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Conditions for Optimality in Dynamic Programming
and for the Limit
of n-Stage Optimal Policies to Be Optimal

Manfred Schil

0. Introduction

The present work deals with a stationary decision model allowing the discount
factor to depend on the states of the system and of the selected actions. The
model includes as special case stationary models in the sense of Blackwell [2]
and Strauch [21]. However, the results of this paper generalize to non-stationary
non-Markovian decision models in the sense of Hinderer [6] (cp. [17]).

We impose a rather weak convergence condition (condition (C)) on the
expected total rewards thus including the negative (unbounded) case and the
discounted case.

The main purpose of the present paper is to give sufficient conditions for the
existence of an optimal policy and to interrelate the optimal total expected
rewards as well as the optimal actions of the model with infinite horizon and
those of the model with finite horizon N as N tends to infinity. The results of the
paper may be regarded as generalizations of results by Blackwell [2] Theorem 7b,
Strauch [21] Theorem 9.1, Maitra [ 11], Hinderer [6] Theorem 17.12, Hinderer [7]
Theorem 4.2, Furukawa [5] Theorem 4.2, [16] Theorem 7.2. In particular, it
turns out that the results by Maitra and Furukawa proved for the discounted
case carry over to the negative case.

The analysis of this paper is based on some results on set-valued mappings,
upper semi-continuous functions, measurable selections, and topologies on spaces
of probability measures presented in Sections 9-12 and 14.

1. The Decision Model

The background for a theory of dynamic programming may be provided by a
decision model which is given by a tupel ((S, S), (4, A), D, g, B, ¥} of the following
meaning:

(i) (S, ©) stands for the state space and is assumed to be a standard Borel space,
Le. S is a non-empty Borel subset of a Polish (complete, separable, metric) space
and & is the system of all Borel subsets of S.

(i1) (A, N) is the action space and is assumed to be a standard Borel space.
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(iii) D: S— P'(4), where P'(A4) denotes the set of all non-empty subsets of A,
specifies the set of all admissible actions D(s) if the system is in state s. We assume

(2.1) K={(s,a)eS x A; aeD(s)}

is an ©® UA-measurable set and contains the graph of a measurable map of §
into A4*.

(iv) The so-called transition law q is a transition probability g: K—2(S)>.
q(s, a; ) is the distribution of the state next visited by the system if the system is in
state s and the action a is taken.

(v) B is a bounded measurable function of K x S into the set of the non-negative
real numbers and can be interpreted as a discount factor.

(vi) The reward function r: K x S—IR * is a measurable function bounded from
above.

Given that we have experienced the history (s, a;, ..., s,, ), we will receive
for period n the discounted reward

1Sy, Gy - oes Suu )= P(S15 a1, 55) - B, 15y _155)7(Sy Ay S, 1)

(especially r, =r). Models where the discount factor is not constant arise from’
semi-Markov processes as well as from stopping problems. When dealing with
stopping problems, we may write A=A, U A, where fi(s, a,s)=0, 5, s'eS, if and
only if ae A, i.e. A, is the set of terminal actions.

We write H, =S, H,, ;=K x H,, neN*. As usual, a randomized policy n=(r,)
is defined as a sequence of transition probabilities x,: H,—%(A) such that
7, (S;, g5 .05 S,5 *) assigns probability one to D(s,) for any (s, a;, ..., s,)€ H,, neN.
We write 4 for the set of all randomized policies and D® for the set of all decision

functions, ie.  ps_ {f:f:(S, ©)—(A, W), f(s)eD(s) for seS}.

A Markov policy is a sequence (f,) where f,eD’, neIN. A stationary policy is a
Markov policy ( f,) where f, = f is independent of n. For such a policy we write /.
We may look at the set of all Markov policies as a subset of 4. When dealing
with models with finite horizon n we have to specify only f,, ..., f, and we will call
(f;».--»f,) where f,eD®, 1<i<n, an n-stage Markov policy. Given some initial
distribution pe 2(S), the transition law and a policy n define a probability measure
P, on the product space S x A x Sx Ax - endowed with the product s-algebra
and thus a random process ({, %, {,, ,, ...) (cp. Hinderer [6] p. 80) where {, and
«, denote the projection from Sx 4 x --- onto the n-th state space and the n-th
action space, respectively, i.e. the random variables {, and o, describe the state
of the system and the action at time a. In this paper we are concerned only with
the conditional distributions P.(+|{,) which are given by g and n and are independent
of p. Therefore we can dispense with an initial distribution p.

We remark that a Bayesian decision model may be reduced to a decision
model as defined above (cp. Rieder [13]).

cp. Remark 13.1.
For any measurable space (S, ), let 2(S) denote the set of all probability measures on &.
We use R (R] to denote the set of all real numbers [augmented by the point — oo, respectively].

1
2
3
* Let N denote the set of the positive integers.
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2. The Total Expected Rewards

In order that the total expected rewards are well defined, we have to impose
some convergence assumption. Define

L=k [T ri]

u, =sup, I (m).

and

Throughout the paper we make the following
General assumption (GA). u_ (s)< 0, seS§.

As has been shown in Hinderer [6], the total rewards
Ri=>'r, meN, neN or n=00,

where R} =0 for n<m, exist a.s. with respect to E(-|(;) for any policy 7 and the
following functions are well defined

I(m)=E [RP((],  L(m)=E[R{|(,], ned, nelN,
w*=sup,_,I(n), u,=sup,_, 1 (n), neN, u,=0,

u,=lim,  _u

n—o0 Tn"

For the main results of this paper, it is necessary to impose a stronger convergence
condition (condition (C) below) than the general assumption. For the formulation
of this condition we have to generalize the notions of I (n) and u, and define

Imn(TC)=En[R:ln|Cl], TCEA, Upn = SUD ey Imn(n)’

U, =lim,  _u Zyy=SUP, Uy g g

n— oo 'mn?

Then I (m)=1,(n), u, ,=u,, u, ,=u,. Further, it is to be noticed that z,>
u =(. With these preparations we are now in a position to introduce

m+1,m
Condition (C). z,,(s)— 0 as m—co, seS.

Let us discuss the general assumption (GA) and condition (C) in the following
cases.

Negative case. r <0.
Discounted case. f=|f|| <1, 7= |r|| < oo °.
Positive case. r=0.

In the negative case, we have u, =0=z, for neN. Thus (GA) and (C) hold.
In the discounted case, we have u, <7/(1—f) and z,<B"-7/(1— ). Thus (GA)
and (C) hold. We remark that (GA) and (C) still hold if f<1 and ||#* || < 0. In the
positive case, (C) coincides with condition (C*) in Hinderer [7] (and with condition
(B) in [16] as well as with condition (N,) in [15]), i.e. (GA) and (C) hold if and

* For an extended real number ¢ we write ¢+ =max (0, +c¢).
® We write ||u)| =sup, ,|u(x)| for any extended real valued function u defined on any set X.
13*
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only if sup,.,E,.[R°|{,1-0 as n—oo.

In general however, (C) may be derived from (C*).
The following inequalities are obvious from the definitions.

2.1 w<u_., u,<u_.
(2.2) Up iy 0 SZ,SU .
(2.3) u,<d,+u, ; ,Su,+z,, mIn.

For later use we note that

2.4 I(m)—I(n) as n— oo,

(2.5) w*<u,.

The relation (2.4) is a consequence of the general assumption. From (2.4) and the

relation I,(n)<u, we conclude that I(z)<u_ for any ne4 and (2.5) is proved.

3. The Operators L and U

For any u: §— R such that the following expressions are defined, we set
Lu(s, a)={ q(s, a; ds)[r(s, a,s') + B(s, a, ) u(s’)], aeD(s),
L, u(s)=Lu(s,f(s), feD?,
Uu(s)=sup, p, Luls,a), seS.

If  is replaced by 0, we write L and U instead of L and U, respectively. Further,
if 7 is replaced by r*, we write U, instead of U. We use ¢ to denote the set of all
universally measurable functions u: S—IR such that u<u_ . It is easily seen that

(3.1) L u+v)=L,u+Lv,  feD’ uves, neN,
(32) Tj’fU:Efw[ﬁ(Cl’ a15 gz) ,B(C,,, (xm C)H—l) U(Cn+1)I£1]'

If I u and i’}v are not universally measurable for any 1<m<n, then we cannot
define I';u and L’;v inductively. In this case we define I';v through (3.2) and
Ij'fuzlf'f0+fj’f»u, By use of the operator L we can write

3.3) ' L I(f*)=I(f*),
(3.4) L,0=1(f®), feD".

Now we list some optimality equations which are easily derived from the results
in Hinderer [6, 7].

(3.5) u,ef, u,=U_ u_,
(3.6) u*e ¢, u*=Uu*,
3.7 u,ef, u,=Uu, ,=U"0,

(38) umnef’ um+1,n+1=ﬁumn'
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From (3.5) we obtain
(3.9) LusOusU, ugu,,

(3.10) L,us<UusU_ ugu,, for uef, feD.

4. The Function u

Lemma 4.1. Let (c,) be a sequence of extended real numbers and (e,) a sequence
of non-negative numbers with &, —0. If ¢, <c, +¢, for nzm, then lim c, exists.

Proof. From sup,, ,, ¢, < ¢, +¢, we conclude that

n—"m
lim,, sup,. ¢, <limc, +lime,,.
Hence lim ¢, <limc,. [
As a consequence of Lemma 4.1 and (2.3) we obtain

Theorem 4.2. Assume (C). Then lim,u,=u_ exists.

e8]

Thus, in view of (3.7), we have under condition (C)
(4.1) u,, =lim, U"0.

We need the following generalization of the dominated and monotone con-
vergence theorems.

Lemma 4.3. Suppose there is given a measure p on (S, ©), a sequence of extended
real valued measurable functions v, on S and a sequence of non-negative functions
g, on S with g, »0. If v,<g, 6,<g for some p-integrable function g and v,<v, +¢,
for n=m, then lim, (v, dp and lim, v, exist and

lim, v, du={lim, v, dpu.

Proof. From the dominated convergence theorem we conclude that j"en du—0.
Thus v,(s), s€S, and [v,dyu satisfy the condition of Lemma 4.1 and the existence
of the limits is proved. Upon setting 7, =sup,, ,v,, we obtain v, <7, <v,+¢, and
hence {v,du<[v,dp< v, du+ [ e,du. The passage to the limit yields lim {v, du=
lim [,dp. Finally the monotone convergence theorem implies lim |7, du=
{limg,dp=(limy,du. 0O

Theorem 4.4. Assume (C). Then

44.1. lim,Lu,=Lu_,
442. Uu, <u_,
4.4.3. fj‘fuw SU e
Proof. The first assertion can be derived from Lemma 4.3 where u=4(s, a; ),
v,=Hs,a,)+pls,a,")u, e,=p(s,a,-)z, g=r"(s,a,+)+p(s,a,-)u, for some fixed
(s, a)e K. By (2.2), (2.3), and (3.5), the conditions of Lemma 4.3 are satisfied. Now
Uu,(s)=sup,.p, lim, Lu,(s, a)
<lim, sup,_p, Lu,(s, a)=lim, Uu,(s)
=lim,u, ,(s)=u_(s),

where use is made of (3.7).
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The third relation may be proved by similar arguments. We remark that i"f u,
may be regarded as the optimal reward in a certain non-stationary decision
model and hence is universally measurable. Consequently I, u =lim,, I u, € f[}

5. Criterion of Optimality

In the present paper we are concerned with the following concept of optimality:
A policy ne A will be called optimal if I(n)=u*.

Lemma 5.1. Let be ue ¢ and feD® such that u=L u. Then

u=In(f°°)+i"fu.

Proof. The assertion follows from (3.1) and (3.4). [I

The following theorem yields a slight modification of the criteria of optimality
given by Hordijk [8] and Rieder [14].

Theorem 5.2. Let be feD®.

5.2.1. The following statements are equivalent.

() f is optimal and u_=u*.
(ii) Ly u, =u, and lim, I, u  <O0.
(i) L, u,,=u,, and limni”f u,=0o0n{s;u, >—o0}.
5.2.2. The following statements are equivalent.
(1) £ is optimal.
(i) L u*=u* and lim,, L', u* 0. -

(iii) L, u*=u* and limni"fu*=0 on {s;u*> —o}.

Proof. Since the two parts of this theorem have similar proofs, only that of
Part1 is given here.NThe implication “(i) = (ii)” is a consequence of (3.3) and the
fact that I, I(f )<L 1, (f*)—0. The implication “(i) = (iii)” follows from (3.3),
Lemma 5.1 and (2.4). For a proof of “(ii) = (i)” we again use Lemma 5.1 and (2.4)
and we obtain u_<I(f®). On the other hand we have by (2.5) I(f*)Su*<u,.

For a proof of “(iii) = (i)” we use the same arguments and obtain I(f®)=u*=u_,
on {s;u,_>—o0}. On {s;u, = — oo} these identities trivially hold. 1[I

As a consequence of Theorem 5.2 and Theorem 4.4.3 combined with (2.2)
and (2.5) we obtain

Theorem 5.3. Assume (C) and let be feD5.
5.3.1. f= is optimal and u, =u* if and only if L u, =u,.
5.3.2. f* is optimal if and only if L u*=u*.

Remark 5.4. By Theorem 4.4.2 and (3.6) we have for any feD® (at least if (@)
hold): Lyu, Su,, L u*Su*.

Remark 5.5. Dubins and Savage in Chapter 3 of [4] gave necessary and
sufficient conditions that a strategy be optimal. In their terminology optimality
is equivalent to being “thrifty” and “equalizing”. Their results were applied by
Blackwell to dynamic programming in [3] and were extended somewhat by
Sudderth in [22]. Roughly, a strategy or policy is “thrifty” if it (almost) always
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selects actions which achieve the supremum in the optimality equation. It is
“equalizing” if it ultimately forces the system into states from which little future
gain can be made. Condition (C) of the present paper guarantees that all policies
are equalizing. Thus, in view of (3.2), Theorem 5.2 and Theorem 5.3 are close
cousins to Theorem 3.9.6 in [4].

6. The Sets of Optimal Actions

Let us write
I'*(s)={aeD(s); Lu*(s, a)=sup, . p, Lu*(s, a)}.

Then ael*(s) if and only if Lu*(s,a)=Uu*(s)=u*(s). Thus we can rewrite
Theorem 5.3.2 as

Corollary 6.1. Assume (C) and let feDS. Then f* is optimal if and only if
f(s)el*(s), seS.
The corresponding result for a model with finite horizon is the following where
we write
I(s)={aeD(s); Lu, ,(s,a)= SUPy e Ltt, 4 (s, a)}.

Corollary 6.2. Let be f,, ..., f,e D%, neN. Then
L((fofomts s S))=1,, m=1L...n

8l (s), seS, m=1,...,n.

if and only if

Corollary 6.2 can be proved by induction or, since any model with finite horizon
is a special non-stationary model, it may be derived from Theorem 5.3 by use of
the transformation described in § 8 below.

I'*(s) may be regarded as the set of optimal actions for the model with infinite
horizon if the system is in state s. [)(s) may be interpreted as the set of optimal
actions if the system is in state s and we terminate after n periods. In order to
describe the behaviour of I, as n—o0, let us define for any sequence of subsets
C, of 4 (cp. Kuratowski [9])

Ls, C,={acA4; ais accumulation point of some sequence (a,)

6. with a,eC,, neN}’
and
(6.2) I (s)=Ls,[(s), seS.

In particular, Ls, {a,} is the set of all accumulation points of the sequence (a,)
where a,e A4, neN.

7. The Basic Statements

The purpose of the present paper is to give sufficient conditions for the following
statements.

Statement I u_ (s)=u*(s), seS.
Statement II I (s) = I'™*(s), seS.

7 This definition makes sense for an arbitrary topological space 4.
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Statement 111 There is a stationary optimal policy f* with
fel (s), seS.
Referring to (4.1), Statement I implies that under condition (C)
u*=lim,U"0,

i.e. u* may be calculated by value iteration. Certainly, another consequence of
Statement I is that the optimal total expected reward for the model with finite
horizon n tends to the optimal total expected reward for the infinite horizon
model. It is known that Statement I is true in the discounted and in the positive
case (or more generally in case (C~) in the terminology of Hinderer [7], cp. ibid.
Theorem 3.5). In the negative case, however, Statement I may fail as has been
shown by Strauch [21] (cp. ibid. Example 6.1 or Example 7.1 below).

Statement II implies that the actions which are optimal for the model with
finite horizon n may approximately be regarded as optimal for the infinite horizon
model if n is large. If D(s) is compact, then I (s) = I'*(s) is equivalent to the following
statement. For any neighbourhood G of I'*(s), there is some nyeIN such that
L(s)cGfor nzn,.

Now suppose that for any seS D(s) is compact and for any meNN there is some
f,eD5 such that the n-stage Markov policy (f,,f,_,,....f;) is optimal with
respect to the model with horizon n for neN, ie. f, (s)el (s), seS, meN.If 4 is a
subset of the real line, then we can conclude from Statement IT that f* where
f=limf, or f=limf, is optimal for the infinite horizon model. If there is one and
only one optimal policy f*® for the infinite horizon model, then f{(s) is the only
element of I'*(s) and Statement II implies that lim, f,(s)= f(s), s€S.

Example 7.1. Let there be given a sequence of functions (6,) on 4 such that
3,=0=08,28,26,=andchoose S=A4 x N, D(s)=4,s€8,q((t, 1), a; {(a,2)}) =1,
q((t, k), a; {(t. k+ D})=1,ted, k=22, f=1,

r(s, a,8y=r(s)=0,(t)—9,_,(t) for s=(t,k)eS.

It is clear from these definitions that I (s)=I"*(s)=A4 and u_(s)=u*(s) for s=(z, k)
where k=2. Hence, the only interesting states are S,={(t,1);teA}. A little
consideration shows that for se§,;

u,(s)=sup,_, 9,(a), IL(s)={a;é,(a)=sup,,90,(a)},
u*(s)=sup,.40.,(a), I*(s)={a;0(a)=sup, ,9,(a)}

where 6, =limd,.

Now set 4=[0,2], 6 (a)=b for a=0 and 1/n<a<l, §,(a)=c, for 0<a=<l1/n,
ofay=dfor1<a<2,n=2, whereb, c,,d are real numbers with0=c,>c, >d=b.
Set ¢, =limc, Then for seS; u,(s)=c,, u, (s)=c,, L(s)=(0,1/n], I ,(s)={0},
6, (@=>bfor 0<a<]l, 6 (a)=d for 12a<2, u*(s)=d. If b<d then I'*(s)=[1, 2],
if b=d then I'*(s)=[0, 2]. Further, u_ =u* if and only if ¢, =d. Thus the following
four cases are possible.

Case 1: Statement I fails, Statement 11 fails (¢ >d > b).

Case 2: Statement I holds, Statement II fails (¢, =d > b).
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Case 3: Statement I fails, Statement II holds (¢, >d =b).
Case 4: Statement I holds, Statement IT holds (¢ ,=d=b).

The next remark concerns Statement III. If the infinite horizon model is
used as approximation of a model with finite horizon n where n is large, then only
those optimal policies /© may be admitted that satisfy the condition f(s)el_(s),
seS. Finally we note that Statement I1I implies that »* is Borel-measurable since
I(n) is Borel-measurable for any neA.

8. Non-Stationary Decision Models

A non-stationary Markovian decision model is given by a tupel ((S,, €,),
(A,, ), D,, q,, B,, r,; neN) of the following meaning: S, and A, stand for the
state space and the action space at time n, respectively. D, specifies the set of all
admissible actions at time n. g,(s,a;-) is the distribution of {,,; given {,=s, o, =a.
B, and r, are the discount factor and the reward function for period n, respectively.
Given the history (s, a;, ..., s, )€S; x A; X ---x S, ;, one will receive for period
n the discounted reward B, (s, a;, 5)... 0, _1(S, 1>y 1>5) 7S, Q> S 1)

The purpose of this section is to show that every non-stationary problem can
be reformulated so as to be stationary (cp. also Dubins and Savage [4] Chap. 12.2).

For a given non-stationary model define S={(s, n); seS,, neN}, S=
{B=S;{s;(s, nNeB}e @, for all neN}, A={(a, n); ac A4,, neN}, A through (A
as € through (S,), D((s, n))=D,(s)x {n}, B((s, n)), (a, n), (', W)=B,(s, a, §) for
n' =n+1 and =0 otherwise, r((s, n), (a, n), (5, n))=r(s, a s) for w=n+1and =0
otherwise, and let ¢((s, n), (a, n); -) assign probability one to S, ; x {n+ 1} with the
marginal distribution of the first coordinate being g, (s, a; *) for (s, a)e K.

Stationary policies (resp. optimal stationary policies) in this stationary model
correspond in an obvious way to Markov policies (resp. strongly optimal Markov
policies in the sense of Hinderer [6] p. 132) in the original model.

For readers which are particularly interested in non-stationary decision models,
non-stationary versions of the present paper are available for distribution.

9. Set-Valued Mappings

Throughout this section, (S, &) is allowed to be any measurable space and
(4, p) may be any separable metric space. We use €(A) to denote the set of all non-
empty compact subsets of 4. One may introduce a metric on €(A4) —the Hausdorff
metric —that is for any C, C'e€(4)

d(C, C')=max(sup..c plc, C'), sup, ¢ p(c’, C))

(cp. Kuratowski [9], 21 VII). We write C,—C if d(C,, C)—0. The Hausdorff
metric was probably first used in stochastic optimization problems by Dubins
and Savage in Section 2.16 of [4].

Proposition 9.1. 9.1.1. (€(A), d) is a separable metric space. (If A" is a countable
dense subset of A, then the set of all finite subsets of A’ is dense in €(A).)

9.1.2. If (4, p) is locally compact, so is (€(A), d).
The proof follows from Michael [ 12] Theorems 3.3, 3.6, 4.5, 4.9.
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A mapping ¢: S—C(A) is called measurable if it is measurable with respect to
the o-algebra of Borel subsets of (€(A), d).
A mapping ¢: S—€(A4) is called separable (with separating set A') if

(i) A contains a countable dense subset A’ such that A’ ¢(s) is dense in
o(s), se8.

@) {s; p(s)3a}eS, acA.

Proposition 9.2. If ¢: S—C(A) is measurable, then {(s, a); ac ¢(s)} is a (product-)
measurable subset of S x A.

The proof can be found in Furukawa [5] Lemma 3.1.

Proposition 9.3. Every separable mapping ¢:S—€(A) (with separating set A’)
is measurable.

For a proof it is sufficient to observe that
{8;d(0(5), C)<0Y=penr. pta.cy<s {5 a€0(s)}  for Ce€(4), 6>0.

Proposition 9.4. ¢ :S—C(A) is measurable if and only if @ is the limit of a sequence
of separable mappings.

Proof. The “if” direction can be deduced from Proposition 9.3 above and
from Kuratowski [9] 31 VIII Theorem 1. Now suppose that ¢ is measurable.
From Proposition 9.1.1 and Kuratowski [97 31 VIII Theorem 3, we conclude that
there is a sequence of measurable mappings ¢ :S—E(A) taking on only countably
many values with ¢,(s) = ¢(s), seS. By virtue of the separability of 4 and Pro-
position 9.2, it is easily seen that the mappings ¢, are separable. [

For the remainder of this section, suppose that S is a topological space and &
is the g-algebra of Borel subsets of S.

A mapping ¢:S—C€(A4) is called upper semi-continuous (u.s.c.), if for each
open G < A the set {s; ¢(s)< G} is open in S® (cp. Kuratowski [9] 18 I).

We note that ¢ is us.c. if and only if for any seS and for any open G containing
o(s) there is a neighbourhood H of s such that ¢(H)cG (cp. Kuratowski [9]
18 III Theorem 3).

Proposition 9.5. Suppose that A is a locally compact separable metric space and
@:S—>C(A) is u.s.c. Then ¢ is measurable.

Proof. By the one-point-compactification theorem of Alexandrov, we may
assume A to be an open subset of some compact metric space A. Then €(A4) is an
open subset of €(4) and ¢ may be regarded as an us.c. mapping @:S—E(A).
From Kuratowski [10] 43 VII Theorem 1 we know that ¢:S—E(A) is measurable.
Hence ¢:S—€(A) is measurable. ]

Remark 9.6. Proposition 9.5 remains true if the condition that A is locally
compact is replaced by the following: S admits a measurable partition S=/JS,
such that { ), s ¢(s) is relatively compact.

8 This definition makes sense for an arbitrary topological space A.
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10. Upper Semi-Continuous Functions

Throughout this section, S and A are allowed to be any topological spaces.
We use %(A) to denote the set of all bounded continuous functions u: 4—>R and
@(A) to denote the set of all upper semicontinuous functions u: A—R which are
bounded from above. If ve®@(A) and A is countably compact®, then v attains its
supremum on A. If 4 is a metric space, then we know from the theorem of Baire
that ve@(A) if and only if v is the limit of some non-increasing sequence of functions
v,€%(A). The following result is basic for this paper.

Proposition 10.1. Let (w,) be a sequence of functions w"efg (4) and let (¢,) be a
sequence of non-negative numbers converging to zero such that w,(a})<w,(a)+
g, m<n, ac A.'° Then
10.1.1. w_ =lim w, exists and w_€c%(A),

10.1.2. Ls, W,c W, where W,={ac A; w,(a)=sup, w,}, neN or n= 0,

10.1.3. lim, sup, w,=sup , lim, w, provided that A is countably compact or more
generally that Ls W, is not empty.

Proof. The existence of w_, follows from Lemma 4.1. From the relation
{a;w @)<r}=),n{a;w@+e,<r}, reR,

we infer that wwe(g(A). Since sup w,<sup w,,+¢,, m=n, we further know that
lim, sup, w, exists and lim, sup, w,=sup, lim, w,=sup, w_. Now suppose that
a,cLs W, ie. there is some sequence (a,) with a, € W, such that g, is an accumula-
tion point of (a,). Without loss of generality we may assume that sup, w_ > — 0.
Otherwise we have W_ = A. Now choose some M <lim, sup, w,. Thensup , w,> M,
nzn,, for some nye N. Hence W, < {a; w (@)= M}, n=n,. For n=mz=n, we have
w(a)zw,(a)—¢,=M—¢,. Since {acAd; w, (a)=M —e¢,} is closed, we infer that
w,(a,)=M —¢,. From the obvious passage to the limit we obtain w_(a,)=M for
any M <lim, sup, w,. Thus w_(a,)=lim, sup, w,=sup, w_=w_(a,) and we
realize that equality holds throughout. []

We need the following generalization of results by Dubins and Savage [4]
Lemma 2.16.7, Maitra [11] Lemma 3.4, Hinderer [6] Lemma 5.10.

Proposition 10.2. Let S and A be any topological spaces and ¢:S—€(A) be u.s.c.
Letbe ve€(P) where d={(s, a); acp(s)} is endowed withAthe relativization of the
product topology and set v*(s)=max,_,, v(s, a). Then v*€%(S).

Proof. We have to show that for a fixed reR and a fixed se V={s'; v*(s)<r}
there is a neighbourhood X of s such that X < V. Since (s, -) attains its supremum
on ¢(s), we can rewrite se Vas v(s, a) <r for ac @(s). Thus se Vimplies that there are
open neighbourhoods H, and G, of s and ae ¢(s), respectively, such that v<r on
H,xG,n®. As ¢(s) is compact there is a finite subset F of ¢(s) such that ¢(s)c
User G, Set G=,.r G, Hp= ooy H,, Hz=1{5; ¢(s)=G}, and X=H,nH,.
From the semi-continuity of ¢ we conclude that H; and hence X are open. Now
v<ron X xGNn®=XxAnd. Thus X<V. []

® For a definition cp. Ash [1] p. 384.
Y9 If (w,) is non-increasing, we may choose ¢,=0. If (w,) is uniformly convergent, we may choose
&, =3UD,, > , |t — [l
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11. The Set of Functions 2(S x 4)

Throughout this section, (S, &) may be any measurable space and (4, p) may
be any separable metric space endowed with the g-algebra of Borels subsets of A.
We use 4(S) to denote the set of all bounded measurable functions u: S—>IR and
2(S) to denote the set of all measurable functions u: S—IR which are bounded
from above. Further, we introduce the following sets of functions

(11.1) 2(S x A)={veB(Sx A); v(s,)e¥(A), se S},
(11.2) 2(Sx A)={veB(S x A); v is the limit of some non-increasing sequence of
functions v,€2(S x 4)}.

Remark 11.1. If ue 2(S x A), then u(s, -)e%(A), s€S.

_ Remark112. If S is a metric space then the theorem of Baire implies that
B(Sx A)cI(S x A).

Remark 1 1.3. If (v,) is a non-increasing sequence of functions une,@(SxA),
then limv, € 2(5 x A4).

Remark 11.4. Since A is separable, it may be shown that ue 2(S x A) if and only
if u is bounded and u(-, a)e #(S), ac A, u(s, ) €(A), seS.

Remark 11.5. If u: S x A— R is bounded from above and if
(11.3) u(+, a)e#B(S), acA,

(11.4) lim L Ul a)=lim u(s, d)=u(s,a), seS§, acAd,

a a’'—a.a’ed’

where A’ is some countable dense subset of A4, then ue 2(S x A). This fact follows
from the proof of

Proposition 11.6. Let ¢: S—€(A) be a separable mapping with separating set A’
and set @={(s, a)eSx A;acp(s)}. Let u: ® >R be bounded from above. Suppose
that u(-, a) is measurable on {s; p(s)3a}, ac A, and

woa (s, a)=lim, , u(s, dY=u(s,a), aeep(s), ses.
a’e@(s) a’'e A ne(s)
Then u admits an extension 01€2(S x A). Such an extension is given by setting

i=—owoonSxA4—9.

lim

Proof. Set fi=u on @ and fi=—o0 on Sx A—®. Then #i has the properties
(11.3) and (11.4). As there is an order-preserving homeomorphism of R and [0, 1),
it is sufficient to show that any function ii: S x A—[0, 1) enjoying the properties
(11.3) and (11.4) is an element of 2(S x A). Set v,(s, a)=sup, _, {&(s, a)—np(d, a)}.
As, by (11.4), a(s, -}e%(A), seS, we know from the proof of the theorem of Baire
(cp. Ash [1] p. 390) that v, 2 v, , v,(s, * )€€ (A), lim v, =11 From (11.4) we conclude
that v,(s, @)=sup,._, {8(s,a)—np(a,a)}. Thus, by (11.3), v,eZ%(Sx A) which
implies that v,€2(Sx 4). [

12. Selection Theorem

In this section, we shall list some results proved in [18]. Again, (S, ©) may be
any measurable space and 4 may be any separable metric space.
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Theorem 12.1. Let be uc 2(S x A) and let ¢: S—€(A) be measurable. Then there
is a measurable mapping f: S A such that f(s)e @(s) and

u(s, f(s))=max,,, u(s,a), seS.

In view of Proposition 9.4, this result is Theorem 2 in [ 18].

Proposition 12.2. Let (f,) be a sequence of measurable mappings f,: S—A and
¢: S—C(A) any mapping with f (s)e@(s), s€S. Then there is measurable mapping
f:S— A such that

f(s)eLs,_ Af,(5)}cols), seS.
This is Lemma 4 in [18].

13. Proof of the Basic Statements

The proof of Statements I-111 can be carried through with aid of

Condition (A).
(A1) D(S)=C€(A4) and D: S—>C(A) is measurable,
(A2) Lu, _, admits an extension vneo@(S x A), neN.

Remark 13.1. The measurability condition in (A 1) implies that the condition
(2.1) imposed in the definition of the decision model is satisfied. This may be seen
from Proposition 9.2 and Theorem 12.1.

In Section 15 and 16 we shall give sufficient conditions (condition (S) and
condition (W)) for (A) about D, g, §, and r.

Lemma 13.2. Assume (A). There exist f,eD®, neN, such that f,(s)eL(s), seS,
nelN, ie. (f,....f,) is an optimal n-stage Markov policy for the decision model with
horizon n, neN. '

Proof. From Theorem 12.1 we know that there are f,€ D® such that v,(s, f,(s))=
max,_p . U,(5, a). Because of v,[,=Lu, ,, it will be found that f (s)el(s), s€S,
nelN. In view of Corollary 6.2, the proof is complete. []

Theorem 13.3, The basic Statements1, 11, III are valid under conditions (C)
and (A).

Proof. For an arlzitrary fixed seS, set w,(a)=Lu,_ (s, a), acD(s). Then by
condition (A2), w,e%(D(s)). Further, we infer that w,<w, +z,(s), m=<n, from
the following inequalities

Lun-‘l é]"‘(um-«l—f_um,n——l)él‘um——l +[jum,n--1
=Lu

where use is made of (2.3), (3.1), (3.9), and (3.8). Now Proposition 10.1.3 applies
and we obtain

+um+1,n§Lum--1 +Zm

m--1

(13.1) SUP,p(s lim, w,(a)=lim, sup,_p,, w,(a).
From (3.7) and Theorem 4.4.1 we know that
SUPuepey Wal@=Uu, _(s)=u,(s),

lim,w, (a)=Lu_(s,a), aeD(s).
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Now we can rewrite (13.1) as

(13.2) Uu_(s)=u,(s).

Hence an appeal to Proposition 10.1.2 shows that

(13.3) Ls, I (s) = {aeD(s); Lu (s, a)=u_(s)}.

Let I''(s) denote the set on the right-hand side of (13.3). By Lemma 13.2, there are
f,eD®, neN, with f,(s)el (s), seS, neN. In view of Proposition 12.2, there exists
some feD5 with

(13.4) f(s)eLs, {f.(s)} =Ls, I(s)=TI,(s), seS.
Now, appealing to (13.3), we have L, u, =u,. Combining this result with Theo-
rem 5.3.1, Statement I and the first part of Statement III are proved. The second

part follows from (13.4). From Statement I we conclude that I'"=I"*. Now State-
ment IT is a consequence of (13.3). [

14. Topologies on Spaces of Probabilities

Throughout this section, (S, ©) may be any measurable space and A may be
any topological space, unless otherwise indicated. 2(S), the set of probability
measures on &, may be endowed with the s-topology or with the w-topology
(weak topology) in the following ways.

A mapping u: A—-2(S) will be called s-continuous if a— [v(s)u(a; ds) is
continuous for any ve (S).

_ Proposition 14.1. Assume A 1o be a separable metric space. If ve 2(S x A) (resp.
9(S x A)) and if u: A—P(S) is s-continuous, then the function

a— [uls, @) pla; ds)
is an element of €(A) (resp. €(4)).

Now suppose that S is a topological space and & is the system of Borel subsets
of S.

A mapping p: A—2P(S) will be called w-continuous if a— [v(s)u(a; ds) is
continuous for any ve%(S).

Proposition 14.2. Assume S and A to be separable metric spaces. If ve¥(S x A)
(resp. B(S x A)) and if pu: A—P(S) is w-continuous, then the function
a— [v(s, a) p(a, ds)
is an element of €(A) (resp. €(A)).
Proofs of Proposition 14.1 and 14.2 can be found in [19].

15. The Conditions (S)

We define 2(S x 4 x S) and 9(S x A x S) through (11.1) and (11.2) on replacing
S with S x S. For functions as r that are defined on K x S only, we had to modify
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this definition as follows.
2K x S)={veB(K x5); u(s, -, s)e€(D(s)), s, s €S}

I(K x S)={veB(K xS); v,lv for some sequence (v,) with v,e2(K x §), nelN}.
Now we can introduce

Condition (S).
(S1) D(S)Y=C(A), D: S>C(A) is separable,
(S2) qls, ): D(s)— P(S) is s-continuous, se S,
(S3) red(K xS), Be2(K x S).

Condition (S) (cp. Furukawa [5]).
(S1yY (A1) is satisfied.
(S2) g admits an extension §: S x A— P(8) such that §(s,): A—>P(S) is s-contin-
uous ses.
(S3y o admits an extension € 9(S x A x S) and B admits an extension B 2(S x A x )
with f=0.

Lemrpa 15.1. Suppose that either condition (S) or condition (SY is satisfied and
that ue 4(S). Then
15.1.1. Lu admits an extension ve 2(S x A),
15.1.2. Uuedk(S).

Proof. Assume (S). By hypothesis there are functions r,€2(K x S) with #_|{r

as m— co. Upon setting w, =max(u, —m), we have w_e%(S) and w, |u as m— 0.
Define now

L,w,(s, a)= j" q(s,a;ds’)[r, (s, a, sV + B(s, a,sYw, (5], (s,a)eK.

Then L,, w, € Z(K). From Proposition 14.1 we know that L w, (s, -)e%(D(s)), s€ S.
Upon setting v,,=L,, w, on K and v,=—c0 on Sx A—K, we may infer from
Proposition 11.6 that Umeﬁ(S x A). Now v, |v for some ved(Sx A) (cp. Re-
mark 11.3) where v|,=Lu. From these arguments it is clear that under condition
(Sy iu=jdq [#+ Bu] is an extension of Lu and that Luec2(S x A). In this case no
appeal to Proposition 11.6 has to be made. Finally, 15.1.2 is a special consequence
of Theorem 12.1. [

Theorem 15.2. If condition (C) and either condition (S) or condition (S) are
satisfied, then the basic Statements 1, 11, 111 are valid.

Proof. In view on Theorem 13.3, we have to show that condition (A) is satisfied.
By Proposition 9.3 it is clear that (A1) is satisfied. From (3.7) and Lemma 15.1.2
it may be shown inductively that une@(S). Now condition (A?2) follows from
Lemma 15.1.1. [

16. The Condition (W)

In this section we shall make use of the following

Condition (W) (cp. Maitra [11], Hinderer [6] Theorem 17.12).
(W1) D(S)c€(4), D: S—>C(A)is us.c.,
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(W2) gq: K—>2(S) is w-continuous,

(W3) reb(K xS), Be¥(K x S),

(W4) A is locally compact. '

From (W1) it follows that (cp. Kuratowski [9] 18 III Theorem 1)

(16.1) Kis closedin Sx A.

Lemma 16.1. Assume (W) and let be u%(S). Then
16.1.1.  Lu admits an extension ve%(S x A),
16.1.2. Uueb(S).

Proof. From Proposition 14.2 it will be seen that Lue%(K). Upon setting
p=Lu on K and v=—00 on Sx A—K, we have by (16.1) ve%(S x A). Finally,
16.1.2 is a consequence of Theorem 10.2. [

Theorem 16.2. If condition (C) and condition (W) are satisfied, then the basic
Statements 1, 11, 111 are valid.

Proof. We have to verify condition (A). (A1) derives from Proposition 9.5.
In view of (3.7) and Lemma 16.1.2, it is easily established inductively that une(é (S).
Now an appeal to Lemma 16.1.1 and Remark 11.2 confirms condition (A2). [

QOrollary 16.3. If |z,|»0 as n—»>oo and if condition (W) is satisfied, then
u*ec%4(S).

Proof. As has been shown in the proof of Theorem 16.2, we have une(g(S). By
(2.3) we obtain u,<u,+|z,|l, m<n Now the assertion follows from Propo-

n—"m

sition 10.1.1 and Statement I. []

17. Non-Compact Sets of Admissible Actions

Whereas the continuity conditions (S2), (S3), (S2), (S3), (W2), (W3) are
likely to include all cases arising from any practical situation, the compactness
condition D(s)e€(4) sometimes turns out to be somewhat restrictive. When
dealing with single item dynamic inventory models, for instance, we are concerned
with sets of admissible actions D(s)=[s, o) where s is the stock on hand plus on
order. In this section we are going to show that the condition D(s)e€(A4) may be
replaced by the condition that the “good” actions are contained in some compact
set D(s)< D(s). More exactly, we shall utilize the following

Condition (B). There is a measurable mapping D: S —&(A) such that
(17.1) D(s)cD(s), se8,
(17.2) SUP,e p(s)- pisy Lthn 1 (S Q) <SUP,p L, _4(s,0),  s€S, nelN.

In view of Remark 13.1, we obtain a new decision model if we replace D with D.
Certainly, this model inherits the general assumption (GA) from the original

' ¢p. Remark 9.6.
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model. All quantities referring to the modified decision model will be underlined,

e.g.
Uu=sup,.p Lu(*,a), uerf.

From (17.1) we conclude that 4 = A, DS =D5. Thus
(17.3) u*Su*.

Further (17.2) implies that

(17.4) Uu, ,=Uu, ,, neNlN,
(17.5) I'(s)cD(s), neN, seS.
By induction, we obtain from (17.4) and (3.7)

(17.6) u,=u, neN,
(17.7) U, =U,.

Finally, by (17.5) and (17.6), it 1s easily scen that
(17.8) L(s)=I(s), nelN, se§,
(17.9) I (s)=I(s), seS.

Theorem 17.1. Assume (B). If the Statements 1, 11, 11 are valid for the modified
model, then they are valid for the original model.

Proof. On making use of (17.3), (17.7) and (2.5), we oblain u =u =u*=
u*=<u_. Hence equality holds throughout and we know that Statement I holds
for the original model and

(17.10) u¥=u*.

Further, by (17.9), I'_(s)=I_(s)c*(s)c*(s), where the last inclusion is a
consequence of (17.1) and (17.10). Hence Statement II holds for the original
model. Finally, for any feD® with I(f®)=u* f(s)el,(s), s€S, we obtain by
(17.9)and (17.10) I(f *)=u*, f (s)eI (s), s S. This completes the domonstration. []
For the modified model, we may replace condition (C) by the weaker
Condition (C). z,—0 as n— 0. '
In correspondence with conditions (S1) and (W 1), we define Condition (SB1)
and Condition (WB1) through condition (B) upon replacing “measurable” by

“separable” and “us.c.”, respectively. Now, the following theorem is a corollary
of Theorems 15.2, 16.2, and 17.1.

Theorem 17.2. Assume (). The Statements 1, 11, 111 are valid provided that either
conditions (SB1), (S2), (S 3) or conditions (B), (S2), (S3) or (WB1),(W2),(W3),(W4)
are satisfied.
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