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Central Limit Theorems and Statistical Inference
for Finite Markov Chains

Thomas Hoglund

1. Introduction

In this paper we will deal with four topics in connexion with Markov
chains: saddle point approximation (Section 3), equivalence of ensembles (Section 4),
central limit theorems (Section 5), and statistical inference (Section 6). The saddle
point approximation is a common key to the other topics, but Sections 4, 5, and 6
can be read independently of each other except that 4 has to precede 6. The key
words above will be explained in some more detail when we have introduced the
necessary notations.

We consider a finite set X, a sequence {q,,}, yex xx Of nonnegative numbers
with support

Y={(x,y)e X x X|q,,>0} 1.1
and a statistic Ya(x, y)— t(x, y)e Z?. Y is supposed to be an irreducible subset of
X x X: For each (x, y)e X x X there is a sequence 7y, z;, ..., z; (k=1) such that
zo=X,z=y,and (z;_;,z)eY fori=1,..., k.

Let C* (where C is the set of complex numbers) denote the set of complex
valued sequences g={g(x)},.x and define the linear operators (or matrices)

C¥ag->F()geCX  (teZP) (1.2)
by F(t) g(x)= ) f,(t) g (), where

yeX
f (t)={qu if (x, y)e Y and t(x, y)=1
xy

13
0 otherwise. (1.3)

In analogy with the terminology of Hin&in [9] the function Z?s¢— F(f) wiil be
called the structure function. Using matrix notation we will sometimes write

F(t)=(f,,()-
We further define
Fi¥()= Y F(n)...F(t,) 14)

t e ttp=t

where the product to the right is matrix product. Then we have F**(t)=(£"(1)),

xy
fx((’)lgcn(t)zz qxoxl qxlxz"'qx,,_lxn (15)
where the summation is extended over all x,, ..., x,,_; such that (x;,_,, x;)eY for

n
i=1,...,nand Y t(x;_,, x)=t.
1
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The saddle point approximation (which concerns F**(1)) will be obtained via
the transform of F
Dla+i)= Y €' 'F(t) (aeR’, aeR’); (1.6)

teZp
then &(z)=(g,,(z)) (ze C") where

=N g  if (x,y)eY

Px,l2)= {O otherwise. (1.7)

The sum to right in (1.6) converges for all ze C? since F(t) has finite support. It is
easy to verify the following identities:

B(atio)= Y el+ia t Fre() (1.8)

teZP
and

1
(2 n)p (— nj,. TP

F™*(t)= e~ @it pgria) da (1.9

where the integration is to be interpreted as componentwise integration. The
latter identity, which will be our main tool, gives us reason to examine @ closer.
This will be done in Section 2.

In order to give a summary of our results we impose certain simplifying
conditions (not to be specified here). Under these conditions the following holds.
&(a) has a unique positive eigenvalue 4 (a) which exceeds the modulus of any other
eigenvalue of ®(a). (a) and ®(a)* (the adjoint of (a)) have strictly positive
eigenfuntions e, and e} corresponding to the eigenvalue A(a). Furthermore, 4(a)
is analytic and the function a — grad log A(a) is one to one. Write 4 for its inverse.
(4 has an interpretation as a statistical estimator of a certain parameter. See
Section 6.)

The saddle point approximation states that
QrnyP(det Vyg,m)? e~ "Haem F*¥ ()= E(a(t/n))+ 0 (1/n), (1.10)
uniformly in ¢ when d(¢/n) stays within any fixed compact subset of R®. Here

Bo- (20

e,-eX

2

is the eigenprojection corresponding to A(a), V, is the matrix (

log 4 (a))
iV
and H,=log 4(a)—a - grad log A(a) is the specific entropy. (The connexion between

H, and entropy is explained in Section 4.)

Equivalence of ensembles. In statistical mechanics one considers several kinds
of “ensembles” two of which are the microcanonical and the canonical ensemble.
It is believed that they are equivalent in a certain sense. We apply a variant of
our saddle point approximation and show, more precisely, that if

PATJ)ZyM xN(xO IR xn)
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denotes the density of the distribution for x,, ..., x, induced by the uniform (the
microcanonical) distribution on the surface

(X ptsoes X eves Xy oees Xy_y| Y t(xq,x)=T},
“M<ZisN

then

PN (xg, o, x)=(e¥ - €5)” 1e*(xo) e;(x) [1+O0(1/(M+N))], (1.11)

Ald )"
uniformly in T when d=d(T/(M + N)) stays within any fixed compact subset of
RP?, provided M/(M + N) remains bounded away from zero and one. Here

n

tn ; (xt 15X 1)
and e,, e¥, 2(a) and 4 are determined by the structure function for which ¢, ,=1
for all x and y. The densities to the right in (1.11) determine a stationary measure
on X?: the canonical Markov chain.
Central Limit Theorems. We let {q,,} be transition probabilities (Y g,,=1

yeX
for all xe X), and consider the stationary Markov chain which has {q.,} as transi-

tion probabilities. The asymptotic expression for the structure function gives

various approximations of the density and distribution function of i t(X— 1, X0,

some of which hold far out in the tails. For example, when p=1 vs;e obtain an

approximation for Prob (i t(x_q, xi)>t) which is non-trivial not only when ¢/n
1

is close to the mean value but also when t/n belongs to compact subsets of the
preimage of 4.

Statistical Inference. Martin-Lof [12, 13] gave a statistical theory which can
be divided into two parts: exact and asymptotic (or microcanonical and canonical).
The saddle point approximation provides us with a tool to derive the asymptotic
part from the exact one in the Markov case.

Consider now the following more general situation (we will refer to this
situation as “the m-dependence case™): Let X be finite, {g,, . by exm (MZ1)
a non-negative sequence with support "

Yz{(xla ""xm)EXmqul...xm>0} (1'12)

and let Ysa(x, ..., x, )= t{x;, ..., x,)€Z? be a statistic (i.e. a function). Suppose
that Y is an irreducible subset of X™: For each (x,, ..., x,,)e X™ there is a sequence
Zy, ..., Zx (k=Zm) such that

Zy=Xgs s Zyy = Xy 15 Tk =Xy ADA (2, Z5 4 15 o5 Zi 1) EY

fori=1,,....,k—m+1.
We 1dent1fy C*° with C and define the operators

C¥" 'ag - F(t)ge CX™"™"  (teZP) (1.13)

9 Z.Wahrscheinlichkeitstheorie verw. Gebiete, Bd. 29
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by F(t)g(xl"'- m 1)" Z f;cl xm(t g(xlw "xm) Where

XmeX

Qxl - Xm
Ferwn®= {0

¢ (a+ia) is defined as in (1.6) and F"*(t) as in (1.4). Then the identities (1.8) and
(1.9) holds and

'Fn*(t)g(xls"',xm—1)= z ;1...xm_1yl...ym_l(t)g(yl7'-'!ym—-l)

Y1 Ym-1

if (xg,....,x,)€Y and t(x;,...,x,)=t

otherwise. (114)

where for n=m

f;cn1...xm_1y1...ym_1(t)=zQxl...xquz..‘xnu.l'”qxn...xn+m_1 (115)
the summation being extended over all x,,, X, .1, ..., X, such that
(Xps Xip 15 s Xiymoy)€Y for i=1,...,n and Zt(x,, Xip1s o> Xipmoy)=L.

The case m=1—the independence case—is trivial in the present context and
the case m>2 may be reduced to the case m=2 in the following well-known way:
Define X*=Xx""!

Y*=’{(X*= y*)EX* XX*IX*=(X1, "'axm—l)a y*=(y1: ---aym—l)a

Vi=X2,eoesVme2=Xpm_1 a0 (Xq, ey, X1 Ym_1)EY}.
Also

t*(X*’y*)zt(x19"'3xm—1=ym—l) and q;ck*y*=qx1...xm_1ym_1 for (x*7y*)e Y*:

X¥=(Xy5.0ns Xpe1)s V=015 -+, Y1) It is a straightforward matter to verify that
Y* is irreducible, and hence the 2-dependence case contains the m-dependence
case.

1t will be convenient to consider only the case m=2. It follows, however, from
the argument above that our results are valid for all m=1.

2. The Transform
The period of Y is defined to be the largest integer r for which there is a partiti-
on {X;};_; of X such that .
Yol X x X, 2.1
i=1

Here we used the convention X, =X, . Throughout this paper we will denote the
period of Y by r and let {X,};_, stand for the unique partition which satisfies (2.1).
We will give meaning to X; for all ieZ via the formula X, ,,=X,,neZ, 1<k<r,
and let r(x) (xe X) stand for the unique integer which satisfies

x€X,w, 1=r(x)=r. 2.2)

®(a) is (considered as a matrix) a matrix with non-negative elements. Perron
and Frobenius examined such matrices and their results are collected in Wielandt
[19]. Wielandt says that a matrix 4 =(a;) is irreducible (unzerlegbar) if one cannot
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bring it into a form Ay Aj,
(0 AZZ)

by a consistent relabeling of the rows and columns, where 4, and A4,, are quad-
ratic submatrices. For irreducible matrices we have [19], p. 642 and p. 645:

I. Die charakteristische Gleichung
det (A—xI)=0 23)

besitzt eine einfache positive Wurzel /, die dem Betrage nach von keiner anderen
Waurzel iibertroffen wird. Die zu dieser ,Maximalwurzel“ A gehorige EigenlGsung
kann positiv gewdhlt werden; A ist der einzige Eigenwert, zu dem eine nicht
negative EigenlGsung existiert.

II. Besitzt (2.3) insgesamt r Wurzeln vom Betrage 4, so sind diese einfach und
haben die Werte Aexp(i2nj/r), (j=1,2,...,r). Die Gesamtheit der n Wurzeln
von (2.3) gestattet die Drehung um den Nullpunkt mit dem Winkel 2 n/r, aber
nicht mit einem kleineren Winkel. A hat die Gestalt

Ay 0 0 .0

(mit quadratischen Teilmatrizen in der Diagonale) oder kann durch Umstellung
der Zeilen und gleichlautende Umstellung der Spalten auf diese Form gebracht
werden.

II1. Es sei A=(a;,) eine unzerlegbare Matrix mit nicht negativen Elementen,
B=(b;;) eine Matrix mit komplexen Elementen (j,k=1,2,...,n). Es sei |b;|<a;,
fir alle j, k. Ist 4 die Maximalwurzel von A und f ein beliebiger Eigenwert von B,
so ist || < A. Gilt das Gleichheitszeichen, ist also =4 exp(i @), so hat die Gestalt
B=exp(ip) DAD~! mit einer Diagonalmatrix D, deren Diagonalelemente
samtlich den absoluten Betrag 1 haben; insbesondere ist dann stets |b;|=a;,.

For any function ue(R?P)*: X3x - u(x)eR? and any acR? we define the set
T,=R?, the diagonal operator C¥3g— A4,(x)geC”, and the additive group

cR?b
Ga =R by T,= {06 y)— ()~ ()| (x. y)e ¥}
4,0) g =4 g (x) 24
G,={teRP|¢™ =1},

With this notation we have the following consequences of I, Il and III (Lemmas 2.1
and 2.2).

Lemma 2.1. For each ac R there is a positive number 1(a), and a strictly positive
sequence {e,(x)},cx Such that the numbers A(a) €*™", j=0,...,r—1 are simple
eigenvalues of ¢ (a) corresponding to the eigenfunctions e,(x) &'2™"®r j=0, ..., r—1
9*
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respectively. The absolute value of any other eigenvalue of ¢(a) is strictly less than
Aa).

Lemma 2.2. Let A(a) denote the maximal positive eigenvalue of ¢(a). The
spectrum of ®(a+iw) is contained in the disc {zeC||z|§/1(a)}, and the following
three statements are equivalent:

(a) €** A(a) (seRP) is an eigenvalue of ®(a+iw).

(b) P(z+ia)=e""5A, () P(z) A,(x)"! for some ue(R?)* and all ze CP.

(¢) T,cs+G, for some ue(R?)*.

The proper definition of T, in the m-dependence case is
T={t(xX1, .oy %) = [U(X1, o ovy X ) — (X0 oo s X)) | (X1 oo, X,)E Y'Y, ue(RPPFE™,

In particular when m=1, T,=T={t(x)|q,>0} for all ueR?=(R?}*°. Compare
Lemma 3, p. 475 of [5].

Proof of Lemma2.1. 1t is clear that if Y is irreducible in our sense, then & (q)
is irreducible in the sense of Wielandt. A glance at I and II shows that it remains

to verify that @ (a) € (x) = 4;(a) €i(x) (2.5

where e} (x)=e,(x) €™ and 1;(a)=¢'*"/". Since @,,(a)=0 unless ye X,y

we have o
(@) ¢f(x) =2 @I (Y g, (@) e0)

VeXr(x)+1

=250 ) (a) e, (x) = A (a) €] (%)

Proof of Lemma22. If T,cs+G,, then t(x,y)=s+u(x)—u(y)+*(x, y),
where t* satisfies €* "“®"=1. Hence e@+i® 1063 =gz 1(x3) pia-s pia-u(x) p—ia-uly)
(x,y)e Y. That is ®(z+ia)=e*">A4,(«)D(z)4,(@)"*. Hence (c) implies (b). If
(b) holds, then ®(a+io)(4,(®) e, (x))=€""*4,(@)(P(a) ,(x))=e*"* 1(a) 4,(x) e,(x).
So that ¢*"* 4(a) is an eigenvalue of @ (a+ia). Hence (b) implies (a).

It remains to show that (a) implies (c). Suppose =0, for otherwise there is
nothing to prove. It follows from III that there is a diagonal matrix 4 and a se R?
such that ®(a+ia)=e'* S Ad(a) A~* which is equivalent to

eia-t(x, y)___ei:z-s eié(x) e—ié(y)

for some function deR*. Choose ue(RP)* such that «-u(x)=4(x). Lemma 2.2
is proved.

We count the N=|X|=(cardinality of X) eigenvalues of &(z) repeatedly
according to their (algebraic) multiplicities and let A(®(z)) denote the unordered
N-tuple consisting of the N repeated eigenvalues of & (z). If A=(4,,...,4y) and
A'=(4, ..., Ay) we define

d, A/)z?ei,? ; r?aleij—/l,,(j)l

where 7 is the set of all permutations of the numbers 1, ..., N. Then d is a distance
function. Lemma 2.3 contains the perturbation theory we will need.
Lemma 2.3. (i) For each matrix M(z) which is analytic in D<= CP, and for each
2oeDd(A(M(2)), AM(2,))) >0  as z—z,.
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(ii) There is an open neighbourhood U of RP (considered as a subset of C?), and
analytic functions Usz— A(z)e C and Usz— E/(z), where E is operator valued,
j=0, ...,r—1 such that A(z)exp(i27j/r) is a simple eigenvalue of ®(z) and E'(z)
is the corresponding eigenprojection for each ze U and j=0, ..., r—1. Furthermore,
A(a) coincides with the maximal positive eigenvalue of @ (a) for each aeRP.

Proof. (i) follows directly from Theorem 5.14, p. 118 of Kato [8].

To show (i) we note that the analytic function Cx C?3a(w,z)—p(w;z)=
det(®(z)—wl) is a polynomial in w and that the eigenvalues of @(z) are the
roots of this polynomial. Since the maximal positive eigenvalue A(a) is a simple

. . . d .
eigenvalue of @ (a) i.e. a simple root of p(w; z) we have T p(w, a) *0, and it
w=A(a)

follows from the implicit function theorem (see [2], p. 138) that there is an
eigenvalue A,(z) of ®(z) which is analytic in a neighbourhood of a and which
satisfies A,(a)=A(a). If we recall (i) we therefore see that to each acR” there is an
open neighbourhood U, of a and a function A,(z) with the following properties:

{«) A,(z) is analytic in U,.
(B) 4,(z) is a simple eigenvalue of ¥ (z) for each ze U,, and A,(a)=A1(a).

(y} Re 4,(z) is larger than the real part of any other eigenvalue of @ (z) (ze U)).
(Here we made use of (i).)

If ze U, n U, then A,(z)= 4, (2) (for otherwise Re 1,(z)>Re 4,(z) and Re 4,(z)>
Re 4,(z)), and we may therefore unambiguously define the function | ) U,z 1(z2)

asRP
by l(z)=A1,(2) if zeU,. Then [l(z) is an eigenvalue of ¢ (z) which is analytic in the

open set U= (] U,. If we note that /(a)=1,(a)=1(a), and remember the verifica-
acRP

tion of (2.5) we therefore see that (z) may serve as the function A(z) of the lemma.
Concerning the analyticity of the eigenprojections we refer to Kato [8],
p- 67. Kato treats just the case p=1 but the proof applies to a general p=1. This
completes the proof of Lemma 2.3.
From now on we let A(z) stand for the function A of Lemma 2.3. This lemma
permits us to introduce the notations
m,=grad log A(a)
2 (2.6)

0
Va (m—; 10g l (a)) .

The reader may think of m, and V, as asymptotic expectation and covariance
matrix respectively.

Lemma 2.4. V, is a positive semidefinite matrix for each ae R?, and the following
two statements are equivalent:

(a) There is an ue(RF)" such that T, is contained in some cofactor of the additive
group G2={teRP|a-1=0}.

(b) a-V,a=0 for all ae R”.

It would be preferable to add a third equivalence to the lemma:

(¢) a-V,a=0 for some acR".
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However, I am not able to prove it. Instead we have to impose an additional
assumption in Section 3.

Proof of Lemma 2.4. For fixed a and a we choose a disc W< C with center
at the origin so small that Waw— A(a+wa) is analytic in W, Re L(a+w ) >0,
and A(a+w a) is a simple eigenvalue for we W, Put f(w)=log A(a+w w), then f is
analytic in W and f"(w)=a-V, 0.

It follows from Lemma22 that Re(f(in)—f(0)<0(neRNW), and the
Taylor expansion shows that Re(f(in)—f(0)=—n?a-V,a+0(n|*). Hence
o-V,2a20. a and « being arbitrary we conclude V, is positive semidefinite for
each aeR?”.

G?= () G,, and hence T,cs+GY if and only if T,=s+G,, for all ye RN W.

neRow
According to Lemma 2.2 the latter is the case if and only if 1(a) exp(ina-s) is an

eigenvalue of @ (a+in o) for all ye R n W. This eigenvalue coincides with A(a+1i# o)
at #=0. Since A(a+ina) is a simple eigenvalue as ne W we therefore must have
Ala+ina)=2A(a)exp(in a - s) when # belongs to some real neighbourhood of the
origin, and hence for all i e W (because both sides are analytic in #).

We have thus shown that part (a) of the lemma is equivalent to: f'(w)=0 for
allwe W, ie. f”(£)=0 for all £e R~ W. The lemma is proved since a was arbitrary.

Let $*(a) stand for the transpose of @ (a)
P*@g(x)= 3 0,:@)80). 2.7)
Y€

Then $*(a) has properties similar to those of ¢(a): &*(a) is non-negative and
irreducible with period r, and the eigenvalues of &*(a) coincide with those of @ (a).
It follows from the preceding theory that there is a strictly positive sequence
e¥ ={e¥(x)},.x such that

D*(a) ef ;=A(@) e~ 2™ ¥, j=0,...,r—1 (2.8)
where
ef (x)=ef(x)exp(—i2njr(x)fr), j=0,...,r—1. (2.9
For any two sequences f={f(x)}..x and g={g(x)},.x we define
feg=Y f0gR). (2.10)
xeX
It is well known that the eigenprojections E’(a) are given by
* .
E@g(=—tCe, () 1)
aj €aj

where e, ;(x)=¢,(x) exp(i2nj r(x)/r), and also that
E'(a) E*(a)=5,, E*(a). 2.12)

If we use (2.11) and (2.12) and note that €7 ;- e, ;=e¥ - ¢, we conclude

rfexp(iznhk/r)z %ﬁ“(—@:é(h), h=0,...,7—1, (2.13)

xe Xk a a
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where 6(h)=1 if h=0, =0 otherwise. But (2.13) cannot hold unless

ya®a® 1 . (2.14)

*
xeXr e, "€, r

3. The Saddle Point Approximation

Except when it is apparent from the context, we will in this and the following
sections suppose that the regularity condition below is satisfied.

Condition. We require that it is not the case that there is an a0 in (—z, 7]?
and an ue(R?)* such that T, is contained in some coset of G,.

Since G° = G, we conclude (Lemma 2.4):

52
Ve= (aai da; log /1((1))

J

is a positive semidefinite matrix for each ae R?, and for each 0% ae R? there is an
aeR? such that - V, a>0. It is believed but not proved that the condition above
also implies:

Additional Assumption. V, is a positive definite matrix for each aeR”.

This assumption implies that the mapping a — m,=grad log A(a) is one to one.
Thus we may write
d=m"'. 3.1)
That is my,,=x for all xem(R?)={m,eR?|acR"}.
k
The tensor product F®-®F=@®F, of mappings F=(f})j=1,....k
j=1

from CX into C¥ is defined to be the mapping from C** into C** which satisfies

k
®F‘jg(x15"'7xk)= z ,f;cllyl""'f:l‘;{ykg(yla"wyk)' (32)
j=1 15005 YR)EXE

This multiplication induces another convolution operation (denoted &) on
structure functions F (), ..., E,(?)

F®EL® - ®@FE(0N= ) FKL)® @k (3.3)

4=t

The convolution (3.3) is thus a mapping from C* into C*. If F(t)=(f},()
j=1,...,k and ge C¥*, then

E@"'@)Ec(t)g(xl""sxk): Z xllyl*'”* :,cyk(t)g(yla”wyk) (34)

W1, o0, YRIEXK

where we this time have ordinary convolution to the right in (3.4).
r—1
We further define E,(a)= ). exp(i27 jn/r) E'(a), then

j=0

E,(@g)=r(el-e)™'( Y ef(r)g0) e ).

YeXr(x)+n
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Also
E, .iw@)=E,(a), keZ. (3.6)

|z| (ze CP) stands for the euclidian norm (|z;|* +--- +|z,|*)%, and | - || for the norms

1Al = Y sl k21

Xexk
Yexk
Then
IF, @ ®F|=|Fl--|E]|
DS AT AR A 33

Theorem 3.1. For each integer k=1 and each compact K =R
ea -t

(Znn)"/z(det Va)%WFm*@...@F"k*(t) (3 9)

—e—%'f*'z[(l+n-%a(r*))é>E,,,.(a)+t*- (nv,,r%gradéEn,(a)]

=0(1/n),

uniformly in t and in a when aeK and ny/n, j=1, ..., k remain bounded away from
zero and one. Here n=ny +--- +n, t* =(nV,)"2(t—nm,), and E, is a polynomial of
third degree with coefficients which are analytic functions of a. Furthermore E,(0)=0.

Remark 1. The rightmost operator of the second line in (3.9) is defined via the
formula

k
[+ vt erad @ B, (@] g0 0
1
% (3.10)
= (1) grad [ @ B @) g ).
1
Remark 2. P, is given by

e B)=@m)P2 [ o7 e M Q (VT a)da (xeRY)  (3.11)
RP

4 3
where Q,(x)= (Z ix; a—i—) log A(a). In particular
) j .

1 , d
Ex)=2 =30V, oV,

when p=1.

Theorem 3.1 is the Markov version of a result of [12] (which is the inde-
pendence version of the present result, but without the extra assumption that X is
finite). The starting point of the considerations presented here was a question of
Per Martin-L6f concerning an extension of his result to the Markov case.

Corollary 3.1. For each integer k=1 and each compact K€ R”?

a-t

Ay

k
(2mny?’*(det V) F*@...@ F*(t)—e " QE, (a)
j=1

(3.12)
=0(n%),



Limit Theorems and Statistical Inference 133

uniformly in t and in a when acK and ny/n, j=1, ...,k remain bounded away from
zero and one.

Proof. The properties of E, mentioned in the formulation of Theorem 3.1 give
max |B(x)| < Const | x| (1+|x|?). Here and below Const stands for a number that
ae
k

&) E,,(a)

1

r k
by the continuous function (Z |E j(a)l|> for all n; we also have
Jj=1

may depend on k and K butnotona, torn, ..., n,. Since is dominated

k

C>1§ E, ()

max
acK

<Const.

Therefore

k
max e B9 ® E, (1
1

<Const max e~ *1*1*|x| (1+|x|*)< Const.
teZP,acK| XERP

We treat the term containing the gradient in a similar way, and the corollary
follows.

For reasons explained in Section 4
H,=logA(a)—a-m, (3.13)

will be called the specific entropy. If we let a=da(t/n) in Theorem 3.1 and note
that t —nmy,, =0 we obtain:

uniformly in t when a(t/n)eK and ny/n, j=1, ..., k remain bounded away from zero
and one. ‘

Corollary 3.2. For each integer k=1 and each compact K = R?

=0(1/n), (3.14)

‘ k
(27rn)”/2(det I/ﬁ(t/n))% e~ "Haum Frix@y... @ Frie* (1) — ®Enj(&(t/n))
j=1

In the independence case it is possible to replace the approximation above by
an approximation which holds uniformly for all te Z. See [7].

Proof of Theorem 3.1. Given the compact K, choose >0 and #>0 so small
that

(i) K;={a+ialacK,|a| <5} is contained in the set U of Lemma 2.3.
(i) log A(a+ia) has no branching point for a+ixe K.
(iii)

llog A(a+io)—logA(a)—io-m,+%a- Va|<ia- Vo (3.15)
when ae K, || <.
(iv)
o(Pla+in))— O {Ala+in)exp(i2nj/m)} c{weC||w|<(I—n)|Ala+ia)} (3.16)

j=1
and |A(a+ia)Zn as aeK, |a|<5. Here and below ¢(P(z)) denotes the spectrum
of &(z).

(v) o(®(a+ia))c{weC||w|<(1—n)i(a)} when aeK, || =6 and ae(—mn, n]%.
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It is seen in the following way that such a choise is possible.
(i) Every open set which K contains K, for all é sufficiently small.
(ii) Put p=1 miI? A(a), then n>0. log A(a+ia) has no branching point in the

open set {a+ic|Red(a+ia)>n} which contains K and hence also K; for all 6
sufficiently small.

(iii) The expression to the left in (3.15) equals (according to Taylors formula)
O(a|?) as o — 0, uniformly when ae K. V, is a strictly positive definite matrix for
each ae R?, and it follows from part (@) of Lemma 2.3 (applied to V,) that the small-
est eigenvalue of V, is a continuous function of a. The smallest eigenvalue of V, is
therefore bounded away from zero when ae K. Hence « - V,a=c|a|? for all aeK,
acRP and some ¢>0. We conclude that the inequality (3.15) is valid for all ae K
and |a| £ 9, provided ¢ is sufficiently small.

(iv) Write Y (a+io) for the set to the left in (3.16), and D(c) for the open disc
{we C*| |w|<c}. Our first aim is to show

Y (a+io)=D(A(a)) (aeR?, aeR?). (3.17)

When a0 (3.17) follows from Lemma 2.2 and the regularity condition (p. 14).
When =0, (3.17) is a consequence of Lemma 2.1.

It now follows from the continuity of the spectrum (part (a) of Lemma 2.1)
that to each beR? there is an open neighbourhood U,= C? of b and a number
7,>0 such that 3 (a+ie)=D((1—n)|A(a+ia)) for all a+iaelj,. Choose 6 so
small that K;< | J U, and let Uy, ..., U, be a finite covering of K;, then

beRP

Z(a+ioz)<:D((1—11)|/l(a+ia)|)

for all aeK, |a|<d and n<min(n,,, ..., Nsy)
(v) It follows from Lemma 2.2 and the regularity condition that

o(P(a+ia))=D(L(a))

when aeK, |a|=6 and ae[ —n, n]?. The set {a+ialaeK,|a|20, ac[—m, n]?} is
however compact and it follows in a similar way as in the proof of (iv) that

o(®a+ia))=D((1—n)Ala) forall aek, |a|25, ae[—m,n]?

and all  sufficiently small.
Let n=n, +--- +n, and

k
Yi@=Q2n)"?e " L@ " Q Pla+iaf
j=1
néE,,j(a—l— io) (3.18)

i=1

lpz(d)=(2n)—p e—int (%)

k k
V3(0)=(2m)7P emiermmma) g Yo [(1 +31Q, () QE, (@) +ia- grad@E.,j(a)]
Jj=1 j=1
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where Q,(«) is defined just below (3.11). Then

a-t

T ree F""*(t)z(—n,jn]p ¥, (@) da (3.19)

and

(2mn)~r2(det V)" F eI’ [(1 +n“%1:<t*))éEnj(a>
) = (3.20)
N A grad@Enj(a)] = [ ¥3() da.
j=1 Rr

j=
Hence the norm in (3.9) equals

Q2rn)P?(det V) Il(_ f]P (@) da—pr 3 daf, (3.21)

which is dominated by

@rapdet V[ | Iy @iidot+ | ¥ do

aE(I;(;g]P lal>2 (3.22)
+| ljé l|l//1(0€)—'ﬁz(0<)||UIOCJrI Ij 6“%(“)—%(&)” do]
=L+-+1.

We choose a number 0 < ¢ <7 and have to show that L=0(1/nyfor j=1,2,3,4,
uniformly in ¢ and in @ when aeK and e=n/n=l1-c¢forj=1, ...,k The symbol
“Const” will be used for numbers that may depend on k, K, &, & and # but not

ont,oc,aornl,...,nkwhenaeKandsgnj/n§1—s,j=1,..‘,k.WewillbeginwithI‘t.
I,. Note that I, may be written
QRunPP(det V)E [ e =y, (o) — Y5 ()] der. (3.23)
laf <6

Write r(a, o) for the expression within the absolute value signs in (3.15). Then we

have . .
i Vax o= ) (0 1 o) (@) = &, (324)

But |ef—1—-w|<|e"—1—z|+|z—w|<E|z)2 e +|z—w|Z el (2] +|z—w]). If we
apply this inequality with z=nr(a, a), w:% 0, (@), remember (iii) and note that

Q.(@)=0(al?), r(a, o) —% Q, (@) =0(|a|*) uniformly when acK, then we conclude

er@a) 1 —-;i 0,(@)|<Const 8™ " (n |af* + 12 |«[6) (3.25)

when ae K. Also

<Const |a]2. (3.26)

k k k
QE, (a+in)- QE, (@+ia- grad® E, (a)
j=1 j=1 i=1

Hence

k k k
”(1 +% Q.(@)RE, (a)+ia-grad® E,(@)—e"*YQE, (a+ia)
j=1 j=1

j=1

) (327)
<Const e*™ " **|a P (1412 a]%)
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when aeK and || < 6. Therefore

I,<Constn?2(det V. | e ¢ a2 (1+n?|af*) da. (3.28)

la <8

The substitution a— (nV,)~*« together with the inequality |V, *«|<Const |o|
finally yields I, <Const/n.

I;. We have I;<Const n?/? I3, where

L= | i@™"

lel <&

de. (329

k k
XR@@a+ion)'~QAilat+iafV E, (a+ix)
j=1

j=1

Let A;=®(a+i)” and B;=

j=Ala+iaf¥ E, (a+io) then

k k k
C?Aj_@)Bj: Z1A1 ®®A;_1®(A4;-B)@B;, @ ® B,
1 j=
and hence !

k k
949,

k
= lelAlllmllA,-_lll I-4;=B;l I1Bjs1ll- Bl -
J=

We are going to show that |[4;,—B;| j=1,...,k are small.

Let I'(a+ia) denote the circle with radius (1—#/2)|A(a+ia)| and center O.
Choose circles y;(a+ia) with centers at A(a+ia)exp(i2nj/r) j=1,...,r and with
so small radii that the sets I'(@a+ia), y,(@+i %), ..., y.(a+ia) are disjoint.

The resolvent R(w,a+ia)=(®(a+ia)—wlI)™* (we() is a meromorphic
function of w the poles of which coincides with ¢ (@ (a+ia)). A(a+i ) exp(i2nj/r)
j=1,...,r are simple poles since these eigenvalues are simple (remember (i) and
Lemma 2.3).

If we remember (2.11) and (2.9) we see that if ze R? then
E,(2)=Y exp(i2njm/r) E'(z). (3.30)
j=1

The identity (3.30) defines E,,(z) in a neighbourhood of R? and we have (see [6]
1966, p. 39 and p. 44)

Eiz)==Q2ni)™" | Rw,z)dw

73 (2)

(331)
D(z)'=—-Q2ni)?! ] w" R(w, z)dw.
T(@)+y1(2) +-- +yr(2)
Hence
Pa+io)"—Ala+ia)y*E,(a+ie)=—Qni)~" | w'R(w,a+ia)dw
Fatia)
. " (332)
+ Y —-@m™t | (wr—[Ala+id)expi2nj/r]")Rw,a+in)dw.
im1 yia+ia)

The integrand of the j-th integral in the sum to the right in (3.32) is in view of (iv)
analytic on the disc whose boundary is y;(@a+ia) j=1,...,r. The r rightmost
integrals in (3.32) therefore equal zero. It follows from (iv) and the definition of I
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that the distance between o(®(a+ia)) (ie. the poles of w— R(w,a+ix)) and
Ia+ia) is at least $4)A(a+ia)|>#*/2. The norm of the remaining integral in
(3.32) is therefore dominated by

Const(1—5/2)" |A(a+i0)|" < Const(l —n/2Y" A{a)". (3.33)
Hence [[A;~ B;| < Const(1—1n/2)" A(a)". Also

1Bl =1Aa+in)[V|| E, (a+ia)| é/l(a)""zr | Ej(a+ia)|j< Const A(a)"
1

when aeK and la[Sé. But 4[| =<(A;—B,ll+|B;]| <Const A(a)”, and hence

”<Const Y Aay (1 —n/2)y

ZLConst A(a)'(1—n/2f" when aecK, |a|<0.

A glance at (3.29) finally yields I < Const n”'? (1—1/2)** < Const/n.

I,. This integral tends to zero faster than any power of n. The verification is
left to the reader.

I,. We have
LS | i@ nllcﬁ(a—i-za)"fll dot. (3.34)
ae(~m, n]P Jj=1
[afz o

It follows from (v) that the poles of R(w, a-+i ) lies inside the circle I'(a) and that
the distance between the poles and I'(a) is at least 1 # A(a)>#n?/2 if aeK, |a| =6
and ae(—m, n]P. The representation

Pla+iaf'=—Q2ni)™t [ w"R(w,a+ia)dw (3.35)
I'{a)

therefore yields (@ (a+i a)"| £ Const(1—#/2)" AM{a)"facK,|a|>6and ae(—mn, w]".
Hence also I, <Const(1—#5/2)".

4. Equivalence of Ensembles

In this section ¢,,=1 on ¥, and we will assume that Y is aperiodic (r=1).
The canonical Markov chain is defined by the transition probabilities

=N g (y)

Pxy(a)= 1@ e’ (x,y)eY 4.1
and the stationary initial distribution
Pa()=(e} ) ek (X) ey(x), xeX. “4.2)
We define
) 3)
then
Pa(Xg, -y Xy =(e* - e,)"* e*(xo) e (x), (_p,x)eY i=1,...,n, @4

Aay



138 T. Hoglund

n
where t,= Y t(x;_1,x;). We will write II, for the probability measure on X?Z

i=1
determined by the densities (4.4).
The reason why we consider the canonical Markov chain will now be explained.
Consider a long chain x_,,, ..., Xg, ..., X,, ..., Xy. The uniform, or the micro-
canonical, distribution on the surface

{x—M+1, ey xN—~1| Z txi—, x)=T x_p=1x, xN=Y} 4.5
~M<igN
is given by the density which equals (6, - FM*V*(T)6,)""if Y  t(x;_1, x)=T,
—M<igN
and which is zero otherwise. Here d, (y)=1if y=x, =0 otherwise. The distribution
for xq,...,x, induced by the microcanonical distribution on the surface (4.6)
is then given by the density '

5xx - FM* ®F(N_n)* (T_ tn) 6x0
pIT“l;c;v(xO 3eens xn) = 53: ) F(M+N)* (T) 5y Y 5 (46)

where t,= Z t(x;_1,x;), and 6, ., (v1, y.)=1if (y1,y,)=(x4, x;), =0 otherwise.

i=1

Theorem 4.1 (Boltzmann’s law). For each compact K = R?
pIT‘!:’ci’v(xO ERERE xn)zpﬁ(xo LIEERS ) xn) [1 +O(1/(M +N))] > (47)

uniformly when 4=4(T/(M+N))eK, and M/(M + N) remains bounded away from
zero and one.

There are many results that are related to Theorem 4.1. One approach to the
problem can be found in [117]. Thompson at Cornell university has obtained a
related result which is applicable also when the interaction is more complicated
than the ordinary Markov interaction considered here.

Proof. In this proof we will write 4 instead of 4(T/(M + N)), and E (a) instead
of E,(a). Since r=1 we have E,(a)=E/(a) for all n.

We apply Theorem 3.1 (with k=2 and a=4) to the operator in the numerator
of (4.6). The result is

FM* @ FN=m%(T— ) =(2 (M + N —n))~ 7 (det V) *
e—é-(T——t)

'W‘w—-r
+u-(M+N—n)V;)~* grad E(@QE(a)|,_,]

+O(LM+N)},

([e™ "2 (1 + (M + N —ny* B) EQ® E@)

uniformly in T when deK and M/(M + N) remains bounded away from zero and
one. Here
u=((M+N—n) V) ¥(T—t~(M+N—n)m,)

=—((M+N-n) V)" (t—nm)=0(M+N)*).

4.9)



Limit Theorems and Statistical Inference 139

Therefore s
e v’ =1 +0((M+N)‘1)

(M+N-n)"*Bu=0((M+N)") 4.10)
u-(M+N—=n)V;) % grad E(@) ® E(@)|,_,=O0((M+N)™1).
Hence the numerator of (4.6) equals

—a-(T—1)
F@ s, EA@E@,,+0(M 4],
@4.11)
uniformly when de K and M/(M+ N) remains bounded away from zero and one.
Corollary 3.2 applied (with k=1) ro the denominator of (4.6) yields

2n(M+N))~?2(det V;)~*

—4'T
5x . F(M+N)* (T) 5y=(27t(M+N))“p/2(det V;i)_é_ W
[0, E@8,+0(M+N)"1)], (4.12)
uniformly when deK and M/(M + N) remains bounded away from zero and one.
From (4.11) and (4.12) we finally obtain

et 6., -E@®E@),,,
Ay 5. E@)o, +O(1/(M+N)), (4.13)

p%‘l;}ly(an -"axn)z

which is the desired result.

Example. The one dimensional Ising M odel.

Here X={—1,1}, Y=X xX and t(x, y)= *Y 1 Thus Yis irreducible and
has period 1. Xty

2
Calculations show that 4 (a)=é’(cosh ¢+ c(a)) and

e,(x)=e¥(x)=(1+x(sinh ¢)/o (@)},
where a= (i) and ¢ (a)=(e~**+sinh? ¢)*.

However, we have to do a modification to be able to apply Theorem 4.1. If we
1

1 ot
let s= (1), =27 (41) and choose u such that u(—1)—u(l)= (i), then T,cs+G,

and hence our regularity condition is not satisfied. But if we define ¢ by

t(x, y)=s+u(x)—uy)+At(x, y) 4.14)

4 0 ~. e . . . . .
where A= ( 0 2), then ¢ is a statistic which takes its values in Z? and it is straight-

forward to verify that  satisfies the regularity condition.

Using the relations between the structure functions, eigenfunctions and eigen-
values corresponding to ¢ and ¢ induced by (4.14) we conclude that Theorem 4.1
holds not only for ¢ but also for the original ¢.
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m, and V, may be expressed in terms of the moments of the canonical Markov

chain
ma = Ea t(xO > xl)

3 4.15)
Va=k_2— Ea(t(xo, x1)—ma) (t(xk, xk+1)_ma)f_

Here the prime denotes the transpose of a column vector and the multiplication
is matrix multiplication. The series converges.

The first of these identities follows from

0=grad ) p,(X,)=E, grad log p,(X,) where X, =(x,, ..., X,).
Xp

To see that the second holds we note that

62 2

) )
~Gada Zpa(Xn) E,5 =— 2 logzh.(X.,)JrEaa logpa(X,.) logpa(Xn)

and that as h—k— 0.

Z pa(xO’ LR xn)=pa(x0' "xk) pa(xh7 Tres xn)+0(6h_k)

Xk + 1+e:Xn—1

for some 0 <6< 1. The latter because A(a)~" @(a)"=E(a)+ 0(#") for some 0<O<1.

Hence 1 o
—hmn LE, z (Z 1),
0
where s;=1(x;, x;,1)—m, But Easisj=Easosj_i=0(9“"") and hence

n oo +
V,=lim (Eas(2,+2 Y. (1—k/n) Easosk) =E,58+2Y E,508%= Y, ESo
k=1 — 00

k=1
which was to be shown.
We will consider three kinds of entropy. The microcanonical entropy

HZ,(t)=log £1,(1), (4.16)
the canonical entropy
Hl=—E,logp.xg,--.sX,), 4.17)
and the specific entropy
H,=log A(a)—a-m,. (4.18)

They are related in the following way
H'=nH,+ H?

Hyy(t)=nH;q, +O(logn), 4.19)

uniformly in t when 4(t/n)e K.

The first of these identities is a consequence of (4.15) and the stationarity of
the canonical Markov chain. The second follows from Corollary 3.2.

The canonical Markov chain I, has the largest entropy among all strictly
stationary processes {X,},.z satisfying Et(x,, x;)=m. See [17].
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The definitions of the canonical Markov chain and the entropies make sense
also when Y is periodic, and (4.19) still holds if we add “provided r(y)=r(x)+n
(mod r)” to the sentence just below (4.19). (2.14) can now be written

1
Ha(xoeXk):7k=l, vy

The same remark applies to the more general stationary Markov chain considered
in the next section. In this case we lose, however, the interpretation of the micro-
canonical entropy as the logaritm of the number of microstates wich realize a
given macrostate t.

5. Central Limit Theorems

In this section we consider a general non-negative and irreducible sequence
{4.,)-and let II, stand for the stationary probability measure on X Z determined by
the densities

n @ t(x; -1, Xi)

Pulor wesx)=(ef )" 2] ([T 1) %)

(5.1
n=20, (x;_;,x)eY for i=1,...,n.

We will investigate the asymptotic behavior of the distribution of

S =

. 115 X;)

~P=

induced by IT,. When we do not want to stress upon uniformity in a, we will formu-
late our results for I1,,. In this case we suppose that {q, } is normed in such a way
that 1(0)=1 (this is always the case in case (b) below), and we will omit the zero,
thus IT=11I,, e=e,, m=m, and so on.

We point out two cases

(a) The canonical Markov chain: q,,=1on Y.
(b) {q,,} is transition probabilities, quy=1 for all xeX. Then II, is the

y
stationary measure on X# induced by the Markov chain with transition proba-
bilities {g,,}. The modifications which are necessary when the initial distribution
is not the stationary one will be left to the reader.
The results in this section are closely related to the results of Saulis and Statul-
javi€us [16] and Statuljavicus [18].
Let pi(t) stand for the density of ¢,

pa)=1I,(t,=1). (5-2)
Then
i & e FrD)e,
pat)= ia@r  ere (5.3)

Theorem 3.1 and its two corollaries therefore induce three results for p?(t). If we
note that e} - E,(a) e,= ¢} - ¢, and (recall (2.14)) e - (grad E,(a)) e,=0, we see that
these results may be stated in the following way.

10 Z.Wahrscheinlichkeitstheorie verw. Gebiete, Bd. 29
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Theorem 5.1. For each compact K < R?
(2mn)?’? (det V,)* pi(®) (5.4)
=g Fltmmma) Val—nmain[| =3 P((nV,)"%(t—nm,) |+ O0(1/n),
uniformly in t and in a when ac K.

Theorem 5.2. (Local central limit theorem.) For each compact K = R?
(2mn)?’? (det V)* py(1)= e~ 3¢ -mma Valtmmmain . O (p=4), (5.5)
uniformly in t and in a when acK.

Theorem 5.3. (Local central limit theorem for large deviations.) For each
compact K < R?
2rn)P?(det Vagym)* i(0)
— o= @Em~a) -t [ Ala(/n)) ]" e - E,(a(t/n) e,

j'(a) e:zk €

(5.6)
(1+0(1/m)

uniformly in a and t when ae K and a(t/n)e K.

Theorem 5.2 implies convergence in distribution. For results of that kind we
refer to the already cited paper of StatuljaviCus and to partl §16 of [3] and
the references given in the notes at the end of that paragraph. Another local limit
theorem was given by Kolmogorov [10].

If we specialize (5.6) to the independence case and put a=0 we obtain
P*(@)=Qnn) P2 (det Vo) ~F 2 (1+0(1/m)), (5.7)

uniformly when a(t/n)e K. Compare [15].

Theorem 5.4 and 5.5 below supplements Theorem 5.3 by providing informa-
tion concerning the tails. We use the word tail for halfplanes of form ¢ -¢,>c- ¢,
where ce Z? and ¢ - t> ¢ - m,. Since ¢ - t, i$ a one-dimensional statistic it suffices to
consider the case p=1. The proofs of our statements concerning the tails will be
given at the end of this section.

Theorem 5.4. ( Central limit theorem for large deviations.) For each compact

K<R A
Aa(t/m) 1 e~ Gum—at B
Mlln2 0= [ ia) ] 1 —e~@t/nm~a) 27n I/;7(t/n)) :
.e_‘:r'_E"MeL 1+0 n_l(i_m)—z (5.8)
e¥-e, n "

uniformly in a and t when K>a<a(t/n)e K.

If we put a=0 in the theorem above and restrict ourselves to values of ¢ for
which 0<t/n—m=o0(1), we obtain a corollary which should be compared to
Theorem 2 p. 520 of [5].

Corollary 5.1. Let x,=(nV)~*(t—nm). If o(n¥)=x,— o0, then

(2,2 )= (1 —R(x,)) €15 (1 40(x,n~ )+ 0(x;2). (5.9)
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Here N(x) stands for the normal distribution with zero expectation and unit

variance, and _ )
S 4 - pu+22 ; 5.10)
I(x)=— Z d—x—’ a(x) x=mM(j+2)! X<, (5.

j=1
Theorem 5.5 presents an upper bound for the tails.

Theorem 5.5. If t Znm,, then

1L (t, > t) < o~ @um-ar % - D(a/n)" e,
a n— = .

5.11
Aa) e¥-e, G1D)
In the independence case Theorem 5.5 takes the form
Theorem 5.5a. If t=nm,, then
z ‘ R Ala/m)
11, ( tHx; gt) SemGtm—ar L T2 (5.12)
210 i
Note that by Taylor’s formula
1
log A(a)=1log A(@)+(a—a)m;+(a—ad)? f(1—=&) V; g dE.
0
The expression to the right in (5.12) may therefore equally well be written
e~n6(a, ﬁ(t/n)), (513)
where )
0(a,d)=(a—ay [(1=8) Viysa_a dl. (5.14)
0

Since ¥, is strictly positive for each a and since @(t/n) = a only if t/n=m, we conclude
that &(a, d(t/n)) is positive and bounded away from zero when t/n is bounded
away from m, and ae K, d(t/n)e K. Thus, when applicable, Theorem 5.5 a gives a
sharpening of CebySev’s inequality.

We also have the following corollary to Theorem 5.5a .
Corollary 5.2. If t=nm,, then

i)
1, (e zt) sexp (——i—*> (515)
1

2M

where M= max V.
asb=a(t/n)

Example. Bernoulli Trials.

Xy, ..., X, are independent and takes the values 0 and 1 with probabilities 1— 6
and 0 respectively. Here f,=x,+--+x, and p,(xg,...,x,)=0"(1—6)"""=
e“m(14+¢")~" where f=¢e/(1+¢%). We also have m,=8 and V,=0(1-6). It is
casily verified that V,<1/4 for all b, and that V, <V, for all b= a=0. Corollary 5.2
therefore yields the inequalities

n (L——H)z
Y (1) pa—or-sex <_79?T—W> it 20

sz

i\

1 (5.16)

10*
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and

Y (Z) 0 (1— 0y~ *<exp (—Zn (%—9)2) if %2920- (5.17)

s2t
An inequality similar to those above was given by Bernstein. See [14], p. 387.

Proof of Theorem54. In this proof we will use the following abbreviations:

d=a (%) , B=exp(a—4) and

Ri¥()=e" A(a) " F"*(1). {(5.18)
We have © °
I, 20= YR =(ef ) et - ( LRI e, (5.19)
S=t S=1
However
RI*(s)=6° A(@)" A{a)~" R3*(s) (5.20)
and hence
IL(t,20)=4@) A@) " 0'(1—0)"e*-e) ' e* - P e, (5.21) .
where

o0

F=(1-0) iﬂ" RE*(t+u)=R3* (1) + 10“(Rg*(tJru)—R;;*(t+u~1)). (5.22)

Theorem 3.1 yields
Ri*(t+u)y=Q2nn V) *[g,(utn Vo)~ E, (@)

o 4 . 5.23
+h,(u(n Va)‘f)%E,,(a)+O(1/n)], -23)
uniformly in u and t when 4(t/n)e K.
Here 8= (L+nt B(x),
, . (5.24)
h,(x)=e " x(nV,)~%. ,
Therefore ©
F=@rnVat | E,@+0 366, 1E@ )
u=1 (5.25)
i d
+0 (u;e“ 52| 5= En(@ ) +o(n (- e)*l)],
uniformly in t when a(t/n)je K. Here
01 (u)=|g,(uln Va)_f)—gn((u—l)(n Va)"f) (5.26)
8, ()=|h,(u(m V)" ) —h,(u—1)n V)" %)
Let Iw)={u—1)® V) % u(n V)~ *]. Then
5,65 (3 V,)™* max [g1 (9. (527)
But o N N
1€ (X =1—xg,(X)+e” "B (x)n"*|Su@ V)" *g,(x)| (528)

1 1

+n~% e~ */2 |P/(x)| < Const(u+1) n~*

when xel,(u). Hence 6;(u)=0((u+1)/n), uniformly in u and ¢ when d(t/n)eK.
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In a similar way we obtain &, (u)=O(1/n), uniformly in u and ¢t when d(t/n)e K.
The facts ) 0*=0(1—60)"%, Y u0*=0(1—0)"% and n~}(1—-0)"' <n~(1—0)~2
1 1
applied to (5.25) now yields
S =QRunVy) *[E,@)+0(n ' (1-0)"%)], (5.29)
uniformly in ¢ when d(t/n)e K. The desired result follows if we substitute the
expression to the right in (5.29) for & in (5.21).
Proof of Corollary5.1. Let d(x)=d(m+xV?) and define I(x) and h,(x) by
x2 l(x) - x2/2 =H§(x)

h,(x)=x(1—e 81 Vico %@ﬁ‘ (5.30)

It follows from Theorem 5.4 that
O,z0)=Qr) x;te %P e D (¢ n=3(140(x72),  (531)
uniformly in t when 0 <a(t/n)e K. Calculations show that h, (x) =1+ O(x) uniformly
2

. d

in n. Also Tx H, I
(5.10). The estimate (2m)~*x~'e~*2=(1—N(x))(1+0(x~2)) (see [4], p. 166)
finally yields the desired result. (Note that o(n*)=x,— co implies 0 < d(t/njeK.)

Proof of Theorem54. For any ¢=0.
IL(6, 20 Y ™0 p.(xXg, .eey X,)

2t (5.32)
<Y e p (Xgs-ees X)=e P A(@) " M(eF - e,) "t e¥ - B(atc)e,.

o= —a(x), H;oy=— Vi and hence I(x) is of the form

The theorem follows if we let ¢=d(t/n)—a. (Note that t2nm, implies d(t/n)=a.)
The reason for this choise is that for large n the expression to the right in (5.32)
approximately equals

(e_ct/n Ala+c) )" e E(a+o)e,

i) (533)

e¥.e,

and that c¢=d(t/n)—a minimizes e~ /" 1(a+c)/A(a).

Proof of Corollary5.3. The left hand side of (5.15) is by Theorem 5.5a
dominated by (5.13). We make the substitution #=m, +é@—a In the expression
to the right in (5.14). The result is

tin

5(a,a)= | (atn—a)dn. (5.34)

d e
But e a(n)=1/V,, and hence
n—m,
M

amy—az= if m,<n<i/n. (5.35)
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tin
da,d)z | - dn= : (536)

Mg

So that ¢ 2
=

which proves the corollary.

6. Statistical Inference

We will in this section apply our results to the statistical theory presented in
[12] and [13]. Another treatment of the subject treated here can be found in
Billingsley [1].

Imagine an experiment the outcome of which may be listed x,, ..., x,. Suppose

we feel that, given the endpoints x, and x,, a statistic t,,=z t(x;_,, x;) 1s sufficient
1

for the experiment. Given x,, x, and t,=t we may consider x, ..., x,_, as being
uniformly distributed on the surface

X;gxn(t)z{xla [ERE] xn—l

Zt(xi—hxi):ta(xi—laxi)EY,i=1a---:n} (6.1)
1

(the microcanonical point of view). Alternatively, using Boltzmann’s law, we may
think of x,,...,x, as being distributed according to the canonical Markov
chain which the function t(x, y) determines (the macrocanonical point of view).

We will here deal with the problems of testing statistical hypotheses and
estimating parameters. We will begin with the former.

Let the statistic u be the image of t under a linear transformation, and suppose
that u is of lower dimension than t. After a suitable coordinate transformation
we may then write

=)
v

where dim u=g<p=dim t. We want to test the hypothesis: The statistic may be
replaced by the simpler statistic u.
Let IT;,, stand for the uniform (the microcanonical) distribution on the

surface X%, (u), and let pf, . (v) denote the density of v,=) v(x;_;, x;) induced by
;. . . Then 1

“XgXn
_ f:y (u’ U)

p:xy (U) - f;ly (u) . (62)

Here and in the sequel the structure function is defined relative to the sequence

{4,,} which equals one on Y.

The exact test of the hypothesis rejects at risk level ¢ if
Plixox, W) <27 (15 X0, X,), (6.3)

where AZ(u; x, y) is the largest number for which the probability to reject is at
most &,
AM(u; x, y)=max {A| D5, (Pi., (W) <A)< e} (6.4)
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Introduce the projection matrices P and Q defined by

10 P\}a
= “ |={- (6.5)
P N0 1) \Q/ir-a
and let b, (x)e R? be the solution of the equation
Pm, g=x (xeR9). (6.6)

In order to get an asymptotic test we prove
Theorem 6.1. For each comact K < R4
Pixy(0)=Q2mn)~ =972 (det QV5., Q)F

o ) 1 6.7)
. (6_7("—”9”‘170,0)'QVbo,OQ(”—"meO,O)/"+ O(n—i))

uniformly in v, and in u when 130=l30(u/u)eK, provided r(y)=r(x)-+n (mod r).

Proof. We apply Corollary 3.2 (with k=1) to the structure function of u. The

result is 5 log A(b, 0)
Og 2 _ !
(note that (W) _PVb,O P) .
Sow)=06, - F"*(u) 5y=(27'm)_q/2(detPV,;O,OP')_%

2B, O =505 E,(By, 0)8,+O(1 /)], (638)

uniformly when b, ="b,(u/n)eK. If we put a=(b,,0) in Corollary 3.1 we obtain

S, 0)=Qan) "2 (det V;, o) "% A(by, O e 7o

. [e—%(t—nmz;.),o)-Vz‘;ol,o(t—nMEO,o)/n 5x . E,,(BO, 0) 5y+0(n_%)], (6'9)

uniformly in t= (:) when (bo(u/n), 0)e K x {0}P~4ie. when bo(u/n)e K. If we note
that

_ -1
n l(t-—-nmgo’o)' Vo 0lt—nms, o)

= n_l(v—an,;o,o) Qo Q'(v—nQms, o),

(6.10)

then we see that it remains only to verify the identity det PV, , P'=det QV; 4 Q'
det ¥, ,. The latter is done in e.g. [10], p. 55. This completes the proof of Theorem
6.1.

We will reject our hypothesis when pj, . (v) is too small. If we accept to
approximate pj,, . (v) with the normal density to the right in (6.7), this will occur
when the quadratic form (6.10) is too large. It follows from Theorem 6.1 (by
approximating the resulting Riemann sum with an integral) that the distribu-
tion of v induced by II;  is asymptotically normal with expectation RO Mg im0
and covariance matrix n(QV; i, Q)" and hence, in particular, that the
quadratic form (6.10) is asymptotically chi-square distributed with p—g degrees
of freedom. Therefore:
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The asymptotic test of the hypothesis rejects at risk level ¢ if
”_1(U_”Qm50(u/n),o) ) QVEO_(}:/n), 0 Q@ (W—nQmg, upm), 0) >K;—lq(1 —¢), (6.11)

where K;1 (1—¢) is the (1—¢)-percentile of a chi-square distribution with p—gq
degrees of freedom.

1t is frequently convenient to calculate the quadratic form to the left in (6.11)
via the modified likelihood quotient

n

max pri—l xi(b’ 0)

__ beR7 ;4

A= 2 (6.12)

max pxi -1 X% (a)
aeRP ;'

where p,, | ..(a) are the transition probabilities defined in (4.1). If ]_[ Px,_, (@) and
n 1

17, (b, O) have maximum for 4 and b respectively, then d—a(t/n)=0(1/n)
1

and b—b,(u/n)=0(1/n). Hence

€5, 0(X,) €3(xo)
log A=n(H;—H;, o) +log 220" "800 1 0(1/n). 6.13
o8 A=t 108 ol est) O 619

Taylor expansion (in powers of t/n—m;, o) of the function to the right in (6.13)
shows that the difference between —2 log A4 and the quadratic form to the left in
(6.11) equals O(lv—nQmy, ol/n), and hence they are asymptotically equivalent.

We now turn to the problem of parameter estimation. x,, ..., X, are considered
as being distributed according to the canonical Markov chain and we want to
estimate the unknown value of the parameter a.

n

The statistic t,=)_ #(x;_1, x;) is, given the endpoints x, and x,, sufficient for a,
1

and the conditional distribution of ¢, has the density
ea -t
"(t =—Qf"_ (1), .
pa( |x07 xn) (onxn(a) .f;coxn( ) (6 14)
where ¢} (a)=0, - ®(a)"6,.
The exact confidence region for a at risk level ¢, A%(t|x,, X,), is given by

A7 (t| %o, X,)={acR?| pi(t| xo, x,) > A2 (a] x,, x,)} , (6.15)
where
K@) xo, x)=max {A| I (ph(t] Xo, X,) < 4| X, X,) S} (6.16)

In order to obtain an asymptotic confidence region we prove
Theorem 6.2. For each compact K — R?
(el %, y)=QR mn)~P? (det V) "2 [em 2¢mmma Viltmmmdin g O], (6.17)
uniformly in t, and in a as acK, provided v(y)=r(x)+n (mod r}.

Proof. Tt follows from the argument centering around (3.33) that for each
compact K< R? there is a 0<6<1 such that

%y (@)=A(a)'(3, - E,(a) 3,+0(0"), (6.18)



Limit Theorems and Statistical Inference 149

uniformly when ae K, provided r(y)=r(x)+n (modr). The remainder of the proof
is just another application of Theorem 3.1, and is left to the reader.

It follows from Theorem 6.2 that the inequality pi(t]|x, y)> A (alx, y) is ap-
proximately equivalent to that the quadratic form

nlt—nmy) -V, (t—nm,) (6.19)

is smaller than a certain constant. Since this quadratic form is asymptotically
chi-square distributed with p degrees of freedom, this constant approximately
equals K, '(1—¢). Therefore

AL(t|x, y)= {aeR?|In"Ht—nm,) -V, " (t—nm)< K, (1—¢)}. (6.20)

A further simplification is however possible. Calculations show that (6.19) equals

n{a—a(t/n)- Vagm(a—a@/n)+0(la—a(t/n)P). (6.21)
The asymptotic confidence region for a at risk level ¢ is given by the ellipsoid
{aeR?|n{a—a(t/n) - Vaym(a—atin) <K, (1—¢)}. (6.22)

The most precise statement we are in any right to make about the unknown
value of a is to say that it belongs to the set of exact estimates

A (t1xg, x)= ) A2(t] X0, X,)- (6.23)
It is straightforward to verify that -
Ay (1% y)={aeR?| P (t|x, y)=max p(s] x, y)} (6.24)
and hence (recall that H} (1)=Ilog /", (¢))
A,(tlx, y)={aeR?|H: (s)—H, ()< —a-(s—1) for all se Z?},  (6.25)

provided f.,(z)>0. It is an immediate consequence of the latter representation
that A,(¢]x, y) is always a closed, convex set.

Theorem 6.3. For each compact K <R” there is an integer n(K) such that for
any t, x and y: if n=n(K) and a(t/n)eK, then A,(t|x, y) is a non-empty, compact
and convex set satisfying

max |a—d(t/n)|=0(1/n) (6.26)
aed,(t|x,y)
uniformly in t when d(t/n)eK.

The counterpart to this result in the independence case was given in [6].
The proof of the present result is omited because the detailed proof is long and
almost identical to the one in the independence case, provided we are acquainted
with Sections 2 and 3 of the present paper.

In view of Theorem 6.3 it is natural to call d(t/n) the asymptotic estimate.
Comparing (6.25) with the identity

grﬁld Hyoy=—d(x) 6.27)

we see that'the exact and the asymptotic estimate have the common interpretation:
minus the local change of entropy.
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Theorem 6.4. The distribution of d(t,/n) induced by II, is asymptotically normal
with expectation a and covariance matrix (nV,)™'.

Proof. A Taylor expansion yields d(t/n)=a+ V" (t/n—m,)+O(|t/n—m,|?)
uniformly in ¢ when d(¢/n)eK. Hence (nV)((a(t/n)—a)=nV,) *(t—nm,)+
O(n*|(t—nm,)|*), uniformly in ¢ when d(t/n)e K. It follows from Theorem 5.2
that the second term to the right tends to zero in probability and that the first
term to the right is asymptotically normal with zero expectation and covariance
matrix I. This completes the proof of Theorem 6.4.

We conclude this section with an example which I received from Per Martin-
Lof. For further examples we refer to [1].

Example. Bird N avigation. A bird is caught in a circular cage in which there are s
perches in s directions, the distances between adjacent perches being equal.
We observe the successive positions X, ..., x, of the bird, and we want to find
out whether the bird navigates or not.

The sample space X may be identified with the group {0, ..., s—1} with addition
modulo s. The frequencies n;;, i€ X, je X are sufficient for the experiment, and the
hypothesis “no navigation” corresponds to a reduction in sufficiency from the
frequencies to n/, jeX, where n/= ) n,. However, &;(xo)+ Y n;;=06:(x,)+

k—h=j jeX
Yon;i=0,...,5—1,and Y n'=n, and hence the proper dimension of ¢ is p=5>—s,
jeX ’ jex
and that of u is g=s—1. To calculate the likelihoodquotient is equivalent to
calculate the quotient between

Z Gij=15 lzl, ...,S}.
j=1

i J

max{ﬂ@}‘j 201:1} and max{ﬂ@?}i
j=1 " |j=1

Hence

[16/ny
4= H(nij/ni i

s

where n;.= ) n;;. A Taylor expansion of —2log A finally shows that the criterion

=1
(6.11) takesjthe form

S (ny— (. w i)

-1
) (ni. n}__i/n) >K(s_1)2(1_8).

14

1
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