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1. Introduction

All results concerning the accuracy of the normal approximation for sums of not
necessarily independent random variables assume Doeblin’s condition or the
condition of ¢@-mixing (see e.g [1,3,5,7,9]). Both assumptions mean in some
sense that the random variables are “asymptotically independent”, and they are
rarely fulfilled for Markov-chains.

Using Doeblin’s condition or the condition of ¢-mixing the rate of convergence
to the normal distribution obtained in some of the papers cited above is of order
n~Y2 The authors do not know of any results on the accuracy of the normal
approximation holding without such conditions. In this paper we prove under
weak moment conditions that for Markov-chains the normal approximation
is of order n~* for each ¢ < 1/4.

2. Notations

Let Ny:=IN u© {0}, where N is the set of natural numbers.

Let (€, o, P) be a probability space and X,, neIN,, be a positive recurrent
irreducible Markov-chain on (£, o7, P) with countable state space I. For each
velN, ieE, denote by ¥ the time of the v-th entrance into the state i, by r¥=
) — 1 the v-th return time of the state i and by I the number of entrances into
the state i up to time n.

If ¢: I >R define

@) -1

PMw)= Y o(X (), weL.

k=1{? (w)

It is well known that the functions ¢{, veN, are independent and identically
distributed.
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. . . 1
For p=1 we have ¢ =r{. For =1, we have p{’=1. Let ni=;, where y;

is the mean recurrence time of the state i. Since X,,, neN,, is positive recurrent we
have 7;>0.
If || is P-integrable then Y m; ¢(j) is absolutely convergent and
jel

1
P[] =—S(@)

where S(@)= ), 7; ¢(j).

jel
L,(P) is the space of all &/-measurable functions f: 2 >R with P[] f|"] <0,
rzl.
@ denotes the distribution function of the normal distribution with mean 0
and variance 1.
If a,, b,e R, neN, we write

ay

a,=0(b,) iffsup < 0.
nelN b

n

3. The Results

The following Theorem is an essential tool for the proof of our main Theorem 3.
It seems to the authors that Theorem 1 is of some interest of its own. It shows that
for the number 1 of entrances into the state i up to time n the approximation by
the normal distribution is of order n~%/. So it sharpens the result of our Theorem 3

for a special case, namely for ¢= 1. In this case we have [?(w)= 3 ¢(X,(w))
and var (z; 1¥) = var (¢{) — S(¢) {). =0

Theorem 1. Let X,, n=>0, be a positive recurrent, irreducible Markov-chain and let
the state icl be fixed. Assume that

(a) Ve L,(P), rPeLs(P),
(b) ¢?=var(z; - r?)>0.
Then
YR
P {w L (@) —nm <t} —&(1)

P =0(n"""?).
o, Y/nm; ==

sup
1R

12

Proof. Since 1—@(t) é? e 2 for t>0 we have &(—n"*)=1-dn"*)=0(n""3).

Hence it suffices to prove

19(0) —n 7.
sup P{w:M<t}—¢(t) =0(n~1?).
[¢] <t/ 0; ]/n ;
This is equivalent to
O () — 1 7.
sup P{mzwgt}—é(—t) =0(n"?). 1
[t] = ntia o; ]/n ;
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Let k,(t)={to; ]/n; +nm;), where (x)=min{keN: x<k}. Then there exist
ngeN and ¢, ¢, >0, ¢; <c, such that

n=ng, |t|£AY* imply k,(0)=2, = <c,. (2)

We have for n=n,

P {a): mgt}=P{w: 19(w) =k, ()}
o; ]/n ;
=P{w: Tii)(w)+r(1i)(w)+ +"§ci,{(z)—1(w)§n}
_p {w: (@) +rP @)+ 41 1 (0) = (k0= 1) ﬂigan(t)}
o; 1)/ k() =1 -

where

an(0) (1= (6 =) and =

1
—O'i My 1/kn—(ﬁ'__1 i
Since (¢, r?, P, ...) is a sequence of independent functions and ¥ L,(P), ve N,
are identically distributed with mean y; and variance (u; ;) and since ¢ is
integrable a little modification of the Theorem of Berry-Esseen yields together
with (2) that for n=n,

, {w: )+ )+ @)~ ()= D _ a,,(t)}

w0 ky()—1 -

sup

[t]snt/d

= ®(a, ()| =0(n~"?).
Therefore it suffices to prove

Sup [9(0,(0) = #(~1)| = 0(n), ©
Since m; ;=1 we have for n=n, that

(ko= 1) p=n+1 0,/ e+ 1,(0)
with |r,(t)| < u;. Hence

ty/n
()= e+ O(n~Y?
R TGS A

t 1
R A “

. 1 —
with bn(t)=7 (t o; ]/ pi+1,(t)) where Ir,:(t)léui/ﬂ. There exists n, e N such that
n

nzny, |f|snt* implies $<14b,(0)<3. (5

To prove (3) it suffices to show according to (4) that

sup — ()| =0(n1?). (6)

el s nt/4

? (]/ij—(t))
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Using (5) we have for all n=n,, [t|<n* that

t 212
di( S )=t I\ 1|-maxe 2 e 21+ba)
1/1+b,,() - 1/1+b(t) ( '
‘ .e_%‘tz
V&+bu)
. 1 ;
Since ~—~:_—__—1[§2|b,,(t)| we obtain for n=n, and |¢|<n* that
V1+b,(0)

—d(1)

]45(71:;;?) gzltnbn(m-e*%ﬂgrzme 32l o)/ e+ 1)
which proves (6).
Remark 2. Under the assumptions of Theorem 1 we have

P{o: |(w)—nn;|>d(n-logn)/?} =0(n"1?)

where d=0,)/7;.

Proof. According to Theorem 1 we have

P{w: [IP(w)—nn;|>d(n-logn)'’} =P {wi Is')(w)—_ln >(10gn)”2}
ai]/ nw;
=2(1— d((logn)?) +0(n )
=0(n~1?).
Theorem 3. Let X,, n=0, be a positive recurrent, irreducible Markov chain, starting

at Xo=i.
l?et @ be a real-valued function defined on the state space I. Assume that
@ |ol?, Ve Ls(P),
(b) o?=var(p®—S(p)r?)>0.
Then

sup { - l/f(Zw(X (@) -1+ S(0) <r} 0

=0(n"*(logn)*'4).

Proof. In the following we omit the upper state index i, if no ambiguity can arise.
For each n=0 let p,(w) be the time of the first entrance of the state i after
time n, i.e.

pu@)=min {y>n: X, (w)=i}.

Let ¥,=@,—S(¢)r,. Then P[y,]=0 (see e.g [2], p. 96).
We have the following dissection formula

n

Yoo X,—(n+1)S(p)=Y,+V,+2Z, (1

v=20
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where
Y(w)=} {¥,(w): 1= v=1 (o), 2
Vo)== {g° X (0): n<v<p, ()}, 3)
Z,(0)= —S(@) (pa(@) —(n+1). (4)

Since ,eL3(P), velN, are independent and identically distributed and
o =vary,>0 we obtain from Lemma 5 and Remark 2 that

._L(w) B
P{w. O'il/nTtiét} D(1)

According to (1), (5) and Lemma 6 it suffices to prove that for each ¢>0

sup =0(n"*(logn)*'4).

teR

P {w: | I;’i%))l >c- (1051731/4} =0(n""*(logn)*'%) (6)
and
P {w: 'Z]"/(g’)' Sc- (1051’711/4} =0(n~"*(logn)'’4). 7

If we replace in (3) the function ¢ by the constant function — S(¢) we see that the
“new” V(o) leads to Z,(w) of (4). Therefore it suffices to prove only (6).

According to Remark 2 there exists a constant d>0 such that
P{w: |[l(0)—nm| Zd(n-logn)!?} =0(n~12). (8)

Let K={veN: [v—nm, <d(n-logn)'/*}. Since

n+1

[Vow) Z lol, () 1(00: In(w)= v}

v=1

we obtain, using (8), that

V;l 1 1/4
P{w: | 1/(%0)I>c( 05;2 }
< P{o:|l(w)—nn;| Zd(nlogn)'/?}
+P{w: |V (w)|>cn*(logn)t’*; |I(w) —nm;| <d(nlogn)'/?}
SO0~ 1?)+ ) P{o: ol(w)>cn'*logn)'/*}

vek
<O(n~11%)+(2d(n logn)! > + 1)en~3*(logn) ~¥* ()
=012+ 0(n "4 =0(n-1%

where () follows from the Markov-inequality with some appropriate constant
e>0. This proves (6) and hence the proof is finished.
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Remark 4. The assertion of Theorem 3 also holds true for a general initial distribu-
tion of X, if we assume additionally that

o -1
PeLy(P) and ) [@oX,|eLy(P).

v=0

Proof. Use the notations of Theorem 3. Then we have the following dissection
formula

Z @o Xv_(n+1)S((p)=Rn+ Yn+ V;1+Zn
v=0 Mg

where [R,|SR= Y, |¢° X,|e Ly(P). Since by the Markov inequality
v=0

p{]’}

R
n

> n—1/4} =0(n—1/4)

the assertion follows with Lemma 6 by applying the same methods as in the proof
of Theorem 3.
For the sake of completeness we cite the following results:

Lemma 5. Let X, nelN, be a sequence of independent and identically distributed
random variables with P(X,)=0, P(X2)=1 and P(|X,|’)<o0. Let 1,: Q>N be
-measurable and assume that for some constants o, d>0

P {w: L)

S
Then

. >dn””z(logn)l/z}=O(n‘”2).

n()
2 X)
A,=sup|P{w: =

teR ]/;’l;

Proof. See [4], Theorem 1.

A counterexample given in [4] shows that under the assumptions of Lemma 5
A,=0(n"1*% does not hold true in general,

The result of Srechari [8], applied under the assumptions of Lemma 5, leads
only to 4,=0(n"1%).

The following Lemma is well known.

<t} —&(t)|=0(n""*(logn)"'4.

Lemma6. Let Y,,Z,: Q—R be s/-measurable and &,>0, nelN, be a sequence
with ¢, — 0. Assume that

sup|P(Y,=1)— &) =O(,)
a.ndte}R

P(1Z,]>&)=0(s,).
Then

sup |P(Y,+Z,21)—D(1)|=0(c,)-
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