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On Strassen’s Version of the Law
of the Iterated Logarithm for Gaussian Processes

HirosH! OODAIRA

1. Introduction

In [8] Strassen presented the following version of the law of the iterated
logarithm for the Brownian motion process {B(t, w), 0=t < co}. Define, for each w,
a sequence of functions { f, (¢, w), n=3} in C[0, 1] with the usual supnorm |- || - by

f.(t,w)=B(nt, w)/2nloglogn®, 0=t<1, n=3,4,... 0

Let K be the set of all absolutely continuous functions he C[0, 1] such that
1
{(dh/dry* dr<1.
0

Theorem (Strassen). For almost every (a.e.) w, the set of limit points of the
sequence of functions { f,{t, w), n =3} coincides with the set K.

Basing on this theorem and making use of Skorokhod representation theorem,
Strassen further proved an invariance principle for the classical law of the iterated
logarithm. Later Chover [2] gave a proof of Strassen’s main result by using
Esseen’s estimate for the central limit theorem. An extension of the result to some
classes of stationary random sequences satisfying mixing conditions has been
given in [7].

The purpose of this paper is to generalize the above theorem of Strassen to
a certain class of Gaussian processes including the Brownian motion process.
Observe that the set K appearing as the set of limit points of {f, (¢, w)} is the unit
ball of reproducing kernel (r.k.) Hilbert space corresponding to the Brownian
motion process. Thus, if we consider an analogous sequence of functions { f, (¢, w)}
for a Gaussian process {X(t, w), 0=t <0}, then we might expect that the set of
limit points of {f,(t, w)} is characterized as a bounded set K of the r.k. Hilbert
space corresponding to {X(t)}. In this paper we shall show that this is indeed the
case under some conditions on {X{(f)}. Precise statements of conditions and results
will be given in the next section.

2. Results
Let {X(1,w),0Zt<o0} be a separable, measurable, real valued Gaussian
process defined on a probability space (@, &, P), with X(0)=0, EX(f)=0 and
covariance kernel R(s, t) =EX (s) X (t). Put 6?(t)=R (2, 1).
The followint conditions will be assumed.
20%
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Condition (I). For any T >0, there exists a positive, nondecreasing function
g(h, T), h>0, such that

[R(t+h,t+h)—2R(t+h )+ Rt 1)|=Zgh, T)»0 as h—0,

2
for all t,t+hel0, T],
{g, T} * g, T)dusC< o0, ©)
and '
62(T)/g(1, T) oo as T— . 4

Condition (IT). There is a positive function v(r), >0, such that v(r)Too and
R(rs,rt)y=v(r)R(s,t) forall r>0,s:=0. (5

Condition (IT'). R(s, t) has a representation of the form

sSAt

R(s,0)= | Q(s,2)Q(t, A)dA, OZs, t<oo, 6)
0

t
where | Q*(t, 4)dA<oo for all t 20 and there is a function u(r) such that Q(rz,r 1)
0

=u(r)Q(t, ) for all ¥>0,t, 420 and v(r)=ru?(r)T oo as r - co, and further
/]
sup [Q*(t,A)dA—0 as 6-0. (7
01 g

Examples. Gaussian processes having covariance kernels

SAt

R(s,0)= [ (s—AY(t—Afdi, —12<f<c0, )
0

satisfy Conditions (I) and (I1'), and hence (II). This class includes the Brownian

t
motion process {B(¢)} (with §=0) and the process { [ B(u) du} (with fg=1).
0
Similarly, processes with @ (t, ) =p (1) ¢ (1), e.g., p(1) =t, (1) =1, satisfy Conditions
(I) and (I'). Processes with stationary increments having covariance kernels
R(s, ) =R {s*+t*—|s—t|"}, O<a=z2, )

satisfy Conditions (I) and (1I).

Remark. Under Condition (I) processes {X(t),0=<t<T} have continuous
sample paths a.e. for any T >0 (Fernique [3]).
Define, for each weQ, a sequence of functions {f,(t,w), n=3} in C[0,1] by

£, (t, 0)=X(nt, w)/(202(n) log log n)%, 0<t<1, n=3,4, ... (10)

Let H(R,) be the r. k. Hilbert space with reproducing kernel (r.k.) R(s, 1),0=s,t 1.
We refer to Aronszajn [ 1] for the theory of reproducing kernels. Define the set K by

K={heHR)||h|z=1/o(1)}, 11

where | -||; denotes the norm of H(R,). Note that H(R,)= C[0, 1] since R is as-
sumed to be continuous.
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Our main results are the following:

Theorem 1. If Conditions (1) and (I1) are fulfilled, then, for a.e. w €, the sequence
of functions { f,(t, ), n=3} is equicontinuous.

Theorem 2. Under the same assumptions as in Theorem | the set of limit points
of the sequence of functions { f,(t, w)} for a.e. w is contained in the set K.

Theorem 3. If Conditions (I) and (I') are satisfied, then, for a.e. w, the set of
limit points of { f,(t, w)} contains the set K.

From Theorems 2 and 3 we have

Theorem 4. If {X(t, w)} satisfies Conditions (1) and (II'), then, for a.e. w, the
set of limit points of {f,(t, w)} coincides with the set K.

3. Proof of Theorem 1

The proofis similar to that of Chover [2] except a use of Fernique’s lemma [3].
We show that for any >0 there is a =0(¢g) >0 such that for a.e. @ and for some
integer N =N(w)=3, we have

Lt @)= £, (5, )| <& (12)

if [t—s|<d and n= N. Let g=gq(¢) be an integer, which will be specified later on
and put é(e)=2"% From the definition of f,, (12) may be written as

t

[ X(nt)— X (ns)|<e(20”(n) loglog n)?, (13)
where |t —s|<d0=2790<¢ s<1.
Let
A,={w| sup |X(nt)—X(ns)|ze(20%(n)loglogn)}. (14)
lt—sj<2-4¢
O<st<1

It suffices to show that P(lim supA) 0. Consider the subsequence {n,=2",
r2max (g, 3)} and let

B,={w

L max o osup IX()—X(n9)| 2e(20>@)loglog 2)7}. (19)
r<n<2r*l Ji—

0 <s t< 1
Then it is enough to prove that P(lim sup B,)=0. Let

C,={w| sup |X(t+h)—X ()] Ze(20%(2") loglog 277} (16)
00§ i?f hgzrgH
and
CY={w| sup [X(t+h)—X()|=&(26%(2")loglog 2')*}, (17)
t,t+hel(r,v)
where

I, v)=[(—1D 29+ (v+1)2r—9+1],  y=1,2,...,29—1.

29—1
Since B, C,c | ) C, it suffices to show that for each fixed v P(lim sup C)=

v=1
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Let :
DY ={w| sup |X(t)—X(t,)|=(e/2)(26*(2") log log 2'}}}, (18)
tel(r,v)

where t,=(v—1)2""7*!. Then we have P(CM)<2P(DY). To evaluate P(D!")
we need the following lemma due to Fernique [3].

Lemma (Fernique). Let {Y(t), 0<t<1} be a continuous, separable, real valued
Gaussian process with mean zero and continuous covariance I (s, t). Suppose that
E{Yt)—Y(s)}* < ¥?(t—s|) and that ¥(h), h=0, is positive and increasing. Then
for all positive integer p and all x= (144 log p)*, we have

P{IIYIlczx [IIF\I%+450‘F(P‘“2)du]}§4lﬂ2 Fe‘“z/z du, (19)

where ||+ || is the sup norm.

Remark. A similar probability bound obtained by Marcus [6] may also be used.
To apply Fernique’s lemma, let

Y(5)=X(s-2"9*2+1), O0<s<1. (20)
Then

E{Y(t)— Y(s)}2=E{X(t- 21+ 2 1) — X(s- 2"~ 92 4 1,)}?

y—1 v—1
— r—q+2 T
v(2 ){R (t+ 3 , b+ 3 )

1)
2R(t =1 +v—1)+R( 42l +v_1)
- + 5 , S 5 N 3 ,S >
<o) g(jt—sl, 297
and
IF(t, ISLE[X (- 27942 41) - X (t) PV {E[X (s- 2779 2 41) - X (£,)]°)
) 1
<o (150 (s 5 22)
2 2
Sv(TT ) g(1,207Y).
Hence we have
P(DM)={w||Y ]2 (e/2)(26%(2") log log 27)*}
o 23)
<4p* e *"*du,
r
where
y,=(&/2)(2 loglog 2 {a(2") v~ 3(2'~4*2) g7#(1,227 1)}
(24)

w0 -1
-{1+4v‘%(2’_‘1+2)g*5(1,2‘1‘1)jv%(2’“‘”2)g%(p_“z,2‘1“1)du} .
1
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By the assumptions (3) and (5),
1+4g73(1,297Y) [ g (p~, 2 Y du
i 3 (25)
=1+4g7%(1, 27 )(logp)™* [ g*(e™*, 297" du
(togp)®
=C,<w
and g (2) v ¥ (2" 1+2) g7 %(1,29" Y =0 (297 2) g~ #(1, 297 1), and hence
¥,=2C){a(27%) g (1,2 )} (2 loglog2)* 50 as r—ow. (26)
Choose g sufficiently large such that
(62C)* a* (297 g (1,20 Y=¢'> 1, 27)
which is possible because of the assumption (4). Thus we have

P(CP)<8p® [ e du< C'(log 2) ¢ <C"r " (28)

r

and )’ P(C”)<co. Hence, by the Borel-Cantelli lemma, P (lim sup C*)=0. This

completes the proof.
The following corollary can be proved in a similar way as Corollary 2 of [2],
and hence the proof is omitted.

Corollary. For any ¢>0 there is a =05(¢) such that for a.e. w and for some
integer N =N (g) we have | f,,— f,|c<¢ for all m, n= N with |1 —(m/n)| < 4.

4. Approximation Lemma

To prove Theorems 2 and 3 we shall approximate a subsequence {f, (z, w)}
by a sequence of functions in H(R,) obtained by taking partial sums of norm con-
vergent expansion of {X (1)} (see [4], [5]). The key lemma is the following Lemma 1.

Consider the r.k. Hilbert spaces H(R,) and H(R,) with r.k. R,=R(s, t), 0<s,
t<n. From the assumption (5) it follows that

(R(x,nt),R(x,ns),=R(nt,ns)=vm) R(s, 1)
=v(n) (R(., 1), R(., $)); (29)
=) R(., 0, v (M) R(.,s5)p, for 0<s, 11,

where <.,.>; and {.,.}, denote respectively the inner products of H(R,) and
H(R,). (29) implies that there is an isometric isomorphism 6, from H(R,) to H(R,)
such that

0,(t*(m) R(.,0))=R(*,nt), O=t<l, (30

Note that for any he H(R,)
0, h(n1)=<6,h(x), R(x,nt)),
=v*(m) <h(-), R(., 1), (1)
=v*(n)h(t) for 0=t<1,
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and if {e;(.),j=1,2,...,J} is a system of orthonormal functions in H(R,), so is
{e,j(x)=0,¢;(+),j=1,2,...,J} in H(R,).

It is well known that there is an isometric isomorphism between H(R,) and the
closed linear manifold I? (X) spanned by {X (), 0=t<n}, and if £, pi=02,00,,
are the random variables € I* (X) corresponding to orthonormal functions e, (%),
j=1,2,...,J, then £ ; are independent and normally distributed with mean zero
and variance one.

Lemma 1 (Approximation Lemma). Suppose that a sequence of families of
orthonormal functions {e{(.), j=1,2,..., <0}, k=1,2,...,in H(R,) satisfies
the following condition:

R(t, t)— JZ (PO -0 as k—oo. (32)

j=1

sup
0=r=t

Let {¢®} be the Gaussian random variables corresponding to {el)(x) =0, ¢{? (+)}.
Then, for any geometric subsequence of indices {n,=[c"],c¢>1} and any &>0,
there exist for a.e. w some integers ko =k (g) and ry=r, (&, w) such that

sup
0=<t=z1

Jx
~(20(1)loglogn)~* Y. &, (w) &P (1)] < (33)

irJ
forall k=ky and all r=v,.

Remark. Let {¢;(.),j=1,2,...} be any complete orthonormal system (CONS)
in H(R,). It is known [5] that the partial sums z € 2(f) converge to R (¢, t) uniformly

inte[0, 1] Hence the condition (32) is satlsﬁed for the families {e;(+),j=1,2, ..., k},
k=1,2, ..., and we have, for all sufficiently large k and r,

<&. (34)

o

sup
0=<t=1

Proof. Let

k
AL):{wI sup
011

)—(20° (1)10g10gn)“2£w 3(1)

j=

—(26%(1) loglogn,)~ Z EW () (1)

nyj

I (35)
= {wl sup |v™3(n,) X (n,0)— Y &P, ¥ ()| 2 &(20% (1) log log n,)%}
0=<t=1 j=1
and put
Jx
YO (@) =v"%(n) X (n,1)— Z &P, 0=t=1. (36)
=
Then EY,¥(t)=0 and, noting that
E{X(n,1) &9} = (R(*, n,0), é®,(*)>, = e, (n, )= v (n,) € (1),
we have
Jie
(s, )=EY,®(s) ;P ()=R(s, 1) — ) & (s) ¢ (2). (37)

j=1



The log log Law for Gaussian Processes 295

Since

E{YP0)-YP () =E{v* ) [X (0, 0= X (n,9]}" — i {eP () —eP (s}
1

SE{w 3 m)[X(n,0)—X(n, )]} (38)
=R(t,t)—2R(t, s)+ R(s, s)
=gft—s],1)
and
IF® (s, ) AT (s, ) TV (1, 1)}

< sup I'¥(t, 1),

Tosi=1

(39)

we can apply Fernique’s lemma to obtain

P(AM)<4p® | e~ du, (40)

v
where

Y9 =¢(20*(1)loglog n)*{[ sup TW( )]F+4 [ g2 (p™, Ddu}~t.  (41)
0<t=1 i

We may choose k and p sufficiently large such that

¢ =g g2(l) {[ sup T'®(, )] +4 fg%(p-“i 1)du}_1>1, 42)

0sr=1

because of the condition (32) and

fgtp™, 1)du=(logp)™* | g¥(e ™, 1)du—0 as p—oo.
! %

(log p)

Then
PAM< Clogc)y¥=C'r¢ 43)

and ) P(A%¥)< oo for all sufficiently large k. By the Borel-Cantelli lemma we

obtain the desired conclusion.

5. Proof of Theorem 2

Let K, denote the e-neighborhood of K. To prove that K contains all limit
points of { £, (t, w)} it suffices to show that for arbitrary & >0 the sequence { f, (¢, )}
ultimately lies in K,,. Consider a subsequence of indices {n,=[c"], ¢>1}. Then,
for any n, there are n, and n,_; such that n,<n<n,,,, and choosing c=c(e)
sufficiently close to 1, we can make |1 —(n/n,)| arbitrary small. Thus, by Corollary
to Theorem 1, it is sufficient to show that the subsequence {f, (¢, w)} ultimately
lies in K,,. Then, by the remark following Lemma 1, it suffices to prove that

k

Z(t, w, k,n,)=(20%(1) log log n,)"%_z &, () e;(0) (44)

j=1
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with a sufficiently large k ultimately lies in K,. Finally it is enough to show that
| Z] g = (1+¢)/5 (1) ultimately, for then (1+¢)~!ZeK and since
1Z—(+e) ' Zllc=e(l+e) | Z]cSe(t+e) ' [ Z]g sup RE(t1)<e
0=l

we have ZeK,.

Let
A, ={o|lZ(., 0, k,n)Z>(1+e? ¢ 2(1)}

=§w Zk:ém(co) e;(.) i >(1+¢)*(2log log nr)}
j=1 H

j=
k
=<4

If %, (x) denotes the distribution function of y*-distribution with k degrees of
freedom, we have
P(4)=1-7(1+¢}2loglogn,)

< C{(1+#) loglog n,}**(log n,)~*+9* (46)
é Clr_(1+€)2,

(45)

{&, (@)} >(1+e)(2loglog n,)}.

j=1

and hence, by the Borel-Cantelli lemma, P(limrsup A,)=0. This concludes the
proof.

6. Proof of Theorem 3

First we prove the sup norm compactness of bounded sets of any r.k. Hilbert
space H(R) with continuous r.k. R(s, ), 0<s, t<1, and hence, in particular, that
of the set K. We shall write Q, <Q, if the difference Q, —Q, of any two kernels
Q, and Q, is nonnegative definite and denote by || * [ o, the norm of r.k. Hilbert
space H(Q) with r.k. Q.

Lemma 2. Let fe C[0, 1] and F(s, t)=f(s) f(¢), and let a be a positive constant.
If F<a®R, then feH(R) and | f || gz, < a. Conversely, if || f | gz, < a, then F <a® R.

Proof. If F <a®R, then fe H(F)c H(a? R)= H(R) (set theoretically) and
”f”H(F)g ”f“H(aZR):a_1 ”f”H(R) (see [1]).
FPO=F 0= F(, e =11 SOl ze=""O0 1w

we have a™ || f i g = | f | gy = 1. The latter half is obvious.
Lemma 3. The set K, = {heH(R)| 8]l vy < a} is compact in C[0, 1].

Proof. The relative compactness of K, is well known. That K_ is closed is
easily shown by applying Lemma 2.

Since

To prove that K is contained in the set of limit points of the sequence of
functions {f, (¢, w)} for a.e. w, it suffices to show, because of compactness of K,
that for any he K and for any &> 0, there are, for a.e. o, infinitely many f, (¢, @) in
some subsequences {f, (1, w)} such that | f, —hllc<3e To prove it we shall
approximate { f, (¢, w)} and h in the following way.
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The assumption (6) implies that H(R,) is isometrically isomorphic to the
L*-space on [0, 1], I%[0, 1], spanned by the family of functions {y(t, 1) Q(t, A),
0<t=1}, where y(t, A)=1for A<t and O for A>r.

For any 0<0 <1, define the kernel Ry(s, 1), 0<s,t<1, by

1
R;(s, )= ; x(s,2) Q(s, 4) x (&, ) Q(t, ) dA, (47)

and let
R} (s, )=R(s,t)—=R,(s,t), O=Zs, t<1. (43)

H(R;) and H(R}) are isometrically isomorphic to the subspaces IZ%[6,1] and
1410, 8] of I%[0, 1] spanned by

{1=x0. D)1, D0, 1,051} and {16, 4) (1, 1) Q(t, ), 02 (<1},
respectively, and hence H(R,)=H(R,;)® H(R¥). Take any CONS {e () in H(Ry).
The convergence of ief () to R,(t,t) is uniform in te[O., 1], and also, by the
assumption (7), sup }I:Q‘l’;‘ (t,£)— 0 as 6 — 0. Therefore, first choosing § sufficiently
small and then ta(ifiltnégla CONS {e;(.)}in H(R;) and m sufficiently large, we can make

sup (R(t,t)— Z €7 (?)| arbitrary small. Hence, by Lemma 1, for any ¢>0 and

01 j=1
for any geometric subsequence {n,=[c"], ¢> 1}, we have

for a.e. @ and for all r sufficiently large. Let {e}(.)} be a CONS in H(R¥). Then
Ri(t,t)= Y e*(t) and heK has the expansion

i=1

£t @)~ (26 (D) loglog n)~ ¥ ¢, () e(1)

j=1

<e (49)

h(t)= Z hjej(t)+ Z h¥e¥(t) with Z hjz-}— Zh?2§1/0'2(1).
i=1 i1 i=1

Let h,,(t)= Zh Then
hO=hy@I| Y hye,0)]+] Y et
j= moo+1 ) ®= o . .0
<(, 2 ) (2 ge) (S (Leo).

Therefore, again choosing ¢ sufficiently small and then m sufficiently large, we
can make, for any ¢ >0,

Ih—h,|c<e. (51)
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Let 6 and m with a CONS {e;(.)} in H(R;) be so chosen that (49) and (51) hold.
Then it is sufficient to show that for a.e. @ there are infinitely many », such that

(26%(1)log logn,)~* Z Cnj(@) €; (1) — _i h;e;(1)

Jj=

<. (52)
C

We take the subsequence of indices {n,=[(2/6)]}.

L

BY = {0||[{¢,, (@) — o (1) b2 log log n,)*} e,(1)]| < (s/m) (252 (1) log log n,)*} . (54)

(26*(1)loglogn,)~* Zlfm.((u) e;(— Y hy ej(t)” <8} (53)
i= j=1 C

Then A,> () BY. Noting that |l <|ejlly sup R¥(t, )=a(1), let
0=t=1

i=1
CY ={w||¢, ;(@)—o(1) h,(2loglog n )| <(e/m)(2 log log n,)*} . (55)
Then B> CY, and hence it is enough to show that for each fixed j, 1<j<m,
P(lim sup C{")=1
Let {p;,j=1,2,...,m} denote the orthonormal functions in I%[6,1] cor-
responding to {e;(.), j=1,2, ..., m}. Then

e, (n, 0=t (n) ,(0)=v*(n) { 0,0, 1) d
4]

=v*(n,) § @;(/n) Q(t, pinyn " dp (56)

net

= Snf%wj(u/nr)Q(nrt,u)du for 0<t<1.

Put ¢, ](y) ny ¥ @ (u/n,), 0= u=n,. (56) shows that (pn _; (1) corresponds to e, ;(*)

under the isometric isomorphism from H(R,) to LR[0 - the I?-space spanned

by functions {y(t, 1) Q(t, ), 0<:=<n,}. If p<r, I [0,n,] can be regarded as a

subspace of I [0, n,] in the obvious manner, and ¢, ;(y) corresponds to @7 (u)=

qon J( ) for 0=p=<n, and 0 for n,su=n,. Accordingly, H(R, )=H(R,) and
( YeH(R, )corresponds to

e::pf .{ qanj Q('a M) dlueH(Rn,.)

Therefore the random variable &, jeLGp(X)cLGr(X) corresponding to e, ;(.)

also corresponds to ef ;(.) under the isometric isomorphism from H(R, ) to 12 (X).
Now we have

E&, ;iCn =€k s enidn, 5 ox () @, () dp
= Jconp,-(u) @ () dp=(n,n)"* J @;(u/n,) o;(u/n)du
0 0 (67

1
=(n,/n,)* OJ" @;(1) @;((n,/n) 2)dA
=0,
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since n,/n, <6 and ¢;(1)=0 for 0=1=4. Thus, for each j, 1<j<m, {¢, ;} is a
sequence of independent Gaussian random variables with mean 0 and variance 1.
Let ¢ denote the distribution function of standard normal distribution. We

have
P(CY=d({a (1) h;+(e/m)} (2 log log n,)?)

— ({0 (1) h;—(e/m)} (2 log log n,)%)
2 ®({|a (1) hj|+(2¢/m)} 2 loglog n,)?) (58)
—@(jo(1) h;l(2loglog n,)})
> C(loglogn,)~* exp(—|a(1) h;|* log logn,),
and, since 6> (1) h} £ 1,

P(CY) = C(loglogn,)~* exp(—loglogn,)
=C(loglogn,)~*(logn,)~! (59)
=C'(rlogr)*

and ) P(CY)=oco. Since {CY} are independent, by the Borel-Cantelli lemma,
we obtain P(limrsup C)=1. This completes the proof.

The author wishes to express his sincere thanks to Professor G. Kallianpur for helpful discussions.
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