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Summary. Generalized stochastic gradient systems for infinite lattice models
are investigated. The allowed strength of the interaction depends on the
dimension of the lattice. The semigroup of transition probabilities is con-
structed and its regularity properties are also discussed. Some results of
Doss and Royer [2] are improved.

0. Introduction

In the last few years several classes of interacting diffusion processes have been
proposed as models for the temporal evolution of certain infinite systems of
statistical physics, see [2-4, 11, 13, 15, 18] with some further references.
Nevertheless, even construction of such processes is as yet poorly understood.
Some extra difficultics arise in case of the physically most interesting point
systems, because interaction of particles in higher dimensions is so strong that
standard methods cease to work. Bearing in mind this problem, the main
purpose of this paper is to develop methods for some strongly interacting
lattice models; extensions to point systems will be discussed in [6].

We are going to investigate diffusions in an infinite product space RS,
where IR is the real line and S is such a countable subset of R? that |j —k|=1 if
j and k are distinct points of S; |+| denotes the usual Euclidean norm. Regular
lattices are typical examples for S. Elements of R® are represented as infinite
sequences X =(x),.s; i.¢. if k€S and xRS then x, denotes the k-th component
of x. Let RS be given the product topology and let #”, VS, be the smallest
c-algebra in R® such that each projection x —x,, keV is #"-measurable, then
#° is just the associated Borel field of IRS. Let €(IR") denote the space of %”-
measurable and continuous real functions and set C*RY)={peC(R"):
D,peC(R"), keS}, CHR")={peC'(R"): D,peC'(R"), keS}, where D, de-
notes the operator of partial differentiation with respect to the k-th component
of the argument. Finally, if V=S then |V| denotes cardinality of |V|, diam V
=sup{[j—ki: jeV,keV} and S, (r)={jeS: |i—k|=r}.
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Suppose now that for each keS we are given some coefficients ¢, e C(R5)
and ¢,eC(R®), further {w,: keS} is a family of independent standard Wiener
processes on a probability space (W, o7, P). We may and do assume that
(W, o) is the space of continuous mappings of [0, c0) into RS with the
associated Borel field, thus w,=w,(*) is the k-th component of weW. Let &,
—«/ denote the og-algebra generated by the family {w,(s): keS, 0=<s=t} of
random variables. We are going to study infinite systems of stochastic differen-
tial equations of type

(0.1) X, ()= xk+jck )ds+jak () dw,(s), keS;

realizations of a solution X = X(*) are supposed to be continuous trajectories
in R5 ie. they belong to W.

We are not able to discuss the existence problem of (0.1) in full generality.
The first restriction we need is locality of the interaction, we assume that it has
a finite radius r=1; ie. ¢(x) and g,(x) depend on x; only if jeS,(r). If we have
smooth and bounded coefficients then global solutions can be constructed for
each initial configuration, see [9, 18], the situation, however, is much more
complicated otherwise. Pathological behaviour of solutions including explosion
and breakdown of uniqueness can be demonstrated in case of very simple
linear systems. Indeed, let S={0,1,...,n, ...}, c,(x)=x,,, and o,(x)=0 for each
keS, then X, (f) is just the n-th derivative of X ,(t), thus we have a one to one
correspondence between solutions and functions ¢: [0, c0) — IR possessing de-
rivatives of all orders. Since such a function, X,(¢), is not determined by the
sequence of its derivatives at t =0, uniqueness of solutions may hold only in a
restricted sense. It is quite natural to remove nonuniqueness in the above
example by allowing analytic solutions only, then the phase space of the system
will be a proper subset of RS characterized by Cauchy’s growth criterion. Of
course, linear and quasi-linear systems can be treated in a suitably chosen
Banach space of sequences indexed by S, in such cases only strongly con-
tinuous solutions are considered. Moreover, if the interaction is weak in the
sense that D,c, and Do, are uniformly bounded if j=k then a natural stability
condition implies similar results, see [2,17]. If we are given more singular
coefficients then a method of Liapunov functions is needed, and concepts of
existence and uniqueness of solutions become more sophisticated, cf. [3].

Time dependent models motivated by problems from statistical physics are
usually constructed in such a way that Gibbs random fields with a given
interaction potential are stationary measurcs of the process and satisfy the
principle of microscopic balance, cf. [2, 8, 10, 11, 18]. In our context an
interaction potential 1s a family U={U,: V=S} of real functions such that
U,eC*(R") and U, =0 if diam V>r; thus it is quite natural to assume that
U, =20 for all V=S. Interaction energy of site keS is defined as

(0.2) Hk(x):V;V Uy (%),

and a probability measure p on %5 is called a Gibbs random field with
interaction potential U if given %5, the conditional distribution of p is
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absolutely continuous with respect to Lebesque measure and its density is
proportional to exp(— H,(x)), see [1, 12, 16]. Let G denote the formal genera-
tor associated to (0.1), ie.

(0.3) G=> (a(x) Dy+30(x) DY);

keS
if g is a Gibbs random field with interaction potential U then the principle of
microscopic balance means that

(0.4) f1(x) G, (x) udx)=[@,(x) G (x) udx)

holds for a dense set of smooth functions in IL?(x). An easy integration by
parts argument shows that (0.4) is formally equivalent to

(0.5) ¢ (X) =4 exp(H,(x)) D, (07(x) exp(— Hy(x))),

which makes sense even if there is not any Gibbs random field for U. In some
cases (0.4) implies reversibility, i.e. the transition semigroup defined by (0.1) will
be self-adjoint in IL?(x). Some useful consequences of this property are dis-
cussed in [8].

There are two extreme cases of (0.5). If ¢, =1, ie. ¢, (x)=—1 D, H,(x), then
we obtain the familiar class of stochastic gradient systems, see [11-13, 15, 19].
On the other hand, putting ¢, =exp(3H,) we have ¢,=0. This second case is
very strange from a physical point of view, because in typical situations all
solutions explode in a finite time. That is the reason why we can discuss only
certain generalizations of stochastic gradient systems; total energy plays the
role of Liapunov function in these cases.

1. Generalized Stochastic Gradient Systems
Suppose that we are given an interaction potential U={U,: V=S} such that

UyeCHR"), U, 20 and U, =0 if diam V>r. Then energy per site k is defined
as

1
(1.1) Qk(x)=V:kZEVm Uy(x);
(1.2) Hyx,p)= 3 (1+Uy(x)
V:V < Sklp)

is a version of total energy in S,{(p). We say that (0.1) is a generalized stochastic
gradient system with respect to U if we have such constants §>0 and a=0
that

(1.3) (x) D Hy(x) £ — 607 (x) (D, H (x))> +aH (x, )
holds for each k and x. We are also assuming that
(1.4) e S aop(x) D H(x)| +aloy (x)| [H(x, )],

(1.5) 07 (x) (D, Up(0)? Sa(l + Uy (x)) (Hylx, 1)y if V|22,
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2
where nggg, but 1<2 if d=1, further
(1.6) o1 (%) Dz% Up(x)=aH(x,7)

for each VS, keS, xeRS. Let us remark that (1.4) and (1.5) are needed to
control boundary effects, they are easily verified in case of stochastic gradient
systems; (1.6) is a natural regularity condition. For applicability of the method
of successive approximation we need that

(1.7) cZ(x)+oi(x)<au® whenever H(x,r)Su,

and

(1.8) max{H,(x,7), H(y,r)} Su  implies that
(e(x) = ce(M)? +(04(x) — 3 (¥))* S au je;m ;= vl

Let us remember that ¢, and o, are measurable with respect to 25", In the
first part of the paper the potential U is used as a family of auxiliary functions,
later we are going to consider reversible process in particular. Of course, the
interaction potential of the underlying Gibbs random field need not be the
same as in (1.3)-(1.8).

We shall construct solutions to (0.1) in the following subset, Q,, of RS, Let
g(w)=(1+log(l +u)*™ for u=0, then

(L9) A(x)=sup sup p~*Hy(xp)

keS pzg([k])
is the so called logarithmic energy fluctuation, and the set of allowed con-
figurations is defined as Q,={xeRS: H(x)< o}. Since H is lower semi-con-
tinuous, Q, is an F, subset of RS, It is easy to check that Q, is of full measure
with respect to a large class of random fields. For example, if y is a probability
measure on #° and we have such constants a, >0, a,>0 that

(1.10) fexpla, H(x, p)) wdx) Sexpl(a, p)  if pzg(k]),

then the Borel-Cantelli lemma implies u(Q,)=1 directly. This condition can be
verified easily for Gibbs random fields with various interaction potentials
including U. The very same argument suggests that @, is essentially the
smallest set carrying a sufficiently large class of measures.

(1.11) Definition. An Q,-valued continuous stochastic process X =X(t), =0,
ie. a measurable mapping of (W, o/, P) into (W, .o7) is called a tempered
solution of (0.1) with initial configuration xeQ, if X(¢) is .</-mecasurable,
P[X(0)=x]=1, almost every realization of X satisfies (0.1) for all t+=0 and
P[sup H(X(s)) < oc]=1 for all ¢>0.

St

We show that the above conditions are sufficient for existence of a unique
tempered solution for each initial configuration xeQ,. Our principal result is
the following a priori bound, further results are more or less standard con-
sequences of this estimate.
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(1.12) Proposition. Suppose (1.3)-(1.6), then for each tempered solution X of
(0.1) there exists an of-measurable random variable N >0 such that
PIN>u]<e~® and H(X(t)) Zexp(exp(gh®e?) log(e+ N)) holds for all t=0 if
H(X(0)<h; q=q(d, r, 6, A, a) is a universal constant.

Ideas of the proof of this a priori bound go back to [3], where further
references are given. However, techniques of [3] work only if A=<1/d in (1.5);
let us remark that methods of [2, 17] correspond to the case of A=0.

Existence of tempered solutions can be easily proven if ¢,=0,=0 for k¢S’
and |S'] < co. Since (1.12) implies relative compactness of the set of such partial
solutions in the weak sense, existence of global solutions to (0.1) follows from
(1.6) and (1.7) by an iteration procedure. Consequently, we can construct the
semigroup P, of transition probabilities in (2,, #°nQ,). Some regularity
properties of P, are also discussed. We can prove Feller continuity of P, only
in a restricted sense. In some cases existence of a stationary measure follows by
similar methods. If u is a Gibbs random field with interaction potential U, and
each ¢, is given by (0.5), ie. (0.1} is formally reversible with respect to y, then
uP,=p and P, is really self-adjoint in IL*(u). In [5] we are going to discuss
conditions under which stationary measures of certain stochastic gradient
systems are Gibbs random ficlds for the associated interaction potential.

2. Proof of (1.12)

As a family of Liapunov functions, the following modification of total energy
in balls of rapidly decreasing radius is used, cf. [3]. Consider a positive and
non-increasing, twice continuously differentiable function f such that f(u)=1
fugl, ffS0if ugL2+r, f"W=0if u=2 and f(w)=e" with some b>0 if
u=3+r. We may and do assume that ‘

2.1) —fWsfw), fW=2f) if u—v/<r,
22 f@—fOI= ='W+ O u—vl if u—v|=r.
Let keS be fixed, and introduce

(23) Q(x, k, P)=Z‘&f(lj—klp‘l)(lJer(x)),

(2.4 Z(t)= j H*(X(s)) ds

and °

(2.5) P, k) =g(lk)) [n* — K g*(n) Z(1)]"/?,

where p=1, n is a positive integer, K is a large constant to be specified later,
and X = X(t) is the tempered solution we are interested in. We consider p, only
in the maximal interval [0, T,) such that p,(t,k)=1 if t<7T,. Then T, is a
stopping time and p,(t, k) is -measurable, thus Qe =¥ =~ Q(X(1), k, p, (¢, k)
admits a stochastic differential
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(2.6) dQe XM= _—Ke XQdt+dl +1,dt—1,dt
in [0, T,), where

dl,=e %% £, 3 D,Q, (c;dt+o,dw)),

jeS  ieS
Iy=3e" %) [;2 0iDiQ;,
jeS ieS
=e MY fili—kp;?pu(1+Q)
jeS

_ _ge—m g2k g 0° T ;U= kI(1+0));

and abbreviations as fi=/(i—Kip; "), fi=/"(i—klp;Y) ©;=0,X),

d -
=H(XW), pp= 7 pw Uy=Uy(X (1), H=HX(), ¢;=c/(X(0), o;=0,(X(1)) are
used and will be used also in what follows. Since X is a tempered solution and
f has an exponential tail, infinite sums in the above expressions make sense.
First we show that K can be chosen to be so large that the deterministic part
of (2.6) turns to be negative. Indeed, as

2.7) ZfDQ Y £ Y IVI"'D,U,=f,D,H,+J,

jeS  Vijev

where

Ji= Z Z (fj_fz:”Vl—-lDiUV;

V:ieV jeV

(1.3), (1.4) and the elementary inequality uv <pu?/2+v*/2p if p>0 imply that
(2.8) Y. f(D;Q)e= —8f,02(D;H)* +af,H(X,r)

jesS

)
+ ao'iz Il IDiHil +aloy I (H (X, r))l/z = _E iaiz(DiHi)z

+(g+g)f 1520242 SafH(X. )

Observe that in view of (2.1) we have

(2.9) > LH (X, 1) =221 0(X, k, p,),

ieS
while (1.6) and a similar argument results in
(210) 12 éa(zr)dewKtQ(Xa k; pn)a

thus f,~'¢2J? is the critical term here; it is enough to show that

o
@.11) (5+5+3) e @ Shatist,

if K=K(d,r,9, A, a) is large enough.
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(2.12) Lemma. If |i—jl<r and max{|i—k|, [j—k|} = p, then we have a universal
constant K, such that

max {g*(|i), g*(|j)}
<Ky p, "¢ (k)) g*(n) (1 +min {Ji —kl, [i —kI}).

Proof. Suppose e.g. that |j—k|=p,. Since g"(u+v)<g*(u)+g*(v) if u,v=1, we
have g*(li) <g([)+g*(r), while g*([i)<g™(k)+g*(j—kl). On the other
hand, u~!g*(u) is a decreasing function of u>0 as g(u)= Adug (u) reduces to 1
2 .

+log(1 +u)gT?”1;, consequently g*(j—k)<p;' |ji—klg*(p,). Finally,

LSng(kl) and glug®) <g(u) g(v) for u,v21, ie. g*(p,)<g*(k]) g*(n), which
completes the proof; K, depends only onr. QED

To conclude (2.11) observe that (1.5), (2.2) and (2.1) imply

(2.13) St et (fi=f)* (D)
SaH*max {r*, g*(i)} £~ (fi—f)* 1+ 1))
< —2ar*HA p 72 (i) (Ff +2/) 1+ 1)

whenever |i—j|<r, and max{]i—k|, | —k|} =2 p, may also be assumed because f;
=f,=1 otherwise. Since the number of summands in the expression of J; is
bounded by a constant depending only on r and d, estimating J? by means of
the Cauchy inequality, (2.13) and (2.12) imply (2.11).

Stochastic integrals in dI, can be estimated by means of the following
maximal inequality for martingales. If each p; is progressively measurable with
respect to o7 and

t

Y fpis)ds<+oo  as,
ieS 0

then for u>0, z>0 we have

(2.14) P [sup > f (pidwi—gpi2 ds) >u] <e ™,

120 ieS 0

see [14] for the case of finite sums, whence (2.14) follows by an easy limiting
procedure. Now we are in a position to summarize results of the above
calculations.

(2.15) Lemma. If K is large enough then for each n and k there exists an of-
measurable random variable N, , such that

sup e™ X Q(X(1), k, p,(t, k) Q(X(0), k, ng (kD) + N,

t<Tn

and P[N, . >2v]£2e™%.
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Proof. Let

! S
L= Sup je‘Ks(aiJidwi—E afdes)
i 0

I3
+sup ) [e ®f, (ai(DiHi) dwi—gaf(DiHi)zds).
0

t=Tn {eS

Since e~¥<1 and f,<1, (2.14) implies P[N, ,>2v]<2e¢~%, thus comparing
(2.6)-(2.11) we obtain (2.15). QED

The next step is to transform (2.15) into an integral inequality for H(X(1)).
It is easy to verify that

(2.16) H(x)= sup sup 24(mg(kD)~?Q(x, k, mg(lkI)),

where m varies in the set of positive integers. On the other hand, there exists a
constant K, depending only on d and r such that

(2.17) Q(x, k, p)SK,H(x) p*  if p2zg(k]).

Indeed, f(u)=e~% if u=3+r with some b>0 depending only on r, thus we
have

o0

00k p)S2 3 <1+§) (H(x, k, p+n+1)—H(x, k, p+n)

n=90

<2625+0 Y exp (—bg) (H(x, k, p+n+1)—H(x, k, p+n))

n=0

[IA
&
w
L
NS
=
8
e
S
=
=
N’
o~
—
|
[¢]
>4
g
|
S ——
e
i
[Rast
o
_.|_.
[\
&{ T
©
S
S
[¢]
»d
=
o
[
o
|
e

_ b -1 .
<K, p*H(x) (l—exp (——)) (l—exp (——2—)) <2K,p*H(x).
p P
Now we can rewrite (2.15) in terms of H. Let K be so large that

2.18) S Y exp(— 6K ngi(lk) <1

n=1keS

and introduce

(2.19) N =max {0, sup 1(N, ,~ 2K s ng’([k])},
nk
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then P[N >u]<e~% and
(2.20) sup e~ X Q(X (1), k, p,(t, k)
t<Tn
< Q(X(0), k, ng(Ik]))+2N + K s n g*(Ikl)
<K, n'g’(Ikl) H(X(0)) +2N + K sn'g*(k])
follows by (2.17). Now let n=n(t,m, k) denote the smallest integer n>0 for
which p,(t, k)=mg(lk]). Since lim T,=oco and lim p,(, k)= oo, n(t,m, k) is well

n— o0 R— 0

defined for all t>0, keS and positive integer m. Further, t<T, and p,(t, k)<
m+1) g(|k|) if n=n(t, m, k). Let us remark that the exceptional set, where n(t, m, k)
is not defined is independent of t>0. Choosing n=n(t, m, k) in (2.20) we get

e~ K QX (1), k, mg(k]) < K ,n(t, m, ) g*(1kl) H(X(0))
+2N + K n(t, m, k) g*(1k))

for all t, m, k, whence

(2.21) H(X(t) K eX(N +hsup sup m~4n’(t, m, k))

keS mz1

follows by (2.16) with some K,=K.(d,r, 4,4, a) and h=H(X(0)). On the other
hand, if n=n(t, m, k) in the definition (2.5) of p, then

(2.22) n? <(m+1)?+Kg*(n) Z(1) £4m*+ 2K nZ(1)

as Ad <2 and g(u) §2ﬂ if u=1. Since n=m we obtain n<4m+2KZ(1), i.e.
(2.23) n2(t,m, k) < K, m*(1+ Z(t) (2 (1)) "
with a new constant K-, thus (2.21) turns into

(2.24) H(X(@)<MeM(N +h(1+Z(0) gZ )",

where M =K is a universal constant,

Z(t)z} H*(X(s)) ds.

If A=0 then (2.24) reduces to

(2.25) H(X @) MM (N +h(1+1)7?),

while a differential inequality,

(2.26) Z' SM*eM (N +h(1+Zg"(Z)?,  Z(0)=0,
follows for Z if A>0. Since Ad<2 and A<2if d=1,

(2.27) Ojo (N +h(1+2g%(2)"?)~*dz= + 0
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for Nz0, h>0; consequently (2.26) has a maximal solution which is bounded
in finite intervals of time. Indeed, if Ad <2 then g*(Z) can be estimated by a
constant multiple of (1 +Z)* ~*/% while 1=1 if d >1, thus (2.26) implies in both
cases that

Z'=(Z + e+ N¥ <K eM(N* + hA(1 +(1 +log(l + 2)) Z)
2K MM Z 4 e+ NYlog(Z +e+ NH),
whence

log(Z(1)+ e+ N*) <log(e+ N*) exp(2h* K | e*¥ds),
o
thus (2.24) implies (1.12) even if A>0. QED

(2.28) Corollary. If Ad<2 and O<g<l-— /”L~ then we have H(X(t)
< peP'(N +h''%) with some universal p.

Proof. Since Ad/2<1—¢, an clementary calculation shows that (1+Z g*(Z)*?
is bounded by a multiple of (1 +2Z)' ~*, thus (2.26) yields

d N A1~ N AMl—s 1—a
Z S hi lMt( (—) )
dz(H(h) + )_K9 e 1+ (5 +Z)

whence we obtain

N Afl—gy & i t
1+Z@y< (1 + (ﬁ) ) +eKoh? | e?Msds,
0

which implies (2.28) by (2.24). QED

(2.29) Remark. An important consequence of (1.12) is finiteness of all mo-
ments of H along a tempered solution with a deterministic initial configuration.
If the initial configuration is random, and A=0 in (L.3), then (2.25) yields a
time dependent bound for each moment of H(X(t)); if >0 then we can not
prove such a conservation law of existence of moments of H. However, if
ld<2 and H has finite moments of all orders at t=0 then (2.28) implies
conservation of this property for all t>0.

(2.30) Remark. We suspect that just as in case of linear systems, there exist
many non-tempered solutions for each initial configuration xe€,. Apart from
some pathological cases we are not able to prove that solutions remaining in
Q, for all >0 are necessarily tempered solutions.

(2.31) Remark. Our </-measurable random variable N can be replaced by an
o ~adapted mcreasmg process N, and estimating Q more carefully, it is possi-
ble to show that H is a contlnuous function of time along tempered solutions.

(2.34) Remark. Essential conditions we needed on the shape of our auxiliary
function g were (2.27), Adug'(v)=g(u) and g(ug(v)) =g(u) g(v) for u,v=1. There-
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fore, if 1d<2 and 0<e<min 1}, then g can be replaced by (1+u)*

1

Ad’ Ad
and the allowed set of initial configurations gets larger than Q.
(2.35) Remark. Results of [2,17] can be reproduced by choosing Uy, (x)=x7 if
V=1{k}, U,=0 if |[V|>1; if x can be replaced by a bigger power then some
more singular interactions get tractable, too. Our stability conditions are
optimal in the absence of external field, ie. when U, =0 for |V|=1; cf. the case
of point systems. We are not going to discuss stabilizing effects of external
fields.

3. Construction of the Transition Semigroup

Here we show that (1.7), (1.12) and our Lipschitz coundition (1.8) imply con-
vergence of solutions of finite subsystems of (0.1) to a tempered solution.
Conditions (1.3)-(1.8) are assumed without any reference.

(3.1) Lemma. If Sc§ is finite, and o,=0 for k¢S then (0.1) has a unique
tempered solution for each initial configuration xeQ,.

Proof. Since (1.4) implies ¢, =0, =0 if k¢S, coefficients of (0.1) are bounded and
satisfy a uniform Lipschitz condition in such domains where

Hgx)= 3 (1+U{x)

V:SnV+0

remains bounded. Therefore we certainly have a unique local solution X
defined in a random interval [0,7) such that T is a stopping time and
lim Hg(X (min{z, T}))= + oo if T< + 0. Observe that D, Hg=D, H,, thus using

t—

(1.3) and (1.6), an easy calculation shows that

dHge *)< —6e %Y 62(D H)?dt
keS
+e ® % 0,DH, dw,

keS

where K is a large constant. In view of (2.14) this is possible only if
H{X(t))e~® remains bounded in finite intervals of time, ie. P[T=o0]
=1. QED

To prove convergence of these partial solutions as S—§, the following
contraction property of (0.1) is needed.

(3.2) Lemma. Let ieS, n20, x,yeQ,, and consider such Q,-valued continuous
stochastic processes X =X(t) and Y=Y (t) that X(t), Y(t) are o -measurable and
satisfy (0.1) for keS,;(nr) with X(0)=x and Y(0)=y, respectively. Set o(t,u)=1if
sup max { H(X(s)), H(Y(s))} u, ¢(t,u)=0 otherwise, and introduce

s=t

dt,m X, Y, u)= max d{t, X, Y, u),
keSi(mr)
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where d,(t, X, Y, u)=arctg(E[sup @(s, u)| X () — Y (s)I12]). If 0<m=n then for all
t>0 and uz1 we have st

di(ta m, X> Y;u)§3d1(0a m, X? Y; M)
I
+M(1+1) gl +mn)* [ dis,m+1, X, Y,u)ds
0

with some M >0 depending only on d, r, a.

Proof. Observe that o(t, u) (s, u)=p*(s,u) if s<t, thus by the Cauchy in-
equality we obtain

@(t, ) |X, (1) — Y (0)* <3 0(t, )| X, (0) — Y, (0)

+3t0(t, u) j(; (e (X () —c (Y (s)* ds
+30(tu) [g OUX ) =YD dwy(s)|
<30(0, 1) [X,(0) — %(0)12 +31 § (co(X(s) — (Y () (s, ) ds

+3[[@XO)-a YO ol dvys) |

On the other hand, ¢(s, u) is «7-measurable, thus the maximal inequality

s 2 t
E [sup (j pkdwk) ] <4[E(pdds
st \p 0

implies

(3.3) E[sup ¢(s, 1) [X;,(5) — Y(s)11 =3 (0, u) | X, (0) — X (0)?

s=t

+3t (f) ELo(s, u) (c(X () — c(X(5)))*] ds

+12 i Elo(s, ) (0(X (5) ~ 0, ( Y (5)))*] ds.

Integrals above can be estimated by means of (1.8) if 1=tgd(s,1,X, Y u),
and by (1.7) if tgd(s,1,X,Y,u)>1. Indeed, as v<2 arctge if 0Sv=1 and
IS, (N =(2r), while 2arctgv=1 if v>1, we obtain that

ELo(s, 1) (X (5) = e (Y (5))* +(0(X (5)) — 0, (Y (5))*)]
<2a(2r)" (umax {r*, g*(kD})* di(s, 1, X, Y, u),

thus (3.3) turns into
34 tgd,(t, X, Yu)s31tgd (0, X, Y u)

M(1+1) (ug(Ikl)* j" dJs, 1, X, Y,u)ds.
0
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On the other hand, arctg(z+v)<arctg z+arctgv if z,v=0, and arctgv=<v for
all =0, consequently

(35) dk(t7X7 Ku)§3dk(05X7Y;u)

+M(1 +1) (ug’ (kD) } dus, 1, X, Yu)ds,
0

which implies (3.2) directly. QED
(3.6) Corollary. If n is a positive integer then

n+1

di(t, X, Y u) ém(M(l +1) (ug (il +nr)H

+ i d,(0, m, X,Ku)%(M(l+t)(ug"(|i|+mr))“)'”.

m=

Proof. Notice that dj(t, X, Y, uy=d,(t, 0, X, Y, u) and arctgv <2, thus iterating
(3.2) n times we obtain (3.6). QED

(3.7) Proposition. If X and Y are tempered solutions of (0.1} then

aft, X, Yu< i a,(0,m, X, Y, u) :;LT(M(I +1) (ugt(k| +mr)*y"
o !

m=

holds for all t =0, u=1 and keS.

Proof. Letting n go to infinity in (3.6) we get (3.7). QED
Now we are in a position to summarize some basic properties of solutions
of (0.1).

(3.8) Theorem. For each initial configuration xe}, there exists a unique tem-
pered solution X=X(t,x) of (0.1). Moreover, if X®=X"(t,x) denotes the
partial solution defined in (3.1) with X™(0,x)=x and S=S,(nr); i€S is fixed,
then

P[ lim sup |X{"(s, x)— X, (s, x)|=0] =1

n—ow st

holds for all t=0 and keS.

Proof. Suppose that Y is another tempered solution with Y(0)=x, then letting
u go to infinity in (3.7), (1.12) implies P[sup {X (s, x)— ¥, (s)|=0]=1 for all >0

5=t
and keS, which means uniqueness of tempered solutions.

To prove existence of X(t, x), let us apply (3.2) for X® and X®*V with u
=gP(n), the associated indicator variable will be denoted as @™ =™t g?(n)).
An easy calculation shows that (3.6) implies

2 [d(t, X, X0+ D, gP(m)]H2 < o0
n=1

for all t>0, p>0 and keS, whence
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(3.9) E [ i sup @®(s, gP(n)| XM (s, x) — X (s, x)|] < o0

n=1 s=t

follows by the Cauchy inequality as arctg vg% if 0=v=1. On the other hand,

the explicit bound of (1.12) allows us to choose p=p(t) to be so large that

(3.10) PLo®™(t, g""(n)=0] < o0

1

HMS

n

for each t>0, thus (3.9) and the Borel-Cantelli lemma imply for all >0 and
keS that

o0

(3.11) Y sup [XP(s, x) — X D(s, x)| < o0

n=1 §=t

with probability one. This means that our sequence of partial solutions con-
verges in the natural topology of W to a necessarily continuous and .-
adapted process X =X(t,x). Since H is lower semi-continuous, H(X(t, x)) re-
mains bounded in finite intervals of time, thus it is easily verified that X is a
termpered solution of (0.1) with X(0,x)=x. QED

(3.12) Corollary. P, (x, A)=P[X(t, x)eA] is a semigroup of transition probabili-
ties in the measurable space (Q,, Qo %°).

Proof. This follows directly from X =lim X™. QED
The transition semigroup acts in spaces of Q,n%°-measurable functions as

(3.13) P.o=(P,¢) (x)=[P.(x,dy) o(y),

regularity properties of P, are more sophisticated than in the finite dimensional
case. Let Qf ={xeQ,: H(x)<h}, |@|,=sup{lo(x): xeQh},

d(x,y)= 3 27 W (arctg x, — y,2) "2,
keS

and notice that d(x, y) is a distance inducing the relative topology of Q,=R">.
Introduce now €(,) as the space of such Q,%5-measurable ¢: Q,— R that
l@|,< oo and the restriction of ¢ to Q% is uniformly continuous for each h>1.
Further, let €,(2,) be the set of such @eC(2,) that |¢[, is bounded by a
polynomial of & depending on ¢, and let C,(2,) denote the set of bounded
PeC(Q,).

(3.14) Theorem. Suppose that pe@(Q,), then P, ¢ exists and belongs to €©(Q,),
and lim ||P.¢ — ||, =0 for each h>1, while P,peC,(Q,) whenever peC,(£2,). If

t—w

A<2/d in (1.5) then peC,(Q,) implies P,peC(Q,).

Proof. It is immediate, bounds for |Pe], follow from (1.12) and (2.28), re-
spectively, conservation of continuity properties is a consequence of (3.7) and
(1.12), while norm-continuity of P follows from (1.12) and (1.7) for each
h>1. QED
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Finally we discuss relation of P, to its formal generator G given by (0.3).
The first problem is to give a reasonable definition for G. Let ID; denote the
set of such peC,(Q,) that D, ¢, D} ¢ exist and belong to €,(&,) for each keS,
further

Z(Hck D,ol,+ “0'1% DI%(P“h)émhm

keS

holds for h>1 with some m>0 depending on ¢. Since c¢,eC, (£, and
02eC,(Q,), cf. (1.7), (1.8); G is a well defined element of C,(©2,) whenever

gelD,.
(3.15) Theorem. If pelD,; then PG is a ||« |,-continuous function of t=0 for
each h>1, and

Po=¢+ | P.Gopds.
0

Proof. Continuity of PG¢ follows from (3.14). Let P™ and G™ denote the
semigroup and the formal generator associated to the partial solution X
considered in (3.8). Notice that pelD,; is a twice continuously differentiable
function of any finite collection of its variables, thus the Ito lemma yields

t
R p=p+ [R" G qds,
0
whence (3.15) follows directly by (1.12) and (3.8). QED

D 1 .
(3.16) Remark. If pelD, then (3.15) implies quzhm;(Ptqo—(p) with respect
t—0
to each ||-|,. We do not know such dense ID=ID,, that PIDcID.

4. Reversible Evolution Laws

In this section we are assuming that ¢, are given by (0.5), then the formal
generator of our semigroup P, has a self-adjoint form

(4.1) G p(x)=1 3 exp(H,(x)) (o} (x) exp(— H,(x)) D, @ ().

keS
In addition to (1.3)-(1.8) we are also assuming that each U, has continuous
third derivatives. Conditions concerning ¢, can easily be reformulated in terms
of ;.

(4.2) Theorem. If pu is a Gibbs random field with interaction potential U and
w(Qo)=1 then P, is a semigroup of bounded self-adjoint operators in the Hilbert
space IL? ().

Proof. Let C2(R5) denote the space of such bounded peC?*(R%) that first and
second partial derivatives of ¢ are also bounded. Suppose first that
&, 5, C2(R%) and =5, =0 if |k|>nr, the associated semigroup and formal
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generator are denoted by P®™ and G®, respectively. Observe that du=
exp(—H,(x)) dx, dp,, where g, is a finite measure on #5'®, thus integrating
by parts we obtain that

J @1 exp(H,) Dy (6; exp(—H,) D, 0,) du=— [} D, ¢, Dy, dp,
provided that ¢, ¢,eCZ(R®) vanish at infinity, whence
(4.3) fo,6M ¢, du=[p,E" ¢, du
follows for all ¢, ¢,eC;(RS) from (4.1) by a simple extension procedure.
On the other hand, B™ pe C2(IRS) and %F’}’”(pz GMP® g if peC2(RRS), see
e.g. Theorem 1 of Sect. 16 in [7]. Let ¢, ¢,eC2(R®) and introduce
ut,s)= R P ¢, du,

then u is differentiable and we obtain from (4.3) that
0 pm g, G pm
%u(ta S):j t QDI s (PZd:u
=[(P®W,. &P _90
_j. s P2 @y d:u_é—lu(t’S)a

. d .
1e. d—u(t——v, s+v)=0. This means that u(0, {)=u(z, 0), thus
v

(4.4) fo, P du=[o,P"e du

if ¢, 0,eC;(R®). Now we are in a position to conclude (4.2). Let P® denote
the transition probability kernel in the general case. Keeping n fixed we can
approximate o, by 6,eC;(R% for |k|<nr in such a way that P®(x, -) con-
verges weakly to P™(x, +) for each x, see [7], whence

(4.5) foB" e du=[o,P™¢p dy

follows by the dominated convergence theorem. Now letting n go to infinity,
(3.8) yields \

(4.6) foPo,du=fo,Po,du

for ¢, ¢,eC;(R®) in the same way, which proves (4.2) because C2(IR%) is dense
inL2(4). QED

(4.7)  Corollary. If u is a Gibbs random field with interaction potential U and
u(Qo)=1 then uP=yu for t>0.

Proof. If ¢, =1 then (4.6) reduces to (4.7). QED

(4.8) Remark. If p is a probability measure satisfying (0.4) then (0.5) implies
that p is a Gibbs random field with interaction potential U, cf. [2, 8, 11, 18].
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5. Weakly Interacting Systems

In this section such situations are considered where U, =0 for |V|>1 may be
supposed, i.e. Uy, (x)="U,(x))=H,(x) if V={k} for some keS, U, =0 otherwise.
Auxiliary functions of this kind are very suitable for the study of weakly
interacting systems; in such cases (1.4) is not needed in the proof of (1.12),
while (1.5) turns to be trivial.

(5.1) Proposition. Suppose (1.3), (1.6) and U, =0 if |V|>1. Then there exists a
universal constant K, and for each tempered solution X =X(t) of (0.1) we have
such of-measurable random variables, N, ,, keS, p>0, that P[Nk!p>u]§e“§"
and

(1) QX (1), k, p) K e (Q(X(0), k, p)+ N )
hold for all keS, p>1, where Q is the same as in (2.3); further
(i) H(X (1) =KX (H(X(0)+N),
where N is o/-measurable and P[N>u]<e %"

Proof. Since f(u)Z2f(v) if |u—v| <7, an easy. calculation shows that

(5.2) Q(X(0), k, p)=0Q(X(0), k, p)+ K (Jf Q(X(s), k, p) ds

t
+ ka j (6, D H, dw,—d57 (D, H,)?d),
kes 0

which proves (i) if N, , denotes supremum over >0 of the sum on the right
hand side of (5.2). (i1) is a direct consequence of (i) and (2.16), (2.17). QED

(5.3) Remark. (1.4) was used only in the proof of (1.12), thus all results of the
previous two sections hold in this case, too.

(5.4) Remark. Results by Doss-Royer [2] can be reproduced by choosing
H,(x)=x}. Theorem 4.1. by Shiga-Shimizu [17] also follows in the same way.

In [2] and [17] solutions are constructed in Q={xeR5: lim |x,|e~** =0 for
k] =
all e>0}, but in many cases (i) is sufficient for such a result, too.

Finally we outline a method for proving existence of stationary measures.
For convenience we assume that the situation is translation invariant, i.e. S is a
d-dimensional additive subgroup of R? and c,(x)=c¢,(T, %), 6,(x)=0,(T,x) for
each keS, where 0 denotes the neutral element of S, T, is defined by (T, x);
=X;_,. Suppose that we are given such nonnegative p: R—>R and q: R—>R
that p is twice continuously differentiable, ¢ is continuous and lim ¢(u)= oo,

luj— o

(5.5) px) e (x)Z —qlx)+a+ Zbk*jq(xj)—i_ Z Jk,V(x)>

JjFk VikeV

where a and b, are constants, b, =0 if [k|>r,

(5.6) Y b,=b<1,

keS
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further J, ,: R*>R is #"-measurable, J, , =0 if k¢ V or diam V >r, and
(5.7 Y v =a,

keV

p'(x), q(x;) and J, ,(x) are all bounded by a polynomial of H,(x, r), finally
(5.8) o2(x) () <a.

These conditions are natural e.g. if g(u)=p’(u) k' («), and

e (x)=—hw— % U_;(x—x),

JESK ()
where U, _;(v)=U,_(v)="U,_;(—v), see [2].

(5.9) Proposition. Under the above conditions there exists a translation invariant
probability measure p on #° such that | q(x,) p(dx)< oo, [ G u(dx)=0 if pelD,
and G ¢ is bounded, and the restriction of u to Q,NR° is stationary.

Proof. Let X be the solution (0.1) with X,(0)=0 for all keS, and consider the
following stochastic differential.

d Y p(X)= Y X di+ioip"(X)d)+ ¥ o0 (X)dw,

keSo(n) keSo(n) keSo(n)

—(1-b) Z q(X)de+ Z Z bk»j('I(Xj)dt

keSo(n) keSo(n) j¢Soln)

+ Y Y Jopdt+Ka'di+ Y o p(X)dw,.

keSo(n) V¢ So(n) keSo(n)

Observe now that the distribution of X is also translation invariant, con-
sequently

(5100 Y E[p(X,)]=K n'(1+0)+Kn""! —(1-b) Y [E[q(X,(s)]ds,

keSo(n) keSo(n) O

where K, and K, do not depend on n. Therefore, dividing by n? and letting »
go to infinity we obtain that

1 t
(5.11) ;bffps(@, dy)q(y)ds=M,

where M is a universal constant, and 0 denotes the identically zero con-
figuration. This means that we have a probability measure g, on %5 such that

(5.12) [ @) 1, dx) =

H\)—t

bH" (0,dy) @(y)ds

if e C(R®) is bounded, further
(5.13) §qCx) p(dx) =M

for each keS. Since {uelR: g(u)=<v} is compact for each v, there exists a
probability measure u on %5 such that
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(5.14) [ o(x) u(dx)=lim | o (x) p, (dx)

n— 00

holds for each bounded @eC(IRS), where t, is an increasing sequence tending
to infinity. Thus | g(x,) u(dx)<M follows from (5.13), stationarity of the restric-
tion of p to Q,#° is a direct consequence of (5.12), while | G ¢ du=0 follows
from (5.12) by (3.15). QED

(5.15) Remark. We cannot prove u(Q,)=1 in general, but finiteness of
{q(x) u(dx) implies u(2)=1 by the Borel-Cantelli lemma if g(u)=¢lul*—a with
some £>>0.

(5.16) Remark. In a forthcoming paper [5] we investigate conditions implying
that a stationary measure is necessarily a Gibbs random field with a given
interaction, whence (5.9) implies existence of Gibbs random fields also in such
cases when general results do not apply, cf. [1, 12, 16]. We do not claim, of
course, that this is the simplest way towards proving existence theorems for
Gibbs random fields.
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