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Asymptotic Normality in a Generalized 
Occupancy Problem 

LARS HOLST 

1. Introduction and Notation 

Let us suppose that n balls are distributed among N cells so that each ball 
may fall into the k: t h cell with probabili ty Pk, Pl +""  + PN = 1, independently of 
what happens to the other balls. To every cell a real number  is associated, the 
occupancy value, ak for the k: th cell. We call {(Pk, ak), k = 1 . . . . .  N} a cell situation. 
The occupancy sum, Z , ,  is the sum of the occupancy values for the cells which 
contain at most r balls, r being a fixed number. 

If r = 0 ,  al . . . . .  aN=l ,  and Pl . . . . .  p N = I / N ,  then Z,  is the number of 
empty cells in the classical occupancy problem [1, 4]. Therefore we call the 
problem of determining the distribution of Z , ,  in the general situation, the 
generalized occupancy problem. 

A number  of papers deal with limiting distributions of Z,  in various special 
cases indicated by names such as: occupancy problems [6, 8, 9], the coupon 
collector's problem [7-1, the empty cell test [-2, 5], only to mention a few of the 
names and papers. 

The above situation has also applications in sampling theory. Suppose that 
we sample with varying probabilities and with replacement n times from a finite 
population and that we use the Horwi tz-Thompson estimator as an estimator of 
the population total. The limiting behaviour of this estimator can be deduced 
from that of Z , .  

The main aim of this paper is to show that, when n and N increase, under 
general conditions, Z,  is asymptotically normally distributed. Ros6n [-7] treats 
the case r = 0 under the same conditions. 

In order to give a precise formulation of the asymptotic behaviour of Z,  when 
n and N increase, we consider a sequence 

{(Pk~, ak~), k = 1, . . . ,  N,,} , v = 1, 2, ..., 

of cell situations. Let d be an arbitrary natural number and consider simultaneously 
the occupancy sums after the distribution of n I ~, n 1 v + n2 . . . . . .  n 1 ~ + n2 ~ + " "  + na 
balls. Call these occupancy sums 

and set 
Znl~,  Zn~+n2~ ,  . . .  ~ Znlv-t-...+nd~ 

VNv=(Znlv, Znxv+n2 . . . . .  'Znlv+'"+nclv), v=l,  2 . . . . .  
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In the following we assume that  

N~ --* oo, when v ~ o o ,  

O < l i m i n f n J N ~ < l i m s u p n s v / N ~ < o o ,  s = l  . . . . .  d, 
V~O9 y~oO 

and 

N~ Pk~ < C < o0, k = 1, . . . ,  N~, v = 1, 2, . . . ,  for some real n u m b e r  C. 

To  facilitate the writ ing the index v will be suppressed.  

In Section 2 we compu te  the characterist ic  funct ion of Vs. Some auxil iary 
results concerning m o m e n t s  of Vs are obta ined  in Section 3. Asympto t i c  normal i ty  
of  Vs is p roved  in Section 4. 

2. The Characteristic Function 

Consider  a cell s i tuat ion and denote  by ~ks the n u m b e r  of  balls p laced in the 
k: th  cell after the dis tr ibut ion of n~ balls. Obvious ly  (~1~,-.-, ~s~) is mul t inomia l  
(n~, Pl, -..,  Ps), i.e. 

ns  ! N 
, �9 

P(~ l s=Yl '  "'" ~ s ~ = Y s ) =  Yl ! ' "YN!  k=l 

Let  eks = 1, if the k : t  h cell contains  at mos t  r balls after the distr ibution of n 1 + . . .  + n~ 
balls, i.e., if ~kl + "'" +~k~ < r ,  ek~ = 0  otherwise, k =  1, . . . ,  N, s =  1, . . . ,  d. In t roduce  
the generat ing funct ion 

d 

AN(Zl ,  " " ,Zd )=  ~ En, . . . . . . .  (Il  x~O " l l  (N zs)"" e-S~'/ns ! 
nl ..... na=O k.s s = l  

where z l ,  . . . ,  za, X~l . . . . .  xsa  are complex  numbers ,  and E ........ denotes expecta-  
t ion for fixed values of  nl,  . . . ,  na. 

Lemma 2.1. 

AN(Z1, . . . ,  Za)= AN(Z1, ... , Za; X11, . . . ,  xNa; Pl, "",  Ps) 

= 1 +  
k = l  s = l  

where r 
P(z)  = ~ z ~. e-Z/s[ .  

s = O  

P r o o f  Let Zl, . . . ,  z a be real posit ive numbers  and let thl . . . . .  t/s a be independent  
r a n d o m  variables,  where qks is Poisson (Np~ z~), i.e. 

P ( r l k s = Y ) = ( N p k z s )  y. e-NP~z~/y!, y=O,  1, 2 . . . . .  

It is wel l -known that  the condi t ional  dis t r ibut ion of (t/1 . . . . . .  t/Ns) given t / i s+- . .  
+ tls ~ = n s is mul t inomia l  (ns, Pl, . . . ,  PN). Using this observa t ion  it is easily seen that  

N 
E 

k,s \k,s I k = l  
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where " ek,= 1, if thl + . - - + t M < r  , ~k~=0 otherwise, k =  1, ..., N, s =  1, ..., d. Hence 
we have 

AN(z1, .. . ,  zd) 

= n  . . . . . . .  a = 0  (k~,s e~s N -- HIP (k~=l tlks=ns) 

= e ( lq  x~9). 
k,8 

As t/1 ~ . . . . .  ~/Nd are independent  we find 
N d 

. . . . .  

By direct computa t ion  we get 

E 17I x~" = (1 - P(r  M < r))- 1 + (P(r M < r) - P(rhx + th2 =< r)). Xk~ 
\ s =  1 ! 

+ . . .  +P(rlk I + ' "  +~]kd<_~r).Xkl ...xkd 
d 

= 1 + ~, P ( N p k ( z  1 + . . .  +Zs)).Xkl. . .Xk, s_ 1 �9 (Xg~--l) 
s=l 

with P(z) defined as stated in the lemma. 

Hence the lemma is proved for real positive z~ . . . .  , Zd. By analytical continua-  
tion it follows that the lemma is valid for all complex z 1 . . . .  , z d. Q .E .D.  

L e m m a  2.2. I f  Z , , ,  Z,I  + . . . . . .  , Z,~ +... +n~ are occupancy sums for  a cell situation 
{(Pk, ak), k = 1, ..., N}, then the characteristic function of  V u = (Z,~, . . . ,  Z,~ +... +,~) 
can be written 

E(exp( i<  Z,, + . . .  + t~ Z,, +... + , ) ) )  

. . . .  AN(Z~ . . . . .  zd) = n i t  rid! " ( 2 7 z i ) - d ~ ' " r  " ~ T T  ~ F  dzt . . .dZd Nnl + "'" + nd 
~ 1  �9 " �9 ~ d  

integrating along the circles: 

[zs[ = R s > 0 ,  s =  1, ..., d, 

Xk ,=exp( iak t , ) ,  k = l  . . . .  ,N ,  s = l  . . . .  ,d ,  

in the expression for  AN(Z1,.. .  , Zd). 

Proof. With  Xks=eXp(i  ak ts) it follows that  

E(exp( i ( t l  Z,1 + " "  + td Z, l  +... +,d))) 

= E (exp (i tl (al e11 + . . .  + aN eN1) + " "  + i td (ai El e + " "  + aN Ewe))) 

= < , ,  ..d(I1 x~v). 
k,S 

F r o m  the definition of A N and by Cauchy 's  integral formula the lemma 
follows. Q .E .D.  
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3. Some Auxiliary Results 

In this section we compute asymptotic expressions for the expectation and 
covariance of VN and prove some inequalities which we shall need in Section 4. 
We shall use the following lemma by Fabius [33 concerning the Poisson approxi- 
mation of the binomial distribution. 

Lemma 3.1. I f  ~ is binomial (n, p), X is Poisson (np), and A is an arbitrary set 
of  real numbers, then for any n and p 

[P(~ e A ) - - P ( X  eA)I < n p2. 

Let us call the general conditions introduced in Section 1 : 

A) 0 < liminf n j N  <__ limsup n~/N < o% s = 1, . . . ,  d, 

B) N Pk----< C < o% for all N and k, and some real number C. 

Let Xl l ,  . . . ,  XNd be independent random variables, where Xk~ is Poisson (nspk), 
k = l , . . . , N , s = l  . . . . .  d. Put 

P(k, s)=P(Xka + "'" + Xks<=r), 

Q(k, s )=P(Xkl  +""  + Xks=r),  
N 

#~ = ~ ak' P(k, s), 
k = l  

N N N 

I 2 . p ( k , u ) . ( l _ P ( k , v ) ) _ ( n l + . . . + n ~ ) . ~ p k a k Q ( k , u ) . ~ p k a k Q ( k , v  ) Z_lak 
k k = l  k = l  

au~= for l<_v<u<_d, 

for l < - u < v < d .  O'vu _ __ 

Lemma 3.2. I f  Z, , ,  Z,1 +,2 . . . .  , Z,1 +... +,d are occupancy sums for a cell situation 
{(Pk, ak), k=  1, . . . ,  N},  then 

)) E(Z,I+...+,~)=#~+O a~/N , s = l ,  . . . ,d ,  

Cov(Znl+...+,u, Z,l+.. .+,,)=(r,~+O a~/N , u, v= 1 . . . . .  d. 

Proof With the e's and the ~'s defined as in Section 2 we find 

N N 

E(Z"I+"+"~)=E ( ~=lakeks) k = l E a k P ( ( k l §  

As ~kl + "" +~k~ is binomial (n 1 + . . .  +n~,pk ), we get by Lemma 3.1, Cauchy's 
inequality, and conditions A) and B), that 

N 

IE(Z,, +...+,~)-#sl < ~, [au] " }P(~kl + "'" +~k~<r)--P(Xka + "'" + Xk~<r)] 
k = I  

= �9 "Pk <=g" a2/N . < [akl (na§  2 
k = l  

This proves the first statement. 
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We now consider the variances. Obviously it is sufficient to treat the case d = 1. 
For convenience we suppress the index 1. We have 

( ~  ) 2. Var(ok)+ ~ a j a k  Cov(0j, ek)=S1 +$2 Var (Z,) = Var ak ok = ak 
1 j * k  

From Lemma 3.1, and conditions A) and B) we obtain 

Var (0k) ---- P(~k <: r)-- (P(~k <= r)) 2 = P(Xk <= r) - (P(Xk <= r)) 2 + O(1/N) 

where IO0/N)l <= K / N ,  with K independent ofj .  Hence 

sl=Za P(xk-<-r)P(Xk>r)+o a /N . 
1 

To find $2 we first note that since ((x, ..., ~N) is multinomial (n, Pl, -.-, PN) we have 

Cov(ej, Ok)=P(~j<=r, ~k < r ) - - P ( ( j < r )  �9 P(~k<r) 

x,y= 0 

.[-1+ 

Using Stirling's formula 

( n - x ) !  ( n - y ) !  (1-- pj -- pk) . . . .  Y ] 

n! (n - -x  --y)! (1--pj)"-~(1--pk) "-y J " 

n! = 2 1 / ~ .  n". e x p ( -  n + 1/12n+O(n-3) )  

taking logarithms, expanding into a Taylor series, and using conditions A) and B), 
we see that 

(n - x) ! (n - y) ! = exp ( - x y/n + O(n-  2)) 
n! ( n - x - y ) !  

and, further, that 

(1--pJ--Pk) " - x - y  = e x p ( _ n p j p k + y p j + x p k + O ( n - 2 ) )  
( 1  - -  p j ) " -  x ( 1  - -  Pk)"-" 

where IO(n- 2) 1 < Kin  2, with K independent ofj and k. Introducing these expressions 
into the formula for the covariances, expanding the exponential function, using 
Lemma 3.1, and conditions A) and B), we get 

C o v ( e j ,  0k)=  i P(~j=X) P ( ~ k = y ) [ - - x y / n  - r~pj p k + y p j + x p k + O ( n - 2 ) ]  
x , y=O 

= - n PJ Pk P(Xj  = r) P(Xk = r) + O(n-  2) 
8 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 21 
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where ]O(n-2)[ _______ K/n 2, and K is independent of j and k. Hence we find 

S 2 = - n .  2 PJ Pk aj ak P(Xj = r) P(X k = r) + 0 ( • ]aj agl/n2). 
j:#k j:#k 

By conditions A) and B), 

N N 
2 2 akiN, n. Z Pk ak ( e ( X k :  ?.))2 ~ K" 2 2 

1 1 

and by Cauchy's inequality, 
N 

10( Z [ajakl/n2)[ < [O( 2 [aj[ . la~l/n2)[ <= g . y~ a2/N. 
j * k  j , k  1 

Hence we find 

S2=- -n  (~l PkakP(Xk=r))2+O (~l a2/N) �9 

Finally we see 

Var(Z,)=S,  + S 2 -  , ak P(Xk <r)P(Xk>r)- -n  pkakP(Xk=r) + 0  aZ/N 

which proves the second statement when u = v. 

It remains to consider the covariances. It is sufficient to treat the case d = 2. 

N 
Cov(Z,,, Z,, +,2) = E ak 2 Cov (ekl, ek2)+ ~, aj ak Cov(eji, ek2 ) . 

1 j * k  

As in the derivation of the variances we find 

Cov (~kl, ~k2) =P(~kl + ~k2 < r) -- P(~kl <---- r) . P(~kl + ~k2 ~ r) 

= P(Xkl +Xk2 <r) . P(Xkl > r) + O(1/N) 
and 

COV (~jl ,  ~k 2) : V. (~jl  ~ Y~ ~kl Av ~k 2 = r) - V ( ~ j l  ~ r)" V(~k i + ~k 2 ~ r). 

As (kl and ~k2 are independent the last expression can be written 

P(~k2 =z)-(P(~j,  = x, ~kl = Y ) -  P(~jl =x) .  P(~k, :Y)) 
x~ r  

y+z<--r 

and, in the same way as we obtained Coy (e j, ek) above, we get 

P(~k2 =z) V(~j~ =x) P( (k~ ---- Y)' [ - -x  y/nl-- nlp l pk + y p j + x pk + O(n;2)J. 
x~r  

yWz<=r 

By Lemma 3.1 we realize that this is equal to 

- nl Pj Pk P(Xj1 = r) P(Xkl + X k z = r) + O(nf 2). 

As in the derivation of the variance it follows that 

Cov(Z,1, Z.l+,2)=~r12 +O ( ~  a2/N). Q.E.D. 
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Lemma 3.3. There exist real and positive numbers K 1 and K 2 such that 

N N N N 
2 2 K 1 ((~a,/N)/(~pkak))<~ak/G.=K. ((~a,/N)/(~ pkaZ))'"'+2 . 

Proof. It is sufficient to consider u = 1. We write ~2 = o_1~ and suppress the index 1. 
We find 

~2 = ~ a  2 P(Xk < r) P(Xk > r)-- n (~  Pk ak P(Xk = r)) 2 < ~ a~ P(X  k <= r) P(X k > r) 

and after some reflection, using conditions A) and B), 

~r2< K ' ~ a2(npk).+~<=K ''. N ~ pka 2. 

This proves the first part of the lemma. 

Further, using Cauchy's inequality, we find 

G 2 2> Z a2" [P(Xk < r) P(X k > r) - n Pk (P(Xk = r)) 2] ~> K' Z a2 (n pk) 2r+2 

where the latter part is proved below. By HSlder's inequality we get 

(Z 4) ̀..+ + '>" (Z" ~ + '>> v ... ~k Fk  f ~ .~a Uk Fk  , 

and from this it follows that 

~ n2r+2 " ( Z P k  2~2r+2/[~ '~  212r+1 
- -  a k  ] / t / - . .  a k  ! " 

This proves the second inequality in the statement. 

It remains to be proved that, if X is Poisson (m) and 0_<m_< C <  ~ ,  then for 
some K'> 0 we have 

f~ (m) = P(X <= r) P(X  > r) - m (P(X = r)) 2 > K'- m 2' + 2. 

It is easily seen that the inequality holds for m sufficiently small or great. Therefore 
it is sufficient to prove that f , (m)>0 for m>0.  Now 

emfo(m)=em-1 - m > 0  for m > 0 .  

Taking derivatives we find 

f~ ' (m)-- f~_l(m)=e-m.m2"-l . ( (r-1)!)-2(m/r-1)2>O for m > 0 .  

Hence we have proved that f,_~(m)>0, implying f~'(m)>0. Since f , (0)=0,  it 
follows by induction that f~ (m) > 0. Q.E.D. 

From the definition of G , ,  and Lemma 3.3, we obtain 

Lemma 3.4. 1) liminf ak/G, > 1, and 2) limsup ak/G, < oO if and only 

if limsup ak/N Pk ak < 00. 

8* 
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4. A Limit Theorem 

Theorem. Let  Z, ,  , Z,~ + ,~ . . . . .  Z , ,  +... +,~ be occupancy sums for a cell situation 
{(Pk, ak), k = 1, . . . ,  N}.  I f  

1. 0 < liminf n J N  <_ limsup n~/N < 0% s = 1,. d, 
N ~ o ~  - -  N--* oo " ' ~  

2. N pk <--_ C <  0% for some C and all N and k, 

(# )/# 3. limsup ak /N PR ak < ~ ,  
N ~  oo 

( /# 4. lim max l ak] a 2 =0 ,  
N ~ o o  \ l<_k<:N  

5. lim [Corr(Z, ,+. . .+, . ,  Z ,~+. . .+J]  = [p~ ;  u, v =  1, .. . ,  d] =pO~, 
N---~ oo 

then 

( ( Z , , -  E ( Z , , ) ) / ~  . . . .  , (Z,, +...+,~ - E (Z,, +...+,~))/1/Var (Z,, +...+,~)) 

is asymptotically normal (0, p| as N ~ oo. 

Proof  From conditions 1, 2, and 3, and Lemmas 3.2 and 3.4, it follows that  

Var (Z,I+... +,~)= a~s. (1 + 0 (l/N)), 

Corr (Z,~+...+,., Z , , + . . . + , ~ ) = a , v / ~ + O ( 1 / N ) = p , ~ + O ( 1 / N ) ,  

N (e  (Z,, +...+,~) - / ~ ) / l / V a r  (Z,, +...+,) = 0 ( - -), 

and that  conditions 3, 4, and 5 are equivalent to 

N 

(z t 3. limsup ak/a.u < oo, 
N ~ a o  \ 1 / 

4. lira ( max lakl/1/~..)=0, 
N ~ o ~  l<_k<_N 

5. l imp ,v=p ,~ ,  u , v = l ,  . . . , d .  
N ~  co 

Hence it is sufficient to prove asymptotic normali ty for 

aN = ( ( z . , -  ~0/~,..., (z.1 §  ~) /VE.) .  

In the following we write a s instead of ~ .  
By Lemma 2.2 the characteristic function (oN of U N can be written 

d 

(ON(q, "" ,  td)----exp ( - - i  ~ 6 # j a ~ )  .nl  ! . . .  rid!" N -('~+'''+'") 
\ S=I I 

... z,]d + 1 dzl . . ,  dza 
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where the integrals are taken along the circles [zs{ = n J N ,  s =  1, . . . ,  d, and where 

AN(z1, . . . ,  z2 

= l + ~ P ( N p k ( z l + . . . + z s ) ) e x p  i a k ~ ( t ~ / a ~ , ) ( e x p ( i a ~ t s / a s ) - - l )  
k = l  s = l  \ v = l  ! 

with 
i ,  

P(z)  = Z zs" e - V s ! .  
s=0 

We will show that, when N --, oo, 

~0N(q . . . .  , t d )~exp  - ~ t,, t~p,~ . 
U , U = I  

By applying Stirling's formula for n~ !, s = 1 . . . .  , d, and changing to polar coordi- 
nates, we obtain 

(PN(h, -.., te)=exp -- i ~ t~ps/a,  . e ~ (n~/2rc) 
\ s= l  ! 

r~ g d / \ 

�9 ~ ' - - ~ e x p  ( ~ n s ( e i ~  A N ( n l e i ~  . . . . .  n,  e i~  

Now we break up the integration region into two parts: 

s = { 0 s : 1 0 ~ l < ~ , s = l  . . . .  ,el} 

~={0~: IOsl<-~, s = l ,  . . . , d } -  S .  
First we prove 

Lemma 4.1. For  all f i x e d  values o f  t~, . . . ,  re, and c~ > O, the integral 

~Hns) ~---j'exp n~(e~~ AN(n~e~~ .. . .  ,nae~~ 
g 

converges  to 0 when N ~ oo. 

P r o o f  From the conditions 1, 2, and 3 it follows that 

!AN('")I < I~ (1 + K a  ]ak l /aO<exp  ( K  2 < e x p ( K  s I /N) .  
k = l  1 

For  0<fi<10~l<zc, 

[exp (n s (d~ _ 1 - i 0~))[ < exp (n~ (cos 0s - 1)) < exp ( - 2 n~ sin2 6/2) < exp ( -  K 4 N). 

Hence for some K s > 0  and K6>0 the integral can be majorized by K 5 �9 N '~/a 
�9 exp ( -  K 6 �9 N )  ~ 0, when N ~ oo. Q.E.D.  
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In the region S we expand the logarithm of the integrand in powers of 0s and 
t]as. We find, with P(k, s) and Q (k, s) defined as in Section 3, that 

d 

Z ns (e ~~ _ 1 - i Os) + log (AN (ri1 eiO'/x, "'" , rid e~~ 
s = l  

1 ~nsO2+i  ~ akP(k,s ts/a~ 
2 s=l s = l  k 

d N 

+ ~ (nl Oa +"" + n~ Os)" (tjos)" ~ Pk ak Q (k, s) 
s = l  k = l  

d s - - I  N 2 1 d N 

�9 (t~/as)" 2 P(k, s) a 2 - ~ y" (t~ t~/o s a~) ~ P(k, s) a k - ~ 2 2 2 

s = l  v = l  k = l  s = l  k = l  

+ ~  k~= a~" (t]as)" P(k,s) + 0  lakl3/a~ 

+ 0  los]. ak/a 1 + 0  2 02.  [ak]/O 1 + o  nslOsl 3 . 
\ s = l  s = l  1 

From this result and the conditions 
of the integrand can be written in the 

where 

of the theorem we find that the logarithm 
form 

d 1 d 
i ~ # ~ t s / a ~ - ~  ~=lns(O~-ms)2 1 d a ~-1 Z Z Z tst ps, 

s=l s=l v = l  

d N 

ms = ~ (tv/aO ~ Pk ak Q (k, v) = 0 (N-~). 
v = s  k=l 

Using the coordinate transformation q~s = ] / ~ .  0~, s = 1, ..., d, we get 

~oN(tl . . . . .  ta)=exp - ~ t , t ,p,~ .(2re) -d/a 
U,V= I 

) " I " "  I exp  - 5- 2 ( q ~ s - ~ 1 7 6  e~0~. . .ee , ,  
S~ 1 

where 

s~ = {~s: Iq~sl ~ ~ss"  ~, s :  1 . . . .  , d}. 

If we could neglect the error terms, then the integral would converge to (2~) d/2 
when N ~ oo. Therefore we first only consider integration over the region 

si  = {~o~: I q, sl ~ n2, s = 1 . . . . .  d} 

where 0(. . .)  converges to 0 when N ~ oo. Hence we have proved 
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Lemma 4.2. For all f i x e d  values of  h ,  . . . ,  ta, and 

S'=  {0s: [Os[<n~-~ , s= l  . . . .  ,d} ,  
we have when N ~ oo 

d 

exp 
d 

S---~ exp (2 n~Ie'~ 1-iOsl).  A~(nl e~O~/N .... , n,e'~ dOx...dO, o 

S '  \ s = l  

~ e x p  - ~ -  ~ t , t~p,~ . 
U,t)= 1 

It now remains to prove 

Lemma 4.3. For all f i x ed  values o f  ti, ..., td, and for a sufficiently small value 
of  6 > O, the expression 

( a  ,~ / d  ) 
I ]  n~) j .... j exp { Z ns( e i ~  1 -  i 0,) �9 AN(n 1 ei~ . . . .  , na el~ dO1.., dOd 

s = I  / S - S '  \ s = l  

converges to 0 when N - +  oo. 

Proo f  For sufficiently small 6 > 0 we have with c~ > 0 

cos 0~ - 1 = - 2. sin 2 0s/2 < - 2 c~ (0s/2) 2 = - K o 0~. 

Hence the integral can be majorized by 

~=l ~ n~)~ ~s"s- ,t exp - K o n~O 2 . [AN(...)[ dO1...dO d. 

Now we use the expansion for log As(...), and we obtain 
d 

0 
Changing coordinates to (p~ = 1 ~  Os, s =  1, . . . ,  d, we get the estimate 

~-.-~exp - K o . ~ C p 2 + K 1  �9 fcp~l+K 2 dqh . . . d (pe~O , 
$1 - S i  l 1 

when N-+ oo. Q.E.D. 

Combining Lemmas 4.1, 4.2, and 4.3, we conclude that when N -~ oo 

d 

~lv(tl . . . . .  td) ~ exp -- ~ 
U,V= I 

By the continuity theorem the assertion fo]lows. 

Remarkl. As ICorr(Z~,+...+,.,Z~+...+J[__<l it follows that it is always 
possible to select a subsequence {N'} of {N} so that Condition 5 is fulfilled. 
Hence Conditions 1, 2, 3, and 4 imply that the only possible limiting distribution 
is the normal. 
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Remark 2. In Ros6n  [7]  it is s h o w n  that, in the case r = 0, Condi t ions  1, 2, and 3 
imply that the l imiting correlat ion matrices  are non-singular.  In this case it is 
easily seen that our theorem can be stated as Ros6n's  T h e o r e m  1. 
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