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0. Introduction

We discuss the existence, uniqueness and ergodicity of certain configuration-
valued stochastic processes (&),.r-. Let V' be a countable set of vertices, or
sites, and S a compact metric space. At each time ¢ our process assumes a value
&,eE=5"; ¢ is to be thought of as a configuration of values from S on the sites of V,
£,(x) being the value at x. Let ID=ID(RR *, Z) be the path space of right continuous
functions with left limits from [0, c0) to Z, define &,: [D— E as the evaluation
map o o(t), o=(w,(x))elD, and let B =0 {(&),.r+> be the g-algebra generated
by the . Also, put #,=06<{(,)o<,<,>- We view the desired stochastic system
as the coordinate process (¢,) on (ID, ) governed by any of a collection (P),. s
of probability measures such that

B(o=0=1, (le&. (1)

E; will denote the expectation operator corresponding to F.

Three additional properties characterize the transition mechanism for the
processes (¢,) which we will consider. First, the value £,(x) at each site x changes,
or “flips”, only finitely often in any given interval. Next, the expected number
of flips at x from time s to time ¢, given %5, is determined by certain flip rates c,.
And finally, the values at two different sites never change simultaneously. More
precisely, let ¢, ={c.(¢, )}z be a weakly continuous collection of finite non-
negative Borel measures on S, modified for convenience so that ¢ (&, £(x))=0.
(Here and below, {a} will often be abbreviated as a.) Let ID, comprise those
paths in ID assuming finitely many values at each site in any finite interval
Write COIA(X)=131%I'[1 w,(x), and define &, _(x) analogously. For welD,, E a Borel

set of S, xeV, and 05, set

NEGs, ) (@) =[{ue(s, t]: o, _(x)Fw,(x) and o,(x)cE}|.
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Ni(s, t) is the number of flips to the set E at x between times s and . The three
additional properties we require of (£,) may now be stated as

E(IDg)=1, 2

Eé(NE"C(Sﬁ t)l @%) = j Eé(cx(éur E)| gf}) du> (3)
and ’

PAL, ()% &,(x), &u_(y)* () for some u=0)=0, (4)

¢(eZ, E Borel in S, x+yeV, 0<s=<t. A process satisfying (1)«(4) will be called a
spin system with rates ¢ ={c,}..y. Property (3) says that the expected number of
flips at x in (s, t], given 445, is the integral from s to ¢ of the expected flip rate given
%y. In the leading case, when S={—1, 1}, our formulation is often called the
spin-flip model.

Weaker versions of (3) and (4), stressed in previous papers on spin systems, are

FA&, cn(x) € EXE(x)| Bo)= (¢, EYh+o(h), (3)
and
R, on(X)# &%), &)+ E(0) | Bo)=0(h),  x=*y. 4)

There are, however, systems which satisfy (1), (2), {3') and (4'), but not (3), and
which are not worthy of membership in the class of spin systems. We illustrate
this point with an example due to S. Kalikow (private communication).

Example. Let V=Z*={1,2,...}, S={—1, 1}. Define

_Jb if{m=—land n22
cal, =& (”))_{0 otherwise.

There is a very simple (strong Feller) spin system with the above flip rates, namely
the process for which the value at site 1 does not change, while a —1 at site
n=2 flips to +1 after an exponential time with mean 1, independently of all
other sites, and a +1 does not change. But consider the following process:
starting from £~ =“all —1’s” the value at site n=2 {lips as above, while the
value at site 1 changes from —1 to +1 deterministically at time 1. Such a
process still satisfies (1), (2), (3) and (4) for the given rates. Moreover, it is strong
Markov, being the independent product of two strong Markov processes. One
cannot eliminate such behavior by requiring time homogeneity, because the
deterministic flip can be made compatible with a homogeneous Markov semi-
group. The idea is to view the values at sites n=>2 as a clock which is used “to
tell what time it is.” The process will then be time homogeneous for the same
reason that the space-time modification of any nonhomogeneous process is.
The fact that the values at sites n=2 can be used as a clock follows from the
strong law of large numbers, which implies that

Pg_(lim —i— Y &(k)=1~2e"" for all tgo) ~1.
n—w N T,
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Although spin systems have been studied actively for several years, their
theory is just beginning to come into focus. The most important problems are
threefold:

(i) Existence. For which rates c is there a process (£,) satisfying (1)-(4)?;

(ii) Uniqueness. What conditions on ¢ guarantee a process which is, in some
sense, uniquely determined by the rates?;

(i) Ergodicity. When is there a unique equilibrium probability measure u
on = such that the distribution of &, converges weakly to p from any initial state &2

Let us review briefly some of the known results regarding (i)-(iii). In [8],
Liggett proved the existence of a “unique” process with rates ¢ provided that

iugp _cx(f, S)< 0, (5
and
sup Z sup ’_”Cx(éa ') - cx(éysa .)H <00, (6)

xeV yeV—x s€8§,¢eZ
. . . s ifx=y
where ¢, is the modification of ¢ defined by &, (x) ={ £(x) otherwise’ an
| || = variation norm. To phrase Liggett’s result precisely we need more notation.
Let ¥=%(Z) be the Banach space of continuous real-valued functions with the
supremum norm, % “ the subspace of functions depending only on sites in the finite

set AcV,and = () F For xeV, seS, define the operator 45: ¥ — € by
finite 4
(A )E)=f (s —f(E), and G,: € — € by (G./)&) = [ c.(& ds) 45 f({). Finally,
define G: & — %, the pregenerator with rates ¢, as  *5
G=Y G,. (7)

xeV

If feZ4, then Gf =Y G, f, since 45 f =0 when x¢A. Continuity of G, f follows

xed
from the hypothesis on the c,(&, *), so Giswell-defined. Now under conditions (5)
and (6), the methods of [9] yield a strong Feller spin system whose infinitesimal
generator extends G. Moreover, the Markov semigroup for (&) is the unique such
semigroup whose generator extends G; this is the content of the uniqueness
assertion.

Dobrushin [1] also proved a uniqueness theorem, and gave the first general
ergodicity criterion. Sullivan [9] unified and extended the results of Liggett and
Dobrushin; his theorem applies in some cases when the rates are not uniformly
bounded (i.e. when (5) fails).

Recently, Holley and Stroock [6] have made important contributions to the
understanding of all three of the above mentioned questions. The treatment in
[6] is based on solutions to the “martingale problem” for c. While presented for
the case S={—1,1}, their results presumably have straightforward generaliza-
tions to our setting. A family (P,),.; of measures on (ID, %) forms a solution to

the martingale problem for ¢ if (1) and (2) hold, and in addition,

f(ﬁ,)—jt Gf(¢)ds is a P-martingale for all ¢(eB, fe4. (8)
0
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Among the main results of [6] are the following: (a) Always when S={—1, 1}
(and even in some cases when the rates ¢, are not continuous) there is a process
with rates ¢ which solves the martingale problem; (b) There are rates ¢ such that
there are two distinct solutions to the martingale problem for ¢; (c) If there is
a unique solution (R)..z to the martingale problem for ¢, then (¢) is a strong
Feller process with respect to (B); (d) If (5) and (6) hold then there is a unique
solution to the martingale problem for c¢. In addition, they give a combined
uniqueness and ergodic theorem which neither implies nor follows from the
theorems in [1, 8] and [9].

It can be shown that the class of solutions to the martingale problem for ¢
coincides with the class of spin systems with rates ¢. In other words, (1), (2) and
(8) are equivalent to (1)-(4). We leave the proof of this fact to the interested
reader. Thus the existence problem for spin systems is completely solved, at
least when S={-—1,1}. The corresponding problem for strong Markov spin
systems remains open, however; this is because there are non-Markovian
processes which satisfy (1)«(4). These considerations also imply that a standard
Markov process on (IDg, %) is a spin system if and only if its generator extends
a pregenerator of the form (7). The strong Markov process of Example 1 does
not have % in the domain of its generator, and hence is not a spin system.

The main purpose of this paper is to present improved uniqueness criteria
for spin systems. Our approach, like that used in [8, 9], and parts of [6], is based
on the Hille-Yosida theorem, but the space of cylinder functions is exploited
more methodically. The processes we will obtain satisfy the strong extension
property (s.e.p.): the pregenerator G with rates ¢ has well-defined closure G which
generates a Feller process. In this case (£,) is the unique spin system with rates c,
a consequence of Theorem 4.2(b) in [6] and the equivalence of spin systems
and solutions to the martingale problem. Section 1 contains notation necessary
in the sequel, a version of the Hille-Yosida theorem most suited for our purposes,
and some preliminary results. Section 2 contains our main result (Theorem 3),
which may be viewed as an improved version of Sullivan’s uniqueness and
ergodic theorem. Indeed, certain estimates from [9] play an integral part in the
formulation and proof Our extension has the advantage that it applies to a
much wider class of pregenerators; for example, a new result which is a corollary
of Theorem 3 states that G has the s.e.p. whenever (6) holds. Finally, Section 3
contains a very simple example of nonuniqueness, for which one can construct
two distinct Feller processes having the same pregenerator G.

1. Preliminaries
If B=(B).cr 1S a (non-negative) density on V, set
MB)={u=(ueer eR”: x;luxlﬁx< o},
and I°={u=(u,),.yeR": u =0 for all but finitely many x}. Note that I°<I*() for
any density f.

Throughout the discussion, the term “operator” will always mean either a
densely defined linear operator on % or a linear operator on ['(f) or I°. The norm
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symbol || || denotes

Hf\|=§;ll1=3|f(f)l, fe%;
ful =3 fu.l By, uel'(p);
xeV
| || = variation norm of p, u a signed Borel measure;

||L|| =the usual operator norm of L, L an operator;

the appropriate meaning will be clear from the context. When f,, f€%, we often
write f,—> f to mean | f—f,| — 0 as n—oco. Also, if u and v are two measures
on §, then uAav=p—(u—v)*.

The symbols A and B will always denote finite subsets of ¥, even when this
is not mentioned explicitly. Fix a reference state so€S, and for given (€5, AV,
define the modification

ﬁA(x)={£(x)’ xeA,

So otherwise.
For fe%, the modification f*eF“ is given by f4(£)= f(£4). Note that f4-5 f
as ATV; this shows that # is dense in 4. Also, set 5f =((6/),),.v, where

0f)c= sup [(431)(I.
R

We remark that 6fel® whenever feZ.

The domain and range of an operator L are denoted by Z(L) and (L)
respectively. Recall that an operator L on % has closure L iff the closure of the
set {(f, Lf )} reaqy In € x % is the graph of a well-defined operator L. If L exists,
then given any fe%(L) we can find f,e2(L) such that f,5f and Lf,-> Lf.
Also, L satisfies the maximum property iff whenever fe (L) and f (E)zr?a_x f(9,
then (Lf)(&)<0. Note that if G: # — & is a pregenerator of the form (7), then
the maximum property is self-evident.

Our main objective in this paper is to derive uniqueness criteria for spin
systems with given rates ¢, or equivalently, with given pregenerator G. We will
make use of Theorems 1 and 2 below, which constitute a probabilistic version
of the Hille-Yosida theorem. Proofs of these results may be found in [2, Theo-
rem 2.87] and [7, Theorem 2.1].

Theorem 1. An operator L on € is the generator of a strongly continuous semi-
group T, of positive conservative operators on € if and only if

(1) L satisfies the maximum property, and

(1) #(A—L)=% for some (all) .>0.

Moreover, (i) and (ii) imply that R} =(J.— L)~ exists, and |R%| §%f0r all 2>0.

(Note that (ii) always holds when Lis a bounded operator on & satisfying (i).)

We say that an operator L on ¥ has the strong extension property (s.e.p.) iff
L has closure L which generates a semigroup 7, of the above type. When L has
the s.e.p. we put RY = (41— L)%, which exists on all of % by Theorem 1.
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Theorem 2. 4 pregenerator G has the s.e.p. if and only if
R(A—L)=% for some (all) 1>0.

We conclude this section with four elementary results which will be useful
later. The proof of the first consists of a straightforward computation.

Proposition 1. Let L; and L, be operators on € with a common domain (or
operators on I'(B)). Suppose R(A—L,)=% (or I*(B), A—L, is invertible, and
I(Ly—L)(A—L{)7'|i<1. Then A—L, is invertible, and

(A—Ly) '=(A—Ly) (1 —(L,—Ly)(A-L;) ")\,

Proposition 2. Suppose G, and G, are pregenerators such that Go=G,—G, is
bounded. If G, has the s.e.p., then so does G,.

Proof. G,=G,+G, loG,y- For A> [Goll, 1GoRS* | <1, and hence (A=Gy)" G,) i
defined on % by Proposition 1 and Theorem 1 applied to G,. Since Z(1—G,) G2)3
A(A—G,), the claim now follows from Theorem 2.

When G has rates ¢, set ci(&, ds)=c, (&4, ds); (G )& =[cX& ds) 451 (9,
and G*'=) Gi, AcV. 5

xeAd

Proposition 3. Let G be a pregenerator with the s.e.p. Then
(GfY =G*(f*), [fe2(G), AcV.

Proof. Choose f,e# such that f,-% f and Gf,-> Gf. Then clearly (Gf )4 -5 (Gf)*
But also (Gf)*=GA(f4)-> GA(f4), this last since G* is bounded.

A pregenerator G is called a box pregenerator iff there is an increasing sequence
of finite “boxes” B(n)cV, n=0, such that B(n)1V and G,=G5™ whenever
x e B(n).

Proposition 4. Let G be a box pregenerator, with boxes B(n). Then
G(fP™)=GEO(f2™),  fe®, n20,

and G has the s.e.p.
Prodf.

GUP™= T Gf*)= ¥ GEO(f)=G0(f"0).

xeB(n) xeB(n)

Since GEW(fBMeFBM G maps F5® into itself for each n. Thus G|zsw may
be thought of as a bounded operator with the maximum property on ¢(S*™).
By Theorem 1 and the remark which follows, (A— GN(F ™) =5 for all 1>0,
n=0. Hence Z(A—G)=%, and G has the s.e.p. by Theorem 2.

A spin process w1th a box pregenerator is called a box process. The next
section contains our main result, which states that if a pregenerator is “sufficiently
close” to a box pregenerator, then it has the s.e.p. As will be seen, box processes
play an important role.
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2. An Improved Uniqueness and Ergodic Theorem

We present here a uniqueness and ergodic theorem which extends results of
Liggett [8], Dobrushin [1] and Sullivan [9]. Our theorem makes use of the
comparison matrix C®=(CS ), ,, for the pregenerator G, i.e. certain quantities
introduced in [1] and [8], and refined in [9]. Following Sullivan, C¢ is given by

ng - ée:.’i'nsf;S' {(Cx(gn .) A Cx(éxs: .)(S'_ {E(X), S}) -+ cx(éxs’ é(x)) +Cx(59 S)}9
SEE) (9)
C3y=3 sup S{Hcy(éa )= M HelS, ) —eylCs, Y xFy,

EX, S€
dek,

and is to be viewed as an operator on [°. Note that our convention that
(& E(x))=0 simplifies C® somewhat from [9]. The intuitive meaning of the
comparison matrix is perhaps best explained in terms of a certain Markovian
“coupling”, for which C¢, represents the maximal rate at which two dependent
copies of (£,) grow apart at site y when their configurations differ only at x, and
— C&, represents the minimal rate at which the two copies assume the same
value at x when they differ only there. For the details of this interpretation in a
special case, the reader is referred to [3]. Actually, a somewhat different coupling
than the one in [3] is required in order to obtain Sullivan’s ergodic theorem.

Roughly, though, the components of C® measure the amount of influence

transmitted by the rates from one site to another. The formal properties needed
for our uniqueness and ergodic theorem are given in

Lemma 1. Let G be a pregenerator with comparison matrix CC.

(i) If fe¥ and A, f(&)=(6f),, then

CL0f )yz{

Atif(é)a B X=),
4% G x=+y,

where [45, G,1=45G,— G, A45.
(ii) Suppose there is a (non-negative) density f=(B,)..y such that

Z ﬁxcgyép(a—cgy)ﬁy: yEV7 (10)
xeV,x¥y .
for some pe[0,1), acR. Then for each A>u and A<V, J—C% maps I° into
itself. Also, (A—C%) ™ and (A— C®")~' exist, and are positive bounded operators
on IY(B). Finally, if 0<uecl*(B), then

(A—CYtu), £ (A—C%u), forall xeA.

X

Remark. The conclusions of part (ii) hold under conditions (1) and (3) of Theo-
rem 3.4 in [9]. But, as noted by Sullivan, his (3) is difficult to check unless one
assumes our (10).

Proof. (i) See Lemmas 4.4 and 4.5 in [9]. (i) The argument is similar to parts
of the proofs of Lemmas 4.6-4.8 in [9]. However, the claim made there that
B, —a is dissipative cannot be justified for o <0, and we therefore sketch a slightly
different approach in which C%” takes the role of B,. The first fact is obvious.
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For the rest, write C%= — D%+ E®, where D¢ is diagonal and E® has all zeroes
on the diagonal. Then whenever uel*(p),

_ B. C pla—C5y)
IE(+D%)tu| < ol < Y 2 Byluyl <pllul,
y;/ x;y ﬂ.—ny ’ y;’ (’I_ng) Y

and so by Proposition 1, (42— C%~'=(1+D%*(1—E%A+D%1)~1, which is
evidently a positive operator. The same argument clearly applies to the comparison
matrix C% for the pregenerator G4 Finally, if 0<uel*(8), one checks that
for xe A,

[(A—C¥)ul,=[(A+D9) " (1—E*"(A+D%) "ul,

<[(4+D%) 1 (1—-E*(A+D%) " ul,,

since E¢—E** >0.

We are now prepared to state and prove the main result. It should be mentioned
that our real contribution is to the question of uniqueness. Sullivan’s ergodicity
criterion depends on his uniqueness conditions, so that our extension also gives
ergodicity for a wider class of rates. But the method of proving ergodicity, once
uniqueness is established, follows [9] precisely. In fact, the ergodic theorem
presented here is still essentially that of Dobrushin [1], with somewhat better
estimates. Similar ergodicity criteria, at least in special cases, are discussed in
[3, 4] and [5]. ‘ ‘

Theorem 3. A pregenerator G has the s.e.p. if there is a density f on V such that
(10} holds and, in addition,
there is a positive constant y and a sequence of boxes B(n) 1 V such that for all xe V,

sup (&, )= (EP, | =B, (11)

where n, is the first n such that xeB(n).
Moreover, if inlf f.>0, and 0.<0 in (10), then the Feller spin system (¢,) with pre-

generator G is ergodic.

Proof. Set G'=Y G2, noting that G’ is a box pregenerator with boxes B(n).

xeV

Introduce “approximate” pregenerators G, n=0, defined by
G"=Y G+ Y GBI,

xeB(n) xeV—-B(n)

Then ["=G"—-G'= ) (G,—GE™) is a bounded operator. Hence G™ has
xeBn)
the s.e.p. by Propositions 2 and 4. Fix 1>a, and choose ge#. Propositions 3

and 4 show that for any fe %(G)),
(A=G)fPM=((A-G) ™5 (4-G)f as m— o,

while I®™fBm s, [™f as m— co by boundedness. It follows that we can take
f,=(R§™ g)¥mec ZBM for some m=n with

1= G) fu—gll 1A G) fy—(A— G™) £, + (A~ G™) £, — ]
<IG=G™ L+,



Uniqueness of Interacting Particle Systems 83

Now

WG=G") =] ¥  (G—=GI™)f

xeB(m)—B(n)

S ) {supledd )= eRUE O L

xeV—B(n) &e&

<y ), BLO(RTV ),

xeV—B(n)
Put v*=sup {6(R$"g)}. If v¥el*(), then evidently (A—G)f,> g as n— o0. To

verify the condition of Theorem 2, thereby proving uniqueness, it remains only
to show that

ielt(B) for all geZ. (12)
To this end, choose geZ#, n=0, and write hy=(RY"g)’™ N>0. For all N>n
which are large enough that ge # 2™, Proposition 3 yields

g=[(A—-G")(RF"g)]*™

==X GY= ¥ G™)hy.

yeB(m) yeB(N)~B(n)

If xeB(n), then algebraic manipulations show that

Mg=IMhy =BGV hy — Y GENAhy— Y [45, GEO]hy

yeB(n)—x yeB(n) —x
- Y EWshy— Y [4,GE™]hy.
yeB(N)—B(n) yeB(N)—B(n)

Choose 5 and & so that 45hy(E)=(5hy),, and evaluate at 5 and £ By part (i) of
Lemma [, and the maximum property, we obtain

02z AOhy)— CL T Ohy), — 3, CLV(Shy),

yeB(n)—-x

— Y CE™(5hy),.

yeB(N)—~B(n)

The explicit form (9) of the comparison matrix shows that C%, ™ is dominated
by C$7™ whenever yeB(N). Hence

[(2— CT)(6hy)] S (08)x- (13)

An analogous computation establishes (13) for xeB(N)— B(n), while both sides
vanish when x ¢ B(N). By part (ii) of Lemma 1, both sides of (13) are in I*(f) when
considered as vectors, and we may apply the positive operator (A—C% “)~1
to obtain

Shy=(A—C® ) 1 (0g)S(A—CH) " (6g)el (B).

Letting N— oo, we see that 6(R¢™g) is bounded by an I'(f) vector which is
independent of », so (12) holds. This completes the proof of uniqueness. The
proof that ergodicity obtains when inff,>0 and o<O mimics [9] exactly.
Actually the methods there show exponential convergence to the unique equi-
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librium measure y, in the sense that
21112 1By (Eilag ) —u(€l e )| SK 67,
0EZ

finite A< ¥, for some K,=0.
An easy consequence of Theorem 3 is the following useful uniqueness
criterion, which includes the result mentioned in the introduction.

Corollary 1. Let M, = sup [lc (&, *)—cu(&ys0 )|, yEx. G has the s.e.p. whenever
ses, écE
there is a density B with in£ p.=¢&>0such that

sup Y, (&) MS, =M <. (14)

xeV yeV-x Bx

In particular, G has the s.e.p. whenever (6) holds.

Proof. Weak continuity of the ¢, and the triangle inequality show that
lex(& ) —en(E™, )= Y My, (any B(m)1V).

yeV —x
Assuming (14), this implies (11) with y=M/e, while (10) follows immediately
from the fact that C5, <M$,. Theorem 3 now yields the first claim; the second
is the special case f,=1.
We remark that Corollary 1 does not follow from Sullivan’s methods, since
the analogue of (11) in [9] is the more restrictive condition

(& 8)

sup ————< 0 (15)
xeV,Eel x
and (15) is equivalent to (5) when § is bounded away from 0.
The next two corollaries are useful in comparing Theorem 3 to Sullivan’s
existence and uniqueness theorem.

Corollary 2. Let G be a pregenerator satisfying (10) and (15) for some density
B=0 and constants o, and p,. Let G° be a box pregenerator with boxes B(n)
satisfying (10) for the same density B and (possibly different) constants a,, p,.
Then G+ G° has the s.e.p.

Proof. G+ G° satisfies conditions (10) and (11) with density B, a=a; +a,,
p=max{p;, p,} and boxes B(n).

We remark that if S is a finite set every pregenerator G' which satisfies the
hypotheses of Theorem 3 can be written as a sum G+ G°, with G and G° as in
Corollary 2. This is not true when S is infinite.

A special case of Corollary 2 occurs when G° is a pregenerator for a product
process (i.e. a process for which the flip rate ¢, (&, +) depends only on &(x)). We
call such an operator G° a product pregenerator.

Corollary 3. Let G be a pregenerator satisfying (10) and (15) (or (10) and (11)), and
let G° be a product pregenerator. Then G+ G° has the s.e.p. Moreover, if G satisfies
the ergodicity criteria of Theorem 3, then so does G+ G°.

Proof. A product pregenerator satisfies (10} for any density =0, with p=a=0.
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It appears to be an open question whether or not the sum of an arbitrary
pregenerator with the s.e.p. and a product pregenerator always inherits the s.e.p.

3. An Example of Nonuniqueness; Open Problems

We give a simple construction of two different Feller processes with the same
rates, by using the duality theory developed by Holley and Liggett in [5]. Holley
and Stroock [6] suggested this method of producing nonuniqueness examples.
Let V=Z%u{o}, where oo is an adjoined point “at infinity.” We describe a
certain process {A4,} called a branching process with interference (b.p.i.); for
details see [5]. 4, can be thought of as a finite collection of particles at time ¢
positioned on distinct vertices of V; thus the state space of {4,} is F = {all finite
subsets of 1'}. The particles jump at random times, independently of one another,
with rates which depend on their positions: a particle at site neZ* waits an
exponential time with mean 1/n* and then jumps to site n+1. If two particles
attempt to occupy one site, then they merge into one. A particle at site oo does
not jump at all. Finally, if there are infinitely many jumps in a finite time (this
will happen with probability one), we write 7,=the time of the »’th jump,
T:,}LTO T,, and set AT:QiTHTI () Ag)u{oo}. After time T, the process continues

t<s<T

as before. T can be thought of as an explosion time, and since |4,— {00} is
diminished by one at each explosion, the number of explosions is bounded by |4,,].
Although Holley and Liggett only consider b.p.i’s without explosion, it is easy
to use their methods to construct explicitly the above process, and to verify that
it is Markov. Let {F}r., be the collection of probability measures governing
{4,}, where B(4,=F)=1. We now use the duality formula of [5] to define a
transition semigroup for a Feller spin system on S”, where S={—1,1}. For

1i =
Fe7, write I(¢)=4{. 1 S=—1 forallxeF (o o 0 define
0 otherwise.

LIp()=F(A,nC(&)=0), FeT, (16)

where C({)={xeV:{(x)=1}. Extend T, to all of & linearly. It is easy to check
that the {T;},,, are positive and conservatlve so they may be uniquely extended
to all of ¥. The claim is that these operators give rise to a Feller transition
semigroup for a spin system on S¥ with rates ¢ =0, and for neZ™,

if &(n)+én+1)

otherwise. (17

n2

& En+1))= {0

We will check the Feller property, but leave the semigroup property and the

rates to the reader. To see that {I;} is Feller, it suffices to show that for each

£>0, Fe7, t=0 and £€F, there is a finite A<V such that [T, 1 (&) —T (¢4 <.
By (16), the difference we wish to control is

|B(A,n CO)=0) — B(A,n C(E*) =) S B(An A+ < ZFP{x}(A:GA“)- (18)

Note that when 4 contains oo we have B,(4,€4°=0, so one can assume that
oo¢F in (18). Choose ne FNZ™, and for k=1,2, ..., let 7, be exponentially dis-
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tributed with mean 1/k% the 7, all governed by a probability measure Q. If

Ay={meZ*:m>M}u{w}, MeZ*, then P, (4edy)=0( ) u=t,
nEk=M-1

Z 7,>1), which tends to 0 as M — co. Therefore, the sum in (18) can be made

smaller than ¢ if M is chosen large enough.

Now the state space for our sp1n system can be divided into two sets which
do not communicate: E*={{cE: =1} and E-={feZ:{(c0)= —1}. When
the system starts in 5, it can be thought of as a Feller spin system on the state
space S° with rates given by (17). But there is a Feller spin system on SZ° with
the same rates, corresponding to the original system starting in the set Z~. One
may easily check using (16) that the first of these systems on SZ” has the “all +1’s”
configuration as a trap, while the second does not, so they are distinct.

The above construction raises the question of a “boundary theory” for spin
systems. One way to get spin systems with rates ¢ is to take weak limits of box
processes (£, where (£9) has boxes B®(n) and rates ¢ when xeB%(0),
by letting B®(0)1 ¥ as k — co. The methods of [6] show that {(£%); k= 0} always
has a weak subsequential limit which solves the martingale problem. Ideally
one would hope for an analogous weak compactness theory for the class of all
strong Markov processes with given rates, and a description of precisely which
processes are weak limits. In particular, is there always (i) a strong Markov
process, (ii) a Feller process, with rates ¢? Another open problem is whether the
strong extension property is equivalent to uniqueness of a spin system with
prescribed rates. In other words, can it ever happen that the pregenerator G has
closure G which is not a generator, but such that there is a unique extension of G
which is a generator? These strike us as some of the leading open problems
relating to existence and uniqueness of spin systems.

Acknowledgements. Thanks to Professors R. Holley, T. Liggett, F. Spitzer and S. Goldstein for their
help.
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