<I(u). The following argument, which is more
general than our original ome, is taken from [15], p. 138. Given geC,(S).
a>logr(T), introduce

u=Y e~ T,

n=0
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Since | T 1| <||T;|, it follows from the spectral radius formula that the series
converges uniformly and uell,. Also,

nw(efuy=e(u—1).
Let v=e®u. Then vell, and
efu
flog(v/mv)dp=[log (ﬁ) —a

2fgdu—a.
It follows that
Iz fgdu-—logr(T),
and since ge C,(S) is arbitrary this implies I'(u) = A(u). Thus (4.8) is proved. [
Remarks. (1) The tightness assumption in (b) of Theorem 4.4, though very close

to Hypothesis (H*) in [6], p. 415, appears to be slightly stronger.

(2) Statement (5.1) improves slightly the statement in Theorem 4.4 of [6], in
which M is a (compact) set of point masses.

5. Sums of Exchangeable Random Vectors

Let B be a separable Banach space with Borel o-algebra B and let P be the
distribution on (BN, BY of an exchangeable sequence of B-valued random
vectors. By the general version of de Finetti’s theorem (see e.g. [5], p. 222, [11],
p. 151), there exist a probability space (M, v) and a transition probability u
on M x ‘B such that

P={ji,v(dy),

where fi, is the product measure on (BN, BN) will all marginals equal to Ky
For convenience, we shall take (X)), to be the sequence of coordinate

functions on (BN,B" P). We write S,= ) X, As an application of Theo-
rems 2.1 and 3.1, we obtain j=1

Theorem 5.1. Assume
(1) there exists a v-null set DeI such that {u,: yeD} is tight,
(2) for every t>0,
I fexp (e 1x]) sy @x)] o gyy < 00

Then (a) for every (€B,
lim,n~"log E exp<&, S,> = ¢ (&),

where $(&)=log | [exp({&,x)) sy (@X) ] Loy
(b) for every closed set F < B,

limsup,n~*logP{n"'S,eF} < — A(F),

where A(F)=infA(x) and 2 is the convex conjugate of ¢.

xeF
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(c) for every a=0, {xeB: A(x)Za} is compact.

Proof. (a)
Eexp{¢,S,»>=[v(dy)fexp(& S, dR,
=[v(dy){fexp({& xD)du,(x)}"

and therefore lim, (E exp(<Z, 5,))"" = [[exp(¢€, X)) e (d )] gy

(b) We will show that condition (2.3) of Theorem 2.1 is satisfied. Then the
statement follows from (a) and Theorem 2.1. By assumptions (1) and (2), there
exists a v-null set E‘€I such that {u :yeE} is tight and for every t>0,

sugjexp(t 1) py(d %) < 0.
ye
By Theorem 3.1, there exists a compact, convex, balanced set K such that

bzsugjexp(q,{)duy< 0.
ye
Then for y>0,
P{S,/n¢yK}=P{qx(S,)>ny}
<e™" Eexpgy(S,)
=e " [v(dy)fexpqg(S,)di,
E
Se ™ [v(dy)(fexp(gp)dp,)”
E
Se—nybn:e—n(y——logb).
Thus for given a>0, (2.3) is satisfied by choosing y=a+logh and K,=yK.

The proof of (¢) is similar to that of (b,) of Theorem 4.2. Let A(x)<a, (eK°.
Then

Exy=a+¢(d)
<a-+log| [exp(qx(2)) #y(d2)]| gy sinCE &, 2) < gy (2)
<a+logh=c.

Arguing as in the proof of (b,) of Theorem 4.2, it follows that
{x: A(x})Za}ccK. O

Remark. Of course, the case of sums of independent identically distributed B-
valued random vectors (Theorem 4.3) is also a corollary of Theorem 5.1.

Examples (1). Suppose that X; assumes only the values 0 and 1. Then by [10],
p- 204, there exists a probability measure v on [0,1] such that if x,({0})=1~y,
#y({1})=y, then

P={p,v(dy).

Theorem 5.1 applies and it is easily seen that for acIR,

_flog(1+S8(e*—1)) if 220
(@)= log(1+s(e*—1)) if a<O0,
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where S=sup(support(v)), s=inf(support(v)). The conjugate convex function A
may be easily computed in this case.
(2) Let u be a centered Gaussian measure on B with covariance

D m=[Endu (& neB).

For oeR*, let u, be the centered Gaussian measure with covariance o ®. Let v
be a probability measure on IR+ with compact support and define on (B, BY)

P={g,v(do).

By well-known facts about Gaussian measures, assumptions (1) and (2) are
satisfied and Theorem 5.1 applies. It is easily seen that

?(&)=(1/2)S (£, ),

where S=sup(support(v)). The conjugate convex function is therefore the
Cramér functional of the Gaussian measure pg (see [1]).
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