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Summary. We prove by elementary combinatorial considerations that the 
critical probability of the square lattice site percolation is larger than 
0.503478. 

1. Introduction 

Throughout  this note N and N* will denote the square lattice and its matching 
pair (the graph obtained from the first one by adding edges on every diagonal 
of elementary squares) respectively. Pc and p* will denote the critical probabili- 
ty of the Bernoulli site percolation on these graphs. In [3] and [4] Russo 
proved that 

p c + p * = l  (1) 
(see also [2]). 

Due to the fact that N is a subgraph of N*, from (1.1) trivially follows that 
pc__>�89 Higuchi [1] improved this, showing that 

pc>�89 (1.2) 

(Simulation results suggest Pc ~ 0.58 1-5].) 
In the present note we shall improve Higuchi's lower bound. The gain in 

the numerical value is rather small, but we consider that our method of proof 
is simpler and more elementary than that of Higuchi's. 

Let x o be the root between 0 and 1 of the polynomial 

3x a - 8x 7 + 6x 6 + x 4 - 1. (1.3) 

(The fact that (1.3) has a single root in the interval (0, 1) is shown in the 
Appendix.) 

Our result is the following 
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Proposition 1. Pc > x4 > 0.503478. 

In the next sections we shall prove this statement by coupling simulta- 
neously percolation processes on fr and fq* to a percolation process on a third, 
auxiliary lattice. 

2. Description of the Graphs 

Let us consider the three lattices shown in Fig. 1. 
~q is a square lattice. Its vertices are placed on the geometric points of 

coordinates 
(2i, 2j), i+j=2k.  (2.1) 

Two vertices of N are joined by an edge if their distance equals 21/~. The set 
of vertices of N is denoted by ~. 

~qo is the auxiliary lattice. The set of its vertices is partitioned in two 
subclasses: ~ w. Black vertices of 5~ are placed on the same geometric 
points and are connected by the same edges as those of N's. The white ones are 
placed in the points 

(i,j), i +j= 2k + 1 (2.2) 

and two of them are connected by an edge if their distance is 1/2 or if i = i' = 2k 
+1 ( j = j ' = 2 k + l )  and ~ - j ' l = 2  (li-i'[=2). (The subgraph induced by the 
white sites is the covering graph of a square lattice.) Sites of different colours 

are connected by an edge if their distance equals ]/~. 
(r is the matching pair of a square lattice. Its vertex set is also partitioned: 

~ *  = ~t~b*u ~U~*. The black vertices and their connections are the same as those 
on Y (or ~). White vertices are placed in the points 

(2i, 2j) i + j = 2 k + l  (2.3) 

and two of them are connected if their distance equals 21/~. Two vertices of 
different colours are connected on this graph if their distance equals 2. (The 
subgraphs induced by the black vertices on ~ and N* are copies of N.) 

Fig. 1 
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If v is a vertex of any of the three graphs, ~(v) will denote the geometric 
point on which it is placed. 

We shall define now some mappings from the vertex set of S on the vertex 
set of the other two graphs. 

that veYf for which 
~rc(u) = re(v) if u~q/b 

f :  q/~//~; f ( u ) = / t h a  t v ~  for which (2.4) 

(dist(rc(u), ~(v))= 1 if uE~'~ 

[that V~bb* for which 
re(u) = re(v) if u~~ 

g: ~--*~*;  g(u)= [ that  v e ~ *  for which (2.5) 
[ dist (re(u), ~(v))= 1 if ueq/w. 

The images of the graph ~ under these mappings are exactly N and N* 
respectively. 

The configuration spaces of the percolation problems on these graphs are 

f 2 , = { - 1 ,  +1}*; f 2 ~ = { - 1 ,  +1}~; f2**={-1,  +1} ** (2.6) 

with the natural o--algebras. 

3. Proof  

Consider the Bernoulli percolation problem on s with the measure 

P~=[Ivd;  vu(co~(u)= +1 )={~  if u~ql b (3.1) 
u~ou = 1 - (1  __p)1/4 if u6q, l w 

and couple with it the following percolation problems: 
1. On~d 

for v~W og~(v)=max{co~,(f-l({v})mqlb), 

max ( min c0~(u'))}. (3.2) 
u ~  f - l({v})n~ u ' ~  f - l({v})n~ 

Shortly: we consider veY/" occupied iff the copy of v in G~ is occupied or 
at least three of the four white sites surrounding it are occupied. 

2. On ~* 
for v e ~ *  ~ , ( v ) =  max c%o(u). (3.3) 

u e  f - ~ ({v/) 

Or: we declare occupied a black site of N* iff its copy in G p is occupied, a 
white site of N* iff at least one of the four white sites of s surrounding the 
geometric point where it is placed is occupied. 

It is easily seen that the percolation problems defined in this way on N and 
N* are Bernoulli ones with probability measures 

P~= I1#~; #v(co~(v)= + l ) = p + ( 1 - p ) q 3 ( 4 - 3 q )  (3.4) 
v ~  
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�9 * - (3 .5 )  ~ ,=  1~ ~*, ~o ( c o ~ . ( v ) -  + a ) = p .  
OE~* 

By s imple  i n s p e c t i o n  o n e  can  c o n v i n c e  h imse l f  of  the  t r u th  of  the  fo l lowing  

L e m m a .  Let  co~Ef2ze and co~ f2e ,  o)e, ef2e,  derived f rom o ~  in the manner 
defined above. Then: 

i) i f  v ~  and v' e~U are +-connected in e)e then f - l ( { v } ) c v / / a n d  f - l ( { v ' } )  
Vll are also +-connected in ooze. 

ii) i f  u ~ l l  and u' e~ll are +-connected in co.~ then g(u)6~U * and g(u')6~U * are 
also +-connected in eoe,. 

I n  b o t h  cases the  fo rma l  p r o o f  goes t h r o u g h  i n d u c t i o n  o n  the  l eng th  of the 
shor tes t  + - p a t h  b e t w e e n  v a n d  v' respect ive ly  u a n d  u'. 

C o n s e q u e n t l y  if p e r c o l a t i o n  occurs  o n  fr it m u s t  occu r  also o n  (r Or, 
e q u i v a l e n t l y  

p + ( 1  - p ) ( 1  - ( 1  - p ) 1 / 4 ) 3 ( 4 -  3(1 - ( 1  - p ) l / 4 ) ) > p c ~ p > p * .  (3.6) 

By (1.1) this  is e q u i v a l e n t  to: 

3PZ~ - 8pVc/4 + 6P3~/2 + Pc - 1 > 0 (3.7) 

f rom which  the  resu l t  follows. 

Appendix 

W e  show tha t  the  p o l y n o m i a l  

f ( x )  = 3x 8 - 8x 7 + 6x 6 + x 4 - 1 (A.1) 

has  a s ingle  roo t  in  the  in t e rva l  (0, 1). Th i s  fol lows t r iv ia l ly  f rom the  facts tha t  

f ( 0 )  = - 1; f ( 1 )  = + 1 (A.2) 

a n d  the der iva t ive  of f 

f ' ( x )  = 24x 7 - 56x 6 + 36x 5 + 4x  3 

= 4x 5 [(2x - 3) 2 + (x - 1) 2 + 1] + 4x  3 (x z - 1) 2 (A.3) 

is s t r ic t ly  pos i t ive  in  (0, 1). 

Acknowledgement. The author is indebted to his colleagues at the Mathematical Institute of the 
HAS for valuable discussions on percolation problems. 

References 

1. Higuchi, Y.: Coexistence of the infinite (*) clusters: a remark on the square lattice site percola- 
tion. Z. Wahrscheinlichkeitstheorie verw. Gebiete 61, 75-81 (1982) 

2. Kesten, H.: Percolation for Mathematicians. Boston-Basel-Stuttgart: Birkh~iuser 1982 
3. Russo, L.: A note on percolation. Z. Wahrscheinlichkeitstheorie verw. Gebiete 43, 39-48 (1978) 
4. Russo, L.: On the critical percolation probabilities. Z. Wahrscheinlichkeitstheorie verw. Gebiete 

56, 229-238 (1981) 
5. Shante, V.K.S., Kirkpatrick, S.: An introduction to percolation theory. Advances in Phys. 20, 

325-357 (1971) 

Received June 6, 1984 


