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Time-Revealed Convergence Properties
of Normalized Maxima
in Stationary Gaussian Processes*

Yash Mittal

Let {X(s), s=0} denote a real-valued, separable, stationary Gaussian Process with mean zero
and variance one. Let {r(s), s20} be the covariance function, M, = {sup X(s): 0=s<T} and ¢c,=
(21nT)* Suppose

(1) 1—r(s)~ Cls|* as s~ 0 for some constant C>0 and 0<a <2 and
(2) r(s)Ins—0 as s—>oo0. Then

11
liminfe, (My—cy)/Inln T=——— as. and
T o 2

1 1
(3) limsup e (Myp~cp)/Inln T=—+-— as.
T-w [ 2

Suppose (1) holds and
4) r(s)(Ins)' **—0 as s > co for some £>0. Then
%) Tlim Ef{exp(t Up))=E(exp(t X))

for >0 sufficiently small where X is a random variable with distribution function exp(—exp(—x));
~ oo <x <00 and Uy is defined as

1 1
Up=c;(My—ay;) and aTch+(ﬁ—7) In(V,InT)/cy
o

V, being a positive constant. The condition r(s)(Ins)! ~*— 0 as s — oo is not sufficient for these results.
Result (3) improves that of Pickands (Trans. Amer. Math. Soc. 145, 75-86 (1969)) and Qualls and
Watanabe (Ann. Math. Stat. 42, 2029-2035 (1971)).

1. Introduction

Let {X(s),s=0} denote a real-valued, separable stationary Gaussian process
with EX(s)=0 and EXZ2(s)=1. Let {r(s),s=0} be the covariance function
r(s)=E(X(s) X (0)) and let M= {sup X (s): 0<s< T}.We consider processes for

o
which 1—r(s)~CJsl* as s—0, (1.1)

for some constant C>0 and 0<a=<2. Condition (1.1) ensures the continuity of
sample paths for X(s) and hence My is finite almost surely.

Convergence in distribution of suitably normalized M, was considered by
Cramér [3], Belyaev [1], Qualls [117] and Pickands [10]. Pickands proved that
r(syins—0 as s—oco, along with (1.1), is sufficient for c¢;(My—a,) to converge
in distribution to a random variable X where X has distribution function

* This work has been partially supported by Air Force Grant AF-AFOSR-69-1781.



182 Y. Mittal

exp(—exp(—x)), —oo <x<oo. Here ¢y and a; are constants defined as follows:

cr=max {2 T)%; 0};

7—%) n,InTye, if T2e (1.2)
=0 if T<e,

1
S

V, being a positive constant given explicitly in [10].

My is said to be respectively “stable” or “relatively stable” if My —cp—0
or Mr/cy— 1 as T—oo. The modes of convergence considered are convergence in
probability and almost sure convergence. Progressively weaker conditions on
the covariance function were used by several authors for results in this area. (Ref.
Sur [13], Cramér [3], Pickands [8], Nisio [6], Marcus [4] and Watanabe [15].)
Analogous results for the discrete parameter case are referred to in [5]. For the
continuous parameter case one has My —c;—0 as. as T—oo if (1.1) holds and
r(s)Ins— 0 as s— 0. Also My/cr—1 as. as T— o0 under a very weak local condi-
tion and r(s)— 0 as s > 0.

Our interest lies in the rate at which My —c;— 0 as T—o0. In this direction
we prove

Theorem 1. If (1.1) holds and

r(s)lns—-0 as s—o0, (1.3)

then {1
111&1£1ch (My—cq)/Inln T=;—7 a.s., (14)

. 1 1
111%1 sup ¢y (Mg — cy)/Inln T———;+7 a.s. (1.5)

Theorem 1 extends results of Pickands [10] and Qualls and Watanabe [12].
The extension lies in the weakening of the mixing condition previously used,
viz., r(s)s’—0 as s o0 for some 0<y<1. It is made possible by the following
two lemmas giving information about the tails of the distribution of M.

Lemma 1. Let (1.1) hold and suppose

r(s)(ns)!**—>0 as s—oo for some £>0. (1.6)

Then exp(tA)P(Mp<ap—Afer)—»0  as A-o 1.7

uniformly in T for all sufficiently small values of t.
Lemma 2. If (1.1) and (1.3) hold, then

L 1) Inln 7 VT;Z_TO) —0. (18)
a 2 cr

P(HroaX(T)écT—i—(

Lemma 2 is a particular case of Theorem A of Pathak and Qualls [7]. Our
result was obtained independently using different techniques.
In support of the sharpness of the Condition (1.3) we give the following theorem.
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Theorem 2. Let the covariance function r(s) be non-increasing, satisfying (1.1)
and

Then

r()—0 but (r(s)lns)/lnlns—co as s—co. (1.9

li%n infep(My—cp)/InlnT=—o0 as. (1.10)

We also establish the convergence of the moment generating function of
suitably normalized M. Since this depends heavily on Lemma 1 we require the
stronger mixing Condition (1.6) instead of (1.3). Corollaries 1 and 2 then estimate
asymptotically the variance and the moments of M.

Theorem 3. Under the Conditions (1.1) and (1.6) we have
Tlim E(exp(t Yp))=E(exp(t X)) (1.11)

Sor all sufficiently small t where X is a random variable with distribution function
exp(—exp(—x)), —oo<x<oo and Yp=cp(My—ay).

Corollary 1. For any random variable Z let 6*(Z) denote EZ* —(EZ)?. Then
lim o (M) = (x> — 6)/12.

Corollary 2. For all k=1

ar*E(M%)=1+0 (ﬁ) as T— oo,

The results here are extentions to the continuous parameter case of those
obtained in [5] for discrete parameter processes. The proofs are similar to those
in [5] but require further refinement because of the local condition on the
covariance function.

Section 2 contains the proofs of Theorems 1, 2, 3 and Lemma 1. The proof
of Lemma 2 is omitted in view of Theorem A of [7] and since it uses similar
techniques to those in Lemma 1.

2. Proofs
Proof of Lemma 1. For ease of notation below we set
Ar=ap—Afcr;  E(A4, T)=exp(tA*) P(My < /) (2.1)

and u
@ (u)=(2n)"* exp(—u?); ¢(u)=_f @ (x)dx.

Our aim is to prove E(4, T)— 0 as A — oo uniformly in T for all sufficiently small
values of t assuming that (1.1) and (1.6) hold. We observe from (1.1) that there
exists a positive 8 such that

c
1=r(s)z5lsI* YO=Is=0. 2.2)

If L(T)=[T"] for some 0<y<1, [-] denoting the integral part, and

Ox=sup{lr(s)l: s=x}
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then (1.6) impli
en (1.6) implies oI TY =0  as T 23)

for some ¢>0.

A major portion of the proof consists in showing that given >0, there exists
A* and T (both depending on # alone) so that for all Az A* and T= T,

E(A, T)<n. (24)

Assuming (2.4) together with (2.14) and (2.17), we complete the proof as follows.
Let 0ST ST, and A>2ay, ¢y, (ar and ¢y defined in (1.2)). Set

34 1
dp= (“T_?Z) (1= bpm) % 2.5)

Observe that 4> 2a;¢c YOS T LT, so (2.14) and (2.17) imply that
E(A4, T)<exp(tA*) ®(— A/(4cp 63 qy) +exp(t A%) O™ (dr)
=exp(t A%)(1 —®(A/(4cr0F ) +exp(t A2 {1 — @ (—dp)}™

_<_—4~CL5~%(—1T)— exp {tA2 ———124—2——}
)2 32¢70Ln)

+Q2A=dpp)ar )" @n) Fexp{tA*~mAF/2(1—6,1))} -

Note that sup {c36yq: T20} <00 so 4%~ A%*/(32¢36y) > — 0 as A—oo for
all sufficiently small ¢t. Also A>2arcy implies

A?~mAZ/2(1 =6y ) StA*—mA* /B cl) > —c0  as A—oo.
Thus for all 0S T < T;,, we can find A**(>2ay, cy) such that 4> A** implies
E(A, T)<n.

This together with (2.4) clearly establishes the result. We turn our attention now
to the verification of (2.4). As intermediate stages we will have (2.14) and (2.17).
We use two types of blocking and partitioning. The first results in a function
which bounds E(4, T) for 0L A< (Inln T)*. The second, similar to that done in
the discrete case (5;(2.19)) produces suitable dominating functions on different
sections of the remaining values of 4 (cf. (2.17)).
First divide the interval [0, T] into [T intervals of unit length each. Cut off

a small portion w,0<w<1, from the right hand side of each interval Let I,
(1]

denote the union of these smaller intervals, viz., U [(i—1), (i—w)). Define the set
G1 as
Gy ={jer*|j=0,1, .. [Te}"T}.

Clearly E(4, T)SP( max X(5)<1y). (2.6)
Now consider a process {Y(s), 0<s<[T]} made up of [T7] independent pieces of
unit duration, each having the same structure as X on 0=<s=<1. We will use this ¥
process and the following version of a result of Berman (cf. 10, Lemma 3.7) to
bound the right hand side of (2.6).
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Lemma (Berman 1964). Let {y,,n=1} and {{,,n=1} be Gaussian sequences
satisfying E y,=E(,=0; Ex; =E(}=1; Ey;x;=r;; and E(;{;=s;;. Then for every
real number a

|P{max y,<a}—P{max ;< a}|

' ) 2.7
<Y Y =Sl —wh) texp(—a*/(1+w,)
i=1 j=1
where w;j=max (r;}, 5;;)-
(2.7) implies that the right hand side of (2.6) is at most
exp(t A% P( max Y(9)=< A7)
2‘ ' L T N 2.8)
+exp(tA*)[Tef"] ), / (1=r?Gez ) 2ir(ier *)
j=lwe2/

- exp{—AF/(1+r(cF?)}.

We first look at the second term in (2.8). The sum involved is a nondecreasing
function in |r]. We split this sum into two parts, [wc¥*]|<j<[L(T)c¥*] and
[L(T) c¥*]<j<[Tc¥*). 6, is an approximate upper bound for values of |r| over
the first part and é,,r, is such a bound for the second part. Hence the second term

in (2.8) is no bigger than
exp(t A% (1—06%) *(Tc/*]1 [L(T) ¢/ exp(— A3/(1+6,,)) 29)
+exp (t4? O (1— 5%,(T))—% [TC%/“]Z exp(— Ar(L+ 5L(T))_1)- .

But by definition of a;,
exp(— 23 (1+6,) ") =exp(—ah (146,) " +2 Aag/(er (1 +3,) — A/(cE (1 +6,)

-2
<{(Tep)®™~1}1+é0exp(2ar Afcy).
Thus an upper bound for the first term in (2.9) is

2
(1+ 1+aw)c‘;/°‘ exp (tA2 +zcﬁA) (2.10)
T

const - T

and an upper bound for the second term in (2.9) is
const - 8y, gy 3 exp {t A%+ 0y ¢y 3 (1+0p0)) " +2arc7 A} (2.11)

Consider the values of A for which 0<A<A,(T)=(Inln T)*. By choosing
0<y<l1 so that 1+y—2(1+8,) ' <0 we see that the maximum of (2.10) over
the values of 4 under consideration tends to zero as T— co. Also such a maximum
of (2.11) tends to zero as T— oo in view of (2.3). Thus for 0< A< A, (T), the second
term of (2.8) is bounded above by a function, say h(T), where h(T) — 0 as T—oco.

Now consider the first term of (2.8). By definition of y, it is equal to
exp(t A%) P (i < Ap)=exp ¢ A2+ [T In P(; < Ap)}
where p, =max {X(s): seG; [0, 1 —w)}.
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If0£A4=<A,(T), Ay —oc as T—o0; hence P(pu, <A7)— 1 and

—InP(p £A7)=—In{1—-P(p, > 1)} (2.12)
~P(uy > Ar)~H, (1) A$? Lo (Ay).

The last statement follows by Pickands (9, Lemma 2.9) with H, some positive
constant. Substituting in (2.12) we see that for T sufficiently large and 0< A< 4,(T),
the first term of (2.8) is asymptotically equal to

exp{tA®—const- [T]c#/™ " exp(—45,,)} Sexp{t 4> —I e¥*},

I being some positi\{e constant. (Notice that for 0L AL A, (T), Ay/er— 1, agfep— 1
and [T]c$®~1e "2 const as T—c0.) Thus there exists T; such that for all
TzT and 0= 4= A4,(T),

E(A, T)Sh(T)+exp(t A2 —Ie?). (2.13)

For the remaining values of A we will now consider a different blocking and
partitioning. Divide the interval [0, T] into [T/L(T)] consecutive blocks of length
L(T) each. Exclude every other interval. We then have m=[$([T/L(T)]+1)]
intervals left. Divide each such interval into [L(T)/6] intervals of length 0. Exclude
every other so that there are m; = [$([L(T)/6]+1)] intervals inside every interval
of length L(T') chosen above. Let the union of these intervals be denoted by I,, i.e.,

m m

L= U [RiL(T)+2j6,2i L(T)+2j+1)0).

i=0 j=0
G,={j0,(4, T)|j=0,1,...,[T0(4, T)]}
where 0, (A4, T)=min (0, e*? c; 2/*). Then

P(MTéiT)§P( rgaXI X()=4p).

Define

Consider the variable
Zijp=(1- 560)% Ykt (0g, — 8% Wi+ (6o — 6L(T))% U+ 5%@) 4

where Y;;,’s, W, /s, U;’s and V are all mutually independent normal variables with
mean zero variance one, 1<i<m; 1<jSmy; 1Sk<m,=max {1, [0c¥*e~42]}
and 04, = 0,4, 1)- The covariance matrix of {X(s): se G, n1,} is bounded above
by that of the Z;;,’s. (See the discussion leading to (2.1), (2.2) and (2.3) in [5])
Using Slepian’s Lemma [14, Lemma 1], we have

P( max X(s)éllr)ép(zijk§/1T Vi, j k)
+{PL(1 ~34,)* Y+ (Sg, — ) W+ 35 U =dg Vi, jT}™
where Y,’s, W;s and U are again independent standard normal variables and dr
is defined in (2.5). By the same arguments as in [5] it is sufficient to show that
exp(tA%) x {second term in 2.14} tends to zero uniformly in T as 4 —oo for ¢

sufficiently small. We will bound this by f(4, T) for 4, < A<4(1—p)aycy/3 and
by g(4, T) for A>4(1—p)arcy/3 (cf. (2.17)). p is to be in (0, 1) and will be chosen
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later, 4; = A, (T)=(Inln T)*. Using (2.7) we get the following upper bound for the
second term of (2.14):

{06(1—0) (my my)? exp(—d7 (1 — 6y, ) (1+39)7")
+ 500 (1- 550) m m% CXp ( - d%‘ (1- 5L(T))/(1 + 500)) +@mm (dT)} .

From now up to (2.17), we assume A4,/2<A<4(1—p)arcy/3. Since ap—3 A/(4cy)
= par, the first term of (2.15) is bounded above by

2.15)

const - m3 (T3 —1)2 1= 2071 +%0)

This last expression, call it S;(T), is o(T~"~") as T—o0 since we choose p such
that 2 p2/(1+85)—27y>1—1.

We show that the second term in (2.15) is also o(T~?~?) as T—o0. First
notice that if 4>2In(fc¥*) then the term in question is just S; (T)/m;. Secondly
for A<2In(fc¥* it is no bigger than

const - my mj3 (e*? c3 7%)=*% exp(— d} (1 — S p)/(1 +64,)) (2.16)
in view of (2.2). Notice that m; m3 ~ L(T) c§/*e* and
exp(—d3 (1 —Sp.en)/(1+64,)
~(TF™ =) exp{3ar— A/ cp)—(1—3y,) az/2(1+04,)}
as T— oo, for the values of 4 under consideration. We also see that .
1—8g,=1—r(e"?c7 "2 {Cexp(xA,/4)}/(2c}).
Thus (2.16) is at most
const- T~A =V c@/P+2 exp{ _const - exp(o 4,/4)}.

Call this bound S, (T). Recall A, =(Inln T)* and note that S,(T) is o(T~% ") as
T—c0.
Lastly, by similar arguments as in (5) (see (2.9) and (2.10)), for all A<4(1—p)-
arcy/3, and p? >y
®mime(d) = M (a1 as T—oo.

Thus for T sufficiently large, (2.15) is no bigger than
mL(T)

P (dg) {1425, (T)+28, (TR S2{p)} e 2.

This is our first bound for the second term in (2.14). Next, note that we arrived at
this second term in (2.14) by selecting m, m, variables in each block of length
L(T). For the second bound we select only one variable in each block of length
L(T). Thus there exists T, such that

A, TYV(T, Aye R
tA? 141 < 4
exp(t A%) x {second term of (2 14)}‘{g(A, T) VA and T (2.17)
where
mL(T)
flA, T)=2exp(tA*){@(dy)} > ci*e 42, (2.18)

g(4, T)=exp(t A*) P™(d,) (2.19)
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and (T A)e# if T2T, and %éAgﬂt?LwL_

We study the function f(4, T) first.

AT _ 4, 1) 21 A-be 42 mL(T) 2 In d(dy)

dA
—3e 4P mL(T)c3* &~ (dy) ¢ (dy) B/ er(1—b.0)0)}-

Since ay—3 A/(4cyp) o0 as T-oo forall AS4(1—p)ager/3, —InP(dy)~¢(dy)/dy
and for T large enough the term multiplying f(4, T) in (2.20) is at most

24—t P mL(T) 3 o (dr) dr {~3+3dy 7 dp)f(der (1 =3y )t)}.  (221)
Now as T—c0 dp &~ (dy)/(cy(1~6p1)¥)~ 1 and
3 1
¢ (dr)~ (T 1) exp {TZT—A (-5 —75L<T>a%}

T

(2.20)

> (Te@™~1)1exp {3(1;;0) _Zl
T

for the values of A under consideration. Choosing p>+ and substituting we see
that (2.21) i
at (2.21) is at most 2TA— const - exp {A/16} (222)

where the constant is positive. We assume that 0<p<1, 0<yp<1 are chosen so

that p?>y, p>% and (2p*/(1+34))—2y>1—7. We will also require later that

1—y—(p*/(1+6,5)))>0. Such a choice is possible if e.g. 1>p?>(1+3,)/2 and
2

2
1 + 59 1 - 5L(T)
that (2.22) is at most —g, YA 20 and some small g, >0. Thus for all A<4(1~p)-
arcy/3 and T large { d

g T)}/f(A, T)s ~é.

0<y<min ( ) By choosing ¢ sufficiently small we see

Integrating both sides between A4,/2 and 4 we have

A
FATIZ /2. Thesp = (45 e
for all 4,/2£A<4(1—p)aycy/3 and T large. Now
mL(T)
(42, T)=2exp(tA}) {B(d)} * cfte 4

=2 exp {tAf%—-T»Lz(—ﬂ—

S2exp{tA? —const-mL(T)c¥*e 42 p(dr) d7'}.

c3l*e~ 412 1n @(dT)}

Expanding ¢ (d,) for A=A, we see that f(A4,/2, T)— 0 as T—oco. Thus there exists
T; such that VT = Ty,

max{f(4, T)| 4, SAS4(1~p)arer/3 Sexp(— (0 40D, (2.24)
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By similar arguments as in [5], (see discussion after (2.16)) we have for suf-

d
ficiently small values of t and 4>4a; ors o7 g(A, T)<0. Also

4(T)—»0 asT—w (2.25)
% (T)=max{g(4, T)|4(1~p)arcr/3SAZ4arcy}.
Combining (2.13), (2.14), (2.24) and (2.25) it follows that there exists 7, such that
vTzL h(T)+exp(tA>—Le*?) if 0SA<LA,
exp(t A%) ®(— A/(4 e 6% 1)) +exp(— (g0 41)/2)
E(A,T)s if 4, <A<4(1—p)arcy/3 (2.26)
exp(t A%) @ (— A/(dcr 6 1)+ %(T)
if A>4(1—p)crag/3.
Given >0, choose A* so large that for all 4> A4*
exp(tA>—I; e*?)<n/2 and exp(tA?) P (—Afbcr 0} ) <n/2.

The functions 4(T), h(T) and exp(— (g, A4,)/2) depend only on T. Thus we can
choose T, so large that for all T = T;, each one of these functions is no bigger than
#/2. Substituting in (2.26) we get (2.4) and the lemma is proved.

where

1 InlnT
Proof of Theorem 1. Let Up=2(My—by) cy/InlnT where by = cT+-— o
(cr is defined in (1.2)). We will establish that r
lix%l supUr=1 as. (2.27)
d
an liminf U= —1 as. (2.28)

T—o
We assume (1.1) and (1.3) hold.

Our first consideration is the lim sup. Lim sup Up =1 a.s. is a consequence of
Lemma 2 and lim sup Ur =1 a.s. follows from Theorem 3.1 of [10].
Next we show that liign infUpr= —1 as. By Lemma 3.6 of [10] it is sufficient

to show that for every ¢>0, there exists 4>1 so that

1 1 IninT
i 4 < S =
}glgo(ln Ty P <MT=cT+ (2 " e) o ) 0

that
or tha Tim exp (4 Inin T) P(My <4y < ar — (¢ Inln T)/c7)=0. (2.29)

Lemma 1 will obviously imply (2.29) under the Conditions (1.1) and (1.6). We
show here that for the weaker conclusion (2.29), we can replace (1.6) by (1.3).
If one inspects the proof of Lemma 1, all the arguments leading to (2.14), (2.17)
and (2.24) use only the fact that r(s)Ins— 0 as s —o00. Hence there exists S, fixed
so that for all T2 S, and for all 4 such that (Inln T)*< A <4(1—p)ayc,/3,

exp(tA*) P(Mr<ap—A/cp)<exp(tA*) ®(— A/(dcr 6 1)

+exp(— g (Inln T)#/2). (2.30)
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Furthermore, given £>0, there exists S, such that for all T=S;, (InlnT)*<
g(lnln T)=4(1 — p) arcy/3. Substituting A=¢lInin T in (2.30) we get

glnlnT

Cr

exp(t&*(Inln T)?) P (MT <ap— ) <u(T)

for all T 2max(S,, S;) where v(T)— 0 as T—oo. This implies (2.29).

Lastly, li;n infUp< —1as. if Tlim P(Urp> —(1—¢))=0. Given positive constants
n and &, let t¥ be so large that for all T =¥

I—exp <—exp (—;—lnlnrf‘)) <n/2.
The limit distribution of the normalized M; (cf. Theorem 2.1 of [10]) enables us
to find 7% (depending on ¢ and #) such that for all T =%
P(My>ar+(elnlntf)/2cp))< {1 —exp ( —exp (—%lnlnt;“>)}+n/2.

Thus for T =Zmax(zf, t3)

P(Ur>—(1—¢)

]

P(My>arp+(elninT)/cy)
SP(M;>ar+(elnint,)/2cp)<1y.
This completes the proof of Theorem 1.
Proof of Theorem 2. Our aim is to show that lim inf Ur=—o0 as. if (1.1) and

(1.9) hold. Given K, let A; be the event (M;— cT)cT —KInln T. We will show
that for any K, and every fixed Tp,

We approximate M, by the maximum over a dense enough subset of [0, T7.
Let 1=[Tc3/*], Iy =K Inln T/cr and m,=max {X(ic7 >*): 1<i<1}. Then

P(AT) P(MT CT—lT)<P(m >CT—21T)+D

where
Dr=P{MTgcT_lT; mt—ZIT}'

Fora fixed T, let Z;,i=1,2 ... 7 be independent standard normal variables and
let M¥*=max{Z;: 1< i<r} Let U be a standard normal variable independent of
all Zs. m, is the maximum of t joint normal variables with correlations at least
#(T), and so by Slepian’s Lemma, as in the proof of Theorem 2 of [5], we have

P(mrgcr_le)éP{(l—'ET))TM:‘i‘ﬁ(T)UéCT_le}
<{1-®(c; r*(T)/4)} +P{(M*—c)e. 2L r(T)In T— [ Inln T}

for some positive constants I] and I;. Both the terms in right hand side above tend
to zero and Theorem 2 will be proved if we show that D, — 0 asT— co. By station-

WX p e P(XO)<er—2lr X799 <ep—2ly:

(2.31)
max(X(s): 0<s=Zc7*)>cp—Ir}.
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Following Berman [4], Lemma 3.5, the event described in (2.31) implies that for
some n=1, some j, 1 £j<2" and every 4,0<4<1,

X277 39— X((— 1) 27" e7 5> L A"~ (1= 4).

For, if the alternative inequality held for every n and j and for some 4, 0<4<1,
we would have
sup X (j27" e < ep—1Ip.
J.n
The continuity of X then would imply a contradiction, viz.,
max {X(s): 0<s<er ¥} Sep—1Iy.

Thus the right hand side of (2.31) is at most

& I A" Y (1—4)
tnz=:12 {1 - ((2(1 @ e S/a)))% ) : (2.32)
We can choose T so large that for all n
(l=r@ " MPE<S Q2 CPFQR " cp o2,
Then (2.32) is at most

21C3 4
T

2042 g=1yrexp { —const - (Inln T)? (4% 2% c3

the constant above being positive.
By the Cauchy-Schwarz inequality, (2.32) is at most

{ Z QU-@2) =1y exp { — (42297 } { Z exp( (AZZ’)"c%)}%

for large T. Each of the series above converges if we choose 4 so that 422%> 1.
The last expression then tends to zero as T—oo since t=exp{3c+5Incy/a}.
Hence the result.

Proof of Theorem 3. We show that

lim E (exp(t Yp))=E(exp(t X))

for all ¢ sufficiently small if (1.1) and (1.6) hold. Y=c;(M;—ay) and a, is defined
in (1.2).

Following the arguments of Theorem 3 [5], Lemma 1 and (2.33) will be suf-
ficient for the desired conclusion.

exp(tA)P(My>ar+Afcg)—»0  as A-oo (2.33)
for all >0 sufficiently small, the convergence being uniform in 7. By stationary,

exp(t A) P(Mr>ar+Afcp) S([T]+ 1) exp(t A) P(M, >ar+ Afcy), (2.34)
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M, =max {X(s): 0<s<1}. According to Lemma 2.9 of (9) there exists a positive
constant and T;, fixed such that for all T > T,

P(My>ar+ Ajcp)<const - (ap+ Afep)?® 1 exp(—(ar + Afer)*/2)
<const - (TcF™ 1) ap+ Afeg) 2™~ exp(— A/2).
Thus given #>0 there exists a* such that

(Left Hand Side of (2.34))<7 (2.35)
for t<i, A>a* and T2 T§. For T < T notice that
P(MT>aT+A/cT)§P(MT;>A/CT3=). (2.36)

Again using Lemma (2.9) of [9], we can choose A large enough that the right hand
side of (2.36) is no bigger than #, and the result follows.

Corollaries 1 and 2 can be proved in the same manner as Corollaries 1 and 2
of [5].
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