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Deviations in the Skorohod-Strassen
Approximation Scheme

David G. Kostka

1. Introduction

Recent proofs of the law of the iterated logarithm rely on the Skorohod
embedding into Brownian motion £(¢) of the sum S, of n independent, identically
distributed random variables X; with mean zero and variance one (see [3, pp. 276 to
278] and (4) in the Appendix). By this embedding S, has the same distribution as

¢ (Z Ti) where the sequence {T};,, are independent, non-negative, identically
i=1 n

distributed with mean one. Using the strong law of large numbers on ) T; it is

shown (see [3, pp. 291-292]) that =1
| _i(xn)-em
(L1) P[w: lim‘—=‘—-—:0]=1
o Ynlglgn

where lgn=Ilog,n.

More recent work has involved the situation where the X; have moments
higher than the second and thus the 7; have moments higher than the first. For
this case better convergence rates than given by the strong law of large numbers

may be used (see [2]). In this section assuming lim YAT— 1))=0(c,,) as. fora

sequence of positive numbers {c,}, it is shown that

(1.2) P [a): lim é ("=1Ti) Y

% (e lg <°°]=1'

This is an upper class result for the lim.

Kiefer [9] has considered a more specialized case. Assuming E(T,— 1)* =<
he shows that n
_¢(xm)-em
(13) P[w: fim- =1 T =1]=1.
n~o (2B nlglgn)*lg n)?
Notice that he finds the exact constant for the lim. His proof relies on the law of
the iterated logarithm applied to the sequence {7;}. Namely,

n

_ T@-
(14 P[w b V2Bnlglgn ] !
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In this section Kiefer’s result is generalized. Essentially it is shown that if
there exists a sequence of numbers {c,},-, Where ¢, is regularly varying with
exponent 4, ¢,/n*1 as n— o0, and

Z(n—l) ]
(L5) P[ Tim 4= —1]=1
n— o Cn _
and
(T 1)‘
(L.6) P[w: lim =1
n— Cy |
then .
(; T)-2o)
(L7 P[w fim =1 =1.

This is both an upper and lower class result for the lim. The method of proof
follows that employed by Kiefer but is substantially simpler.

This section concludes with a specific example of a sequence of random
variables {T;} such that E(T;—1)* =co0 and a sequence of numbers {c,} such that
(1.5) and (1.6) and thus Eq.(1.7) are satisfied. The example is interesting since
the usual law of the iterated logarithm does not apply (see [14]) to this sequence
of variables.

2. Proof of Eq. (1.2)

Let {X,},>, be independent random variables with the same distribution;
make the normalizations E(X,)=0, E(X?)=1; let S,=X;+---+X,; and let

14 (Z Tl) be the Skorohod representation of S, where &(r) is standard Brownian
i=1

motion (see (4) in the Appendix). We can prove an easy upper class result about

the fluctuations in the Skorohod embedding versus the Brownian motion.

| 2@
(2.1) Theorem. Suppose lim =2

e G C

£ K with probability one for some K >0
n
where {c,} is a sequence of positive numbers, then

o g

— <0 |=1
n— o (c,lgn)? ®

where lg n=1log, n.

Proof. For 8>0 let
> Ti—

={co: é(‘i'fi)—6(n)>9(c,,lgn)%}n{w: Py

n §2Kc,,}.

It is sufficient to show that with probability one only finitely many A4, occur.

(2.2) A,c{w: sup E()~Em>0(c, lgn*l=4,.

lt—n<2Kcn
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In the following C stands for various positive constants. By Lemma (3) in the

Appendix P(A4,)S4P(E(n+2K ¢,)—E(n)>0(c, g n)?)

Em+2Kc,)— f(n) 0(c, lgn)* )

V2K, ]/2Kc
0 5
=4P(éﬂﬁ>v@ﬁz(&n))

< Ce 184K by Gaussian tail estimates

~ap |

. < Cn-0HK,
Thus, o o
Y. P(A)< Y P(Ay)
n=1 n=1
§ C i n—92/4K
n=1
< oC

if */4K > 1. By Borel-Cantelli only finitely many A, occur a.s. This completes
the proof.

(2.3) Proposition. Let {c,},>; be a sequence of positive numbers, then

P[a) hm( sup M)<oo]:l.

nooo \[t—n[Zcn (C,lg n)*

Proof. Same as for Theorem (2.1).

The proofs of Theorem (2.1) and Proposition (2.3) do not require the usual
and more difficult method (see [2]) of looking at the events in (2.2) along a sub-
sequence. (However, the method will not yield Eq.(1.1).) That we do have the
right order of magnitude for the lim is indicated by later equations of the form (1.7)
and by the next proposition.

(2.4) Proposition. Let {c,},», be a sequence of real numbers where c, oo as n—o
and c,<n' ~° for some 6 >0, then

P[a) 0<hm( sup ¢0- é(n))]_

new \lt pze, (c, lgn)t

Proof. Set £>0 and let
2.5) My =m+[c, .

Y. P(E(m 1) —Em)>e(cy, I8 m)¥)
(2.6) = o
= ) P(¢(1)>e(lgm)?)

k=1
& 1
@7 = k§1 W
by Gaussian tail estimates.
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Now note that

Mgy 1 1

Wmé(n"“ —”k)m
n=n n Ny k

2.8)
c 1

ny .
22+0(1)] — n;{£2/2+0(1)] .

T ey
Using this in line (2.7) gives

o

Y Py r)—E(m)>e(cy, g m)?)

k=1
3 m‘il ! i :
2.9) =y s >
= 0] = 22 +o(1
Py Wiarll C,,n[‘g/ +0o(1)] = cnnla [2+0(1)]
= 3 1 oo  when & <o
P == w. —_ .
=< a1l =9 yle?/2+0(1)] 2

Thus, since the events in (2.9) are independent, the Borel-Cantelli lemma gives
E(my 1) —Em)>e(c,, lgm)* infinitely often almost surely which yields the re-
quired result.

The following theorem due to Feller [6] is useful for finding sequences {c,}
in Theorem (2.1) in terms of moment conditions on the random variables {X,}.

(2.10) Theorem (Feller). Let {X,},-, be a sequence of independent, identically
distributed random variables such that E{|X,|)<co, E(X;)=0, and for some 0<d<1,
E(X,[**%)=00. Let {c,} be a sequence of numbers for which there exists an & with
0<e<1 such that c,n ***21, ¢,/n|, and let S,=X,+---+X,, then |S,|>c, in-
finitely often a.s. if and only if | X, | > c, infinitely often a.s.

In the following there are two applications of Theorem (2.1).
(2.11) Example. Assume E(X;)=0, E(X?)=1, E(X;|*>)<c0, and E(X;|**+%)=c0
for any 6>0. Then by the Skorohod embedding & (Z T,) has the same distri-

i=1
bution as S,=X;+---+X,, E(T)=1, and E(T#)<co. Assume E(TF*%)=cw0 for
any 6>0. By Feller’s theorem (2.10) and Lemma (1) in the Appendix

Y T-n

i=1

=0(n?) a.s.

Thus by Theorem (2.1)

¢ (1; Ti) —Em)=0(n*lgn)? as.

n

(2.12) Example. Assume E(X;)=0, E(X?)=1, and E(X})<o0. Then ¢ ( Y T,) has

i=1
the same distribution as S,, E(T)=1, and E(T;?)<co. By the law of the iterated
logarithm

=0(nlglgn)* a.s.

S T
i=1
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Thus by Theorem (2.1)

¢(37)-em-olignintglg ] as
Except for showing the exact constant, this is the upper class result of Kicfer [9].

3. Proof of Eq. (1.7)

Under more specialized conditions on the sequence of random variables
{X,};5, it is possible to find the exact deviations of the lim and prove equations
of the form (1.7).

(3.1) Theorem. If {T;};5, are the random times of the Skorohod embedding and
U,=T,+---+T, is such that there exists a sequence of real numbers {c,} where c,
is regularly varying with exponent %, c,/n* 1, and

(3.2) Em A ko, hmﬂ—”"g (1—1) a.s.
n— o C" k— oc an 2

for some K >0, %>0 and subsequence {n},», where Y n,=0(n,), m2y" for some
y=2, and i=1

— U,—
(3.3) lim — " 1as
then ’

P [ 1< lim é(_~£(_n)] =1.
e (cn lg n)7

(Note: In our examples condition (3.3) forces condition (3.2) to hold.)
Proof. We will show that

E(U)—Em>(1—n)(c,lgn)*

infinitely often a.s. for any #>0. Let n, be a subsequence of the integers increasing
as fast asy", 2<y, so that

e g
34 _ _
(3.4) (1 2) ¢, <U, n,<<1+ 2) Cn,

occurs infinitely often a.s. for > 0. Let

1Zigon,

(3.5) F,,,;—{ max |U, ,; U,,r~i|<%c,,r}

where 6 <7y. We will now show that there exists a § >0 such that m, the comple-
ment of F, ;, occur only finitely often a.s. as r—oo. By the assumption on the
sequence {T;}

(3.6)

Z(T 1[<2Kcm
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for all but a finite number of m a.s. Thus if (3.6) holds for two values m=M and
m=k>M, then '

k k M
Y (G- Z(Ti—l)‘+ 2(7:-—4)‘
i=M41 i=1 i=1
S2Kc+2K ¢y
In particular )
T— <
3.7) , dmax i___Z"r(T: 1){<4K ¢,

r

for all but a finite number of n, a.s. where k,= ), dn;. But

i=1

(3.8) k=Y dn,<Con)

-

i

where C, as usual, represents various positive constants. Since ¢, is regularly
varying with exponent %,

4K ¢, =4K(k)* L(k,)
where Lis a slowly varying function (see [5, pp. 268-269]). Thus using

(3.8) 4K ¢, SAK(COn) L(Con)< Céc,,r§—;—c,,r

for 6=¢/2 C. Thus only finitely many IT; occur a.s. Now the event
(3.9) (1-9c, <U,—n<{l+gc,
for all n such that n, <n<n,+ dn, occurs for infinitely many r a.s.
Let J,=integral part of (dn,/4c, ) and for 0=i<J, define
n,=n+int2ic,), n;=n+int(2i+1c,)
Cpi={E( ) =&, )>(1—n) (cn, 18 n)*}
Cra={_sup_ |0y +xe,) =l <n(c,, lgn)'}

%= U C. o= () C.

0gi<) 05i<dy
Suppose (3.9) holds for n=mn, ;, 0<i<J,, then
n i —eC, =h +H{1—¢g)c,
SU, S +(1+e) ¢, S +ec,.

This together with C, ;n C;; entails

EUy, )= E(m, )>(1=2n) (c,, 1gn)?
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which gives the desired result of the theorem. Thus it is sufficient to show that
P(Q! occurs i.0.)=0

P(Q. occurs i.0.)=0

and

which we do in that order.

P(CL)S CP{E(n] i +3¢ec,)— S )>n(cy, lgn)t}

n(c, lgn)?
(Bec, )?
1
—_—pn2
é Ce™" lgnr/6s§ CW,
on,
4¢, nriloe”

ne 'or

=CpP {5(1)>

—_ Jr —
P(Q))< Y P(C/)<C
i=0

Therefore, ZP(@)«D for ¢ sufficiently small and thus by Borel-Cantelli
r=1

P(Q! occurs i.0.)=0. Now,

P(C, )=P(((1)>(1—n) (g n)?)

L—l"’)z(xﬂu))
~ o gy (1 +0(1) (1) 2
= =] — 5
nr
J"
lg P(Q)= Y 1g P(C. )
g ¥, g ¥, 1
i=0
én SA=n? ey
<—TLlg[t—n 2
v g[1—n, 1
_(1-n? _(-m? .
§—Cjn' M (1+o(1))<—C5n§‘”‘n, Z-(1+0(1)
Cp,

since the regular variation with exponent 5 of ¢, implies ¢, <n®** for n= N(a). Thus
oC

Y P(Q])<oo since a is arbitrarily small and P(Q’) occur i.0.)=0 by Borel-Cantelli.

r=1
This completes the proof.

By a method more delicate than used in the proof of Theorem (2.1), we can
find the exact upper class result. The method of proof follows that employed by
Kiefer (but involves a change of his subsequence) and uses the following lemma
which he proves.

(3.10) Lemma. If ¢ is standard Brownian motion and T, L, , ¢ are positive values
with T< L, then

Pl sup 1E(t)— &)z c]
O<ti<t35L; |ty —13|£T

< 8L— T+38)(T+268)*
= dc(2m)®

exp[—c22(T+26)].
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The upper class theorem is stated below.

Y@=

(3.11) Theorem. Suppose hm < 1 with probability one where ¢, = n* h(n)

n

and h(n)isa non-decreasmg slowly varying function, then

o ¢ 7) -0

" oo (Cn lg n)-%

< 1] =1
where 1g n=1log,n.

Proof. For ¢>0 let
q,=(1+&c,, d,=(1+e)(c,lgn)?, n,=integral part of r*.
For real numbers f and integers n and r let

M,={t: [t—n|<q,
and n=1{t [t—n|<q,}

M:k ={(t’ n‘): |t_n| <an+ l; L, VlE[nr‘"an+l, nr+1 +qn,+1]}‘
Define the events
A,={sup |£ ()~ £ 01> 4}

and
Af={ sup Ié(t) Em)>d,}.

(t,n)e M,

If A, occurs for some n satisfying n, Sn<n, ,  then A} occurs. Thus if Y P(4}) <o,
r=1

the Borel-Cantelli lemma will give the desired result that only finitely many A4,
occur almost surely. Using the fact that h(n) is 2 non-decreasing slowly varying
function we have

Co, ~THO)~C,,
g, =+ c, ~1+erh(?)~q,.,
d ~(L+8)(c, 21g Nt ~(1+8)(rh(r?)2lg ).
In the lemma above let
L=n_, —n,+2_q,,r+!, T=yq,.,, c¢=d,, ©06=r.
This lemma yields the following where K represents various constants.

8(L—T+08)(T+20)*

P(A¥)< ScG exp [ —c2/2(T+26)]
rh(r?) (rh(?)* —(L+¢)*Qc, lgr)
=K rrh() g - [2(1+e)(c,,m+2r)]
<K— h?) exp[—(1+8) (gn)(1+0D)]

=7 (Igr)?
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since the slow variation of h(n) implies h(n)<n* for n=N(o), «>0. Thus

Y P(A¥)<oo and only finitely many A} occur almost surely. This completes
r=1

the proof.
(3.12) Corollary. Under the assumptions of the above theorem and Theorem (3.1)

postEely.

Proof. This is a combination of the above theorem and Theorem (3.1).
In the following there are two examples of Corollary (3.12).

(3.13) Example. Assume E(X;)=0, E(X?)=1, and E(X})<o. Then ¢ ( Y 7})

i=1
has the same distribution as S,=X,+---+X,, E(T)=1, and E(T;—1)*=f<o0.
By the law of the iterated logarithm

> T-n

i=1 1

ws Cpnglgny |

and

Y T
fm——'=1 L =1 as.
nrch 2pnlglgn)? as

By the Skorohod embedding (sce (4) in the Appendix), {f ( Y ‘Ci)} has the
n i=1 nz1

3 T
same distribution as {5—1———} and
n=1

VB
() -¢m

P[w: Tim =t »=0]=1
o Ynlglgn
(see [3, pp. 291-292]). It is also known (see [10, pp. 41-49]) that

Yo é(nk) ( E)
lim-————2>(1——] as.
ks 1/ 2m 1glgn,

where n,~7* and y is large. Thus

e

ZTi_”k

Tm =t > _i)
I}Lngc (2,Bn,(lg1gnk)’:’=(1 2) %
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Since n, ~y* where y is large, the second part of condition (3.2) is satisfied. Thus
by Corollary (3.12)

()t
P[w: fim =t 1L=1]=1.
- (Ign(2 B nlglg n)?)?
This is Kiefer’s result [9].
(3.14) Example. Assume the {T;} in the Skorohod embedding satisfy

3 T

i=1

S BRngign ) L
and
2, Ti-n
FTn i=1 _
Jm (2Kn(glgn?)t 1 as.
and condition (3.2).

(Proposition (8) in the Appendix gives a proof of the existence of such non-
negative i.i.d. random variables with infinite variance and their common distribu-
tion is explicitly shown.) The above sequence {1} satisfies the conditions of Corol-
lary (3.12) and thus

S i ) —&¢(m)
P [w: ,E.I?o (2K(nl(=lé n)lg lg n)?) =1] =1

Appendix
(1) Lemma. Let X be a random variable. Then E(|X|)<o0o if and only if

2) YN P(X{>n)<w.
n=1
Proof. Do an integration by parts on E(|X]) and then approximate the integral
with a series.

(3) Lemma. If ¢ is standard Brownian motion and T and b are positive values then

P( sup £()2b)=2P(E(T)Zb).

Proof. See [ 5, pp. 171-172].

(4) Skorohod Embedding. Let {X,},», be independent random variables with
the same distribution; make the normalizations E(X,)=0, E(XZ)=1; and let
S,=X;+++X,; then the following theorem due to Skorohod holds (sec [3,
pp. 276-278] and [2]). There exists a probability space (€, 4, P) with a Brownian
motion £(f) (normalized so that E[£()]=0 and E[£*(t)]=r) and a sequence
of non-negative, independent, identically distributed random variables {T};;,
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defined on it such that the following conditions hold:

G 9 {é ( Z": ’I:)} has the same distribution as {‘S.‘,,},,g 1
i=1 nz1

(6) i) E(T)=E(X7)=1.

(7) i) if E(X, 5 <o then E(T¥*)<w, 2k,

(8) Proposition. Let {T,},>, be independent random variables with the common
(non-negative) distribution

Kdx
= >
F(dx) Py x=2
=0, x<2
where 1g x=1og, x. Then
_ Z(L-E(D)
lim =1 =1 as.
s OC cn
and
- Z(’E—E(TE))‘
lim L:=1 . =1 as.

where c,=[2Kn(lglgn)*]%.

Our proof makes use of the following result of Heyde [8]: Let {X,},>, be a
sequence of independent random variables, {a,},>; a non-decreasing sequence
of positive numbers, a,— o0; let V, =X, if |X,| <a,, while V,=0if |X,|=a,. If

0 X,%
nglE (X3+a3) =®
then

1 n
— ¥ [X,—E()]-0

an k=1
as n—oo with probability one.

This allows us to reduce the problem to the law of the iterated logarithm for
random variables which are bounded but whose distribution depends upon #.
Then following Hartman and Wintner, we can use Kolmogorov’s law of the iterated
logarithm for bounded random variables to produce the required result.

Proof. Let Y,=T,if T,<e(m)y/n
=0 otherwise,
where lim ¢(n)=0; and let Z,=T,—Y,. We will exhibit a sequence {c,} such that

n-» oG

Y+ —E(Y e+ Y,)

lim 1 as.

and n—ow Cn
Tm i+ +YL—E(Y i+ +Y) =1 as

n—y G Cn

11a Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 24
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while
Z. +etZ —E(Z, +---
ﬁml (tet+Z, C(  + +Z,.)l=0 as.
Now,
Ve K dx
E(Y})= =K(glg )"V
(%) ) Yiex (Iglgx)

~K[lg(lge(my+1gy/n)]~Klglgn
for &(n) decreasing slowly enough.

var(Y,)=E(Y,})—[E(Y)]*~Klglgn.

Define B,= ) var(Y), then B,~Knlglgn by the asymptotic properties of
i=1

regularly varying functions (see [1, pp. 272-273]).

L 1

B, \* Knlglgn 77 n
- ~(K ).
(lglgB,,) [lglg(Knlglgn)] (Kn)

1

\) as n-> o0, Kolmogorov’s law of the iterated logarithm

. B
Since |Y,|=0 ( 2 1g" B,
(see [7, pp. 169-176]) gives

; i (2B,1gig B} =1 as
an

or

®) E@o e (; KY;HgE l(ngll)_:)% LB a.s.
and

(10) ,E,—r?o M+ (;—Kynna:l(gy;;;)— ] =1 as.

Now, define ¥,=Z,<(2Kn(lglgn)*)?*
‘ =0 otherwise
and let W,=Z,—V,. Now if

2

. § o Gald)<oo

n=1

where ¢2=2Kn(lglg n)* and G, is the distribution function of Z, then by Heyde
(see [3, pp. 353-358])

(1) \Zy 4+ Z,— E(Vy -+ V) =0(c,) as.
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Thus to prove (11) it is sufficient to show that
2,

which we proceed to do. In the following, C stands for various constants.

Y0 ()
n=1x2emya x2+n(lglgn)2 x* lg x
o Yniglgn 1

d
n=1 x=s(n) Vn x(x2+n(1g lg n)Z) lgx ¥
[oe oK 1
+ dx
ngl x=.1/ﬁj;glgn x(x2+n(lg lg n)Z) lg X

© Vulglgn 1
< — X
_ngl x=£(£)1fn X n(lg lg n)Z Ig X

+ -
n=1x= V_lglgn x3 ng

—————[lglg()/nlglg n)—1glg(e(n))/n)]

x2

1
2 Jz)v” (x2+n(1g1gn)2) Xlgx dx <o

ll/\

n=1 n(lg lg )2
= C

+ 2

1 niglgn)?lgn
© 1 lgyn+lglglgn
§C+n§1n(lglgn)2 [l ( lg(e(n))/n) )]

z 1 lg)/n—lg(e() Yn)+1glglgn
<0+ X [ e[ Tg(e()/7) ]

_C+CZ

1 Iglglgn
n(lglgn)z[ lgn ]<Oo

if &(n) decrease slowly enough. For instance it suffices that e(n)=1/lglg n. Thus
(12) \Zi4+ -+ Z,~EV 4+ V) =o[n(lglg n)*1t

Now we will show that

EW,+--+W)=o0(c,).

Kx
EW,)= J . xClgx
xZ(2Kn(lglgn)2)%
C
as n— o,

T hflglgnign

n 1 )
EWi+-+W)sC), 3 < Cn?.
i=1

11b  Z. Wahrscheinlichkeitstheorie verw. Geb. Bd. 24
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Thus

(13) E(W,+ -+ W)=o(n(lglgn))?.

Now,

(14) ¥ (T—BT)= X, (%-EW)+ ¥ (Z~EW)+ T EW.

Combining (9), (12) and (13) in Eq. (14) gives the desired result that

n

Y (T—E(T))

lim —=1 as.
n— o 2

i=1
(2Kn(glgn))
Combining (10), (12) and {(13) in Eq. (14) gives the desired result that

i(?:-—E(T.-))‘

fm-r=t 1 S,
I o Kniglgn)t L S

Now, by Kolmogorov’s lower class proof of the law of the iterated logarithm
(see [15, pp. 260-263]), if B ~+* where y is large then

. Y1++Ynk—E(Y1++Ynk) >(1__8) a.s

lim
k—c an

For our case n, is chosen so that n,~y?¥/Klgk. Then the second part of condi-
tion (3.2) is satisfied and

Eﬁ—‘i‘———-—g(l.—§> as.

k— Cn

This completes the proof.

Acknowledgment. This paper is based on part of a doctoral thesis written at Northwestern Univer-
sity under Professor M. Pinsky.
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