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Summary. Suppose X, is a purely discontinuous martingale. A sufficient
condition for X, to have a local time is given in terms of the local characteristics
of X. An example is constructed to show that this condition is nearly optimal.

1. Introduction

In 1975, Meyer [10] showed how to use Tanaka’s formula to construct local times
for martingales with nondegenerate continuous parts. He then raised the question:
when does a purely discontinuous martingale have a local time? Yoeurp [16] and
Yor [17] have both shown that Tanaka’s formula fails badly in this case.

On the other hand, the theory of additive functionals may be used to construct
local times for certain Markov processes, those for which points are regular for
themselves (Blumenthal and Getoor [3]). Sufficient conditions for local time to exist
in terms of the resolvent operator were given by Boylan [4] and Griego [6].
Maisonneuve [9] has extended the Markov theory approach to construct local
times for martingales when points are regular for themselves.

The difficulty with the Markov theory approach is that one can very rarely
check whether points are regular for themselves or whether the resolvent operators
have the proper form. Kesten [8] obtained very good results in the case of processes
with stationary, independent increments, but virtually no other examples are
known.

The purpose of this paper is to give a condition that is sufficient for the existence
of local times for purely discontinuous semimartingales. Our theorem is stated in
terms of local characteristics. Hence, when a process is defined by means of a
stochastic differential equation with respect to a Poisson point process, or when, in
the case of real-valued Markov processes, it is defined by its infinitesimal generator,
one can easily read off the local characteristics and apply our condition.

To state our results, we first need some definitions. We will consider only local
times that are occupation time densities with respect to Lebesgue measure. Thus, we
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are interested in the existence of a jointly measurable process L,(x) such that, a.s.,

t
(1.1 [1p(X)ds = [15(x) L,(x)dx for all ¢, for all Borel B< R.
0

Our processes X, will be semimartingales that have local characteristics (4, v,).
This means (our definition may vary slightly from other definitions) (i) g, is
adapted, (ii) v, is adapted, and for each s and w, a o-finite measure on IR-{0}, (iii) for

t

each Borel B such that B< IR-{0} is compact, Y, 15(4X,) — {v,(B)ds is a local
0

¢ s=t

martingale, and (iv) X, — ) AX 1,4 o0 — | 4 ds is a local martingale. X, purely
0

s$1 .
discontinuous means that X, is the uniform limit of

t t
Y AX Ay z0— [ hv(dh)ds + [a,ds as e—0.
5t 0 1z|hze 0

If 1 <a<2, let 0,(dh)=¢,|h|"***dh be the Lévy measure for a stable
symmetric process Z, of index a. Here {, is the positive constant chosen so that
Eexp(is Z,) = exp(—t]s|%).

Our main result is: suppose
(1.2) X, is a purely discontinuous semimartingale with local characteristics
(byag, b,v,) such that

a) b, is measurable, and for some K, ,,, sup|b; | £ K, ,,4, a.s.,
S
b) for some K, »p, supla,| = K 55, 2a.5.,
S

c) for some Ky 5, sup|{h* A lv(dh)| £ K, ,¢, a.s., and

d) for some 1l <u<2,0<o<1,e>0,K,,,>0,
sup | [A]*7*|v,—0,|(dh) < K, p, 2.5,

where |v,— 0,] is the total variation measure of v, — 8,.

If (1.2) holds, then a local time L,(x) for X, exists (see Theorem (4.13) and
Sect. 6).

At first glance, (1.2)d may seem very restrictive. However, in fact, (1.2)d is
nearly optimal. By this, we mean, if ¢ > 0, then there exists a process X, such that

(1.3 X, is a purely discontinuous local martingale with local characteristics (0, v,)
such that

a) v(dh) = 6,(dh) for all s and », and all |h| <1, and

b) for some K, 5,

1
Sup j Ihla+g(vs - 601) (dh) é K143=
5o-1

but for which no local time for X, can exist (see Theorem (8.8)).
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Ify,(dh) = (vy—0,) (dh), (1.2)d says that y, can be very large near 0, but no
larger than 0, itself. In fact, if we allow y, to be larger than 6, near 0, then, even if y,
is positive, there need not exist a local time for X,.

Although (1.2)d is nearly optimal in the sense given above, it is by no means
necessary. For example, there are processes with stationary, independent
increments that do not satisfy (1.2)d but have local times. It would be of interest to
get a result with 6, in (1.2)d replaced by the Lévy measure of any process with
stationary, independent increments that itself has a local time, particularly for those
whose Lévy measure is close to that of a (asymmetric) Cauchy. It would be even
more interesting to see if any kind of continuity condition on v,(dh), together with
vy(dh) = 0,(dh), |h| £ 1, some a > 1, would suffice for the existence of a local time.

In Sect.2 we obtain some estimates on the density of the resolvent of a
symmetric stable process of index o. In Sect. 3 we consider X, satisfying

(1.4) X, is a purely discontinuous local martingale with local characteristics (0, v,)
such that (1.2)c holds, for some | < a <2, vy(dh) = 6,(dh) if |h| > 1, and (1.2)d
holds with this same value of o and with o = 1.

We use a perturbation argument to show that the expected time spent in sets by
X, has a bounded density with respect to Lebesgue measure. We also indicate how,
ifa, = a(X,), by = b(X,), and v (dh) = v(X,, dh) for functions @ and 5 and a kernel
v(x, dh), then the techniques of Section 3 may be used to prove uniqueness of a
martingale problem (and hence of a Markov process) specified by (b,a,, b,v,). This
extends the results of Tanaka, Tsuchiya, and Watanabe [15] who discussed the case
(as= Ga)'

Section 4 uses the results of Sect. 3 and the stochastic calculus to construct the
required Z,(x) when X; satisfies (1.4). In Sect. 5 we show that L, (x) is continuous in
1, and we obtain a modulus of continuity. (There is no reason to expect L, (x) to be
continuous in x.) In Sect.6 we use localization and time change to show the
existence of L, (x) when (1.2) holds. After some preliminary results concerning weak
convergence in Sect. 7, in Sect. 8 we construct a process satisfying (1.3) that has no
local time. Since any process satisfying (1.3) spends 0 time at points (Proposition
(7.6)), we accomplish our construction by finding a Cantor-like set of Lebesgue
measure 0 and a process X, that spends positive time there.

Other notation we will use is ALf(x)=f(x+h) +f(x—h) = 2f(x),
Ay f(x) = f(x+h) — f(x) — hf" (x). Let %, be the infinitesimal generator of a
symmetric stable process of index «. Hence %, f(x) = [ A% f(x) 0, (dh).

Let || {] be sup norm, Cy continuous functions with compact support, C? twice
continuously differentiable functions. Let || ||, be the L, norm with respect to x,
Lebesgue measure, and let * denote convolution.

Let Z°=0(X,;;s<t) and let &% be the P-completion of Z#%. Let
[X,X,]=2,.,4X? for purely discontinuous semimartingales. Notation and
terminology relative to stochastic integrals and semimartingales may be found in
[5], [7], and [10]. Constants whose subscripts are proposition numbers, e.g., ¢, ,,
do not change, but constants with an integer as a subscript, e.g., ¢,, may chance
from place to place.

I would like to thank M. Cranston for many helpful conversations concerning Sect. 7 and 8.
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2. Stable Densities

In this section we derive some estimates for the densities of stable processes.
Although the methods used are routine, the results do not appear to be in the
literature.

Let1 < o < 2 be fixed, and let X, be a symmetric stable process of index o with
X, =0. Let g,(x) be the density of X, and let us write ¢(x) for ¢, (x). The
characteristic function of X, is Eexp(is X;) = exp(—|s|?). Since |s|"exp(—|s|®) is
integrable for all positive 7, g has bounded derivatives of all orders. We need the
following estimate on g”(x), the proof of which closely follows [2].

(2.1) Proposition. There exist positive constants c,, and M, such that if
x2M,,,
q"(x) = ¢ X7 (1 +0(1)).

Proof. Since g is symmetric, it suffices to consider x > 0. Since s*exp(—|s|*) is
integrable and real,

2.2) q'(x) = —2m~" (u(x) + a(x)),

where

a0

ux)=—[ e **s2exp(~|s|*)ds.
0

Choose ¢ < 0 and sufficiently small so that |¢| < n/2 and so that a = 7 + o,
b =3n/2 + ¢ lie in (n/2, 37/2). Integrate z*exp(—izx — z*) along the contour C
in the complex plane (r,6) made up of the pieces 6 =0, ro = r=r;; 0 =0,
roSrSr,r=ry, 020=¢; and r=r,, 02 8 = ¢. The integral around C
is 0, and letting r, —» 0, r; — o0, we get

u(x) = —e | s> exp(sxe® + s*e*)ds.
0

Letting z = s"¢™, observing that Re(z) £0, and using the expansion
¢ =1+ z+ 0(|z|*) for such z, we get

(2.3)  u(x)= —e¥ [ sPexp(sxe®)ds — e¥otia | P+ *exp(sxe®)ds+ R,
0 0

oo} .
where |R| < ¢; | s+ e-asds = O (x~0+2)

0
Now integrate the functions z?exp(zxe®) and z?>**exp(zxe®) around the

contour 0=0,r, ZrZr;0=—@—7n/2, 1 Srsr;r=r,, 0202 —@ —w/2;
andr=r,0=202= —¢ — n/2, and let ry —» 0, r; > o0 to transform the first two
integrals on the right side of (2.3). We then see that the first term on the right of (2.3)
is purely imaginary.

Using (2.2), we get

q'(x) = —n 'Reu(x)

2+a

=¢; | s> exp(—sx)ds + Remainder
[¢]

=, x 6% L o(x~ G2y O
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Since X, has the same law as 717X, ¢ (x)=1¢""q(xt"'"), and
q,”(x)~t‘3/°‘ " (xt ™.
Define

2.4) r.)= e Mg xdi= | e My Mg (xt” My dr

and r, (x) = r; o (x).

(2.5) Proposition. Suppose . = 1.
a) 0 =1, (x) £ ¢y.54(4), where c, 5 ,(2) is independent of & and x and — 0 as

A— 0
b) |15, ()| < ¢y 5p51x|*77, €555 independent of A and e;
Q) 11y (0] = cas¢lxl"7%, ¢y 5¢ independent of A and ¢;

d) if 6 >0, |x] =36, |r;, (01 S cp5p(h ) IxI*73, where ¢, 55(4,0) is znde—
pendent of ¢ and — 0 as A — o0;

e) if >0, |x| 236, |r; (0] écz.SE()hé)fxta_za where ¢, 55(2,0) is inde-
pendent of ¢ and —~ 0 as i—» 0.

Proof. a) |r; ()] = lgf 5 e Mt gt - 0 as 4 — oo by dominated convergence,
since o > 1.
b) By the symmetry of g, we may suppose x = 0. The Fourier transform of r, , is

[ e M exp(~1]s|)di = exp(—(A+|s|")e)/(A+ |5]*), and hence r, , has derivatives

(;f all orders.

oo}

2.6) i (ol s § e 735 g  (xe™ )| dt

€

=x773 [ e by T3 g" (w1 | du

ex ¢

M35
0<_:X“_3(C j‘ u S/a(u~1/a) (3+a]du+ ”q//” j‘ u—3/adu>
Mg

which, since « < 2, gives b).
¢y fx;, <x, <0,

175 (63) = 5 )L [ 172 () dx = 0

Xy

as x;, X, — — oo, using b) and the fact that o < 2. Therefore lim r} ,(x) exists. Of
course, the limit must be 0 by a). But then, if x <0, o

rh,:(x) = f'” Ny,

and ¢) follows from integrating b). The case x > 0 follows by symmetry.

DI x=2d>0, e L4 and d) follows from (2.6) by dominated
convergence.

e) This follows from d) in the same way that c) follows from b). 1]



438 R.F. Bass

(2.7 Proposition. Suppose 2. 2 1,¢ <1, A=1, and 0 <y < (a—1)/2. Then

a) (A% r, (X)L cyq A7 | X771, where c, , 4 is independent of ¢ and A;

b) if 6>0, x| =8, |Ad%r,, ()| £ ¢y 754, 8) 1" |x|"71, where ¢, 15(A,0) is
independent of ¢ and — 0 as 1 — co.

) if Ix|Z My, |hl<max(|x|/2,4), [4kr, ()] S caqclx]® 3 h1" 77 42,
where ¢, - is independent of ¢ and A.

Proof. a) First note that
(2.8) Ayr, (x)= (})(h —8§)r; (x+8)ds=h? z (1 =0ry (x+h)ydt.
To prove a), we need to consider a number of special cases.
() |x/2] £ k| £ |x]. Using Proposition (2.5) b and (2.8),
| A% 11 ()| S ¢y 55h° :j; (A —t)jx+ he|*~3dt

1
= Cpsplh*7H [ (L= |x/h+ 1" dt
0

1
Seysglh™! f (-0 2dt
0

R P L
(i) |2] £ |x|/2. From (2.8) and Proposition (2.5) b,
| 4% 7. ()| < A° SUP |y 5 xyn 177, (V)|
= ¢y 5ph?(Ix1/2) 73
S lhlP T xp T
(i) |A|> [x|, x/h > 0. As in (i),
| Alr,, ()] < c2.53|h|““1;i<1 — ) |x/h+ 12t

1
< ¢y splhP 7 [ (xfh+ 03 dt
0

S ekl w2
Seglh T X Th
(iv) k] > |x|, x/h < 0. By symmetry, we may suppose without loss of
generality that x > 0, 2 < 0. Also, by symmetry, 7, ,(x + &) =7, ,(—x ~ k), and so
(2.9) A% 7Y S 17 (=x—h) =7, () = (=2x = )7} (%) |
+ (2x42A] |7 (x)]
= |42, (0] + 12x 4+ 28] 1), (%))

Consider the first term on the right of (2.9). Since |2x + 4] < |4, then applying
either (i) or (ii), we get

AR > M () S ¢ 12X+ AT x| 7T S e JhI* 7Y [x ]
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Now consider the second term on the right of (2.9).
|x+h|= —h—x< —h=|h|, and then, using Proposition (2.5) c,
12x+2h] |1} ()] S 2¢5¢cx+A] |x["7?
Seslhl 1xP72 S es AT xP 7L
Summing, | A% r; ,(x)| < (¢5 + ¢4 + ¢5) |A]* 77| x|~ 1, and so case (iv), hence a),
is proved.
b) The proofis similar to a), using Proposition (2.5) d and e in place of (2.5) b
and c.
¢) By case (ii) of a),
|A;1'2”/1,s(x)| < cgh?|x]F?
Sceg A2 R x 3 O
If fis bounded and Borel, define

(2.10) Ry S (x) =[S (x=y)dy.
An usual, write R, f(x) for R, , f(x). It is easy to see that fe C* implies R, fe C2.
The main theorem of this section is
(2.11) Theorem. Suppose 0 <y < (a0 —1)/2 is fixed, K, A positive real numbers
= 1. Then there exists a nonnegative function G and a real number A, |, such that

a) G, =1/

b) if A= 2y, f€CE, and v is a measure such that | |h|*~7v(dh) < K and
support (v) & [— A, A], then

| [[R, f(x+h) = R, f(x) = h(R, /) (x)]v(dh) | < G*|f] (%)

for all x.

Recall that = denotes convolution.

Proof. First we define G. Pick M; = M, , v 24, such that

A%y 10K | x*Fdx £1/12.
M
Pick 6 small so that

]
Caa KX dx £1/12.
0
Now pick 4, ;; sufficiently large so thatif A = 4, ,,,
MI
2784 0)K | ¥ dx £ 1/12.
3

Let ¢, (9) = sup C2.75(4, 0).

Az iy

Define G (x) by
craaK|x] ™t if |x]=<¢
212) G(x) =2c, (B K|x|?™! if d<|x|EM,
A%cy e KxP73 if x| > M.
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Clearly, a) is satisfied. Moreover, if A = 4, ;4, and {%| £ 4,
| A% 73, ()| < G(x)|h|* 7K,

by Proposition (2.7).

It is easy to see that if fe CZ, for each ¢, R,,feC? and that (R,,f)"
= R, ,(f") converges uniformly to R, (f") = (R, )" as ¢ = 0, and similarly for
first derivatives. If we show

(2.13) | [ 4% R;,. f(x)v(dh) | £ G| fI(x)

for each ¢ £ 1, for each x, b) will follow by dominated convergence, since

| 4% Ry f) ] S (IR, )11+ 2[R, 1)) (R A ).

However, (2.13) holds, since

| fAR R, f(x)v(dh)|
= | {flro.(x=y+h) =1, (x=») = hry (x =] fG)dyv(dh) |
< [fldkri.x=») [v(@d) | f () |dy
SJGG=NIOI 1P v(dh)dy/K
SG|f1(®. U

3. Densities of Potentials

Define

3.1 S, f=E j e Mf(X,)dt
0

for f = 0. Our main goal in this section is to show that the measure S; has a bounded
density with respect to Lebesgue measure. First we need some technical
propositions.

(3.2) Proposition. Suppose X, is a local martingale with local characteristics (0, v),
X,=0, and sup }O [h1? A |Av,(dh) < K< o, for some 1 <t <2. Then, for
O<exr, e

E|lX, [F*=¢s, (K,e)to + 1.
Proof. Let M = 1, and let
(3.3) Y =X~ Y AX A4y 5+ 3" { hvy(dn)ds.

5=t 0 |al>M

Y, = Y™ is alocal martingale with bounded jumps. If Ty = inf {¢: ¥, = N}, Y, . 1 is
square integrable, and
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taTy M
EYY = E[Y,Y],,r,=E | [ Kv,(dh)ds
0 -M

< t(K—}- M?*“supE | ]h]’vs(dh)>

SEU < |hlsM

SKe(1+M?79).

By Fatou,
(3.4 P(|Y,|gM)gM_ZEleéM_ZliminfEY,ZATN_cllM .
N->wo
t t
3.5 P<j j |h|vs(dh)dng>§M_1Ej f |k v,(dh)ds
0 |hj>M 0kl >M
SMtsupE | |h["v(dh)
S2L h > M
< KitM™*®.
And,
(3'6) P< ZAXSI(MXSDM) g >§ (Z (IAXI>M)>1>
sSt =

SE) Ly zm

Adding (3.4), (3.5), and (3.6), we get

} { hvy(dh)ds

Okl >M

Y AX A gax, > )

sst

P(IXt|§3M)§P(IYzI§M)+P(

7(

S tMT.

e
)

v

Then,
E|X["*=[(xt—e) |M[ "' P(X,| 2 M)dM
0

Sl4ct(r—eg) (M dM. O
1

(3.7) Proposition. Suppose X, satisfies the hypotheses of Proposition (3.2) and
feCE. Then

a) Etff’(X_)dX =0.

b) EY [/(X)—f(X,))— f/(X,)AX I= EHARf(X)v(dh)ds

s=t



442 R.F. Bass

Proof. a)Let M = 1, and define Y by (3.3). E(YM)? < o0 by (3.4), hence Y™ isa
t

locally square integrable martingale, and E | /7 (X,.)d¥M = 0.
0

(3.8) gf/ (X,-)dX, — [ f'(X,-)dY"

= |If’||<2 14X axgzm+ | § lhlvs(dh)dS)-

st OlhlzM

t
The expectation of the right hand side is S2|/"|E[ | |hlv,(dh)ds
OlhlzM

Z 2|/ || Kt. Hence

E -0

gf’(Xs—)dXs - gf’(Xs-)dYsM

as M — oo by dominated convergence, and a) follows.
b) By amonotone class argument, if g: IR x IR — IR is bounded with support on
R x(—6,0Nn[—M,M],

(3.9) EY g(X,_,4X,)=E i fe (X, h)vy(dh)ds.

s=t

Apply 3.9) with g(x,h) = [f(x + 1) — f(x) = [ (X) K1 L5 < ppy s any-

EZ If(Xs) _f(Xs~) _f’ (Xs—)AXs‘ 1(|AXS|E[6,M]”)

s=t

SINE L 14X Lyay s+ QU+ LD E X 14X Lgaxy =m0

st s£t
1
s n+2irmE] § o 1812 A lklv(dryds— 0
O |15, M]

by dominated convergence as § — 0, M — co. Similarly,

Ef [ If(Xe-+h—f(X2)— [ (X, ) h|vy(dh) ds

O |1 (5, M]

SUSU+200D E]§ o 1812 A lR]v,(dh)ds — 0

0 || (5, M)

by dominated convergence. Letting § — 0, M — o0 in (3.9),

EY [f(X) - f(X,2) ~ f(X,2) 4]

=E[[[f(Xe- +h) — f(X;2) — 7 (X;-) ] v (dh) ds.

[¢]

Since X has only countably many jumps, the right hand side is unchanged if we
replace X,_ by X,. [
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Recall the definitions of R, (2.10) and S, (3.1). The next theorem links S, with
R;. .

(3.10) Theorem. Suppose P(X, = x,) = 1. Suppose X, satisfies (1.4). If ge Cg,
a) S,8=R,g(xo) + E [ e™* [ Ay R, g(X,) (vs— 0,) (dh) ds;
0

if, in addition, 1. = 2, 14,
b) |S:8] = R;1gl(x0) + S:(G*|gh),
where G is defined by Theorem (2.11).
Proof. Suppose fe CZ . Recall that %, is defined by
(3.11) G, f(x)=[4xf(x)0,(dh).
By Ito’s lemma, Proposition (3.7) (applied to X, — x,), and the fact that X, is

purely discontinuous,

(3.12)  Ef(X) — Ef (Xo) = Eaff/(Xs—)dXs + %Ebff”(Xs_)d<XC, X

+EY [f(X) —f(X-) —f(X-) 4X(]

sEt

E [ A% f(X)v,(dh)ds

1

E

fi

Oty o Oty =

G,/ (X)ds + E] [ 44 F(X,) (v 0,) (dh) ds.
0

Since feCg, 9,/ is bounded, and |[A%f(X)(v,—0,) (@) < (/"] +2
(¥} jhl A k] v, —0,](dh) is bounded. Multiply (3.12) by Ae”* and integrate to
get

1S, f— flx) = E [ e G, f(X)ds+E [ e [ s F(X) (v~ 0,) (dh)ds.
4] 0

or

S, (LS — B, f) = f(xo) + E | e [ 45X (vs — 6,) (dh) ds.

Now let g = Af — 9, /. g will be bounded and in C*, and so we have a) for
ge(d—9%,)(CY).

Now let geCZ, and let f= R, g. f.f', f” will be bounded and continuous.
Moreover, it is easy to see that f, /', f"— 0 as |x|— oo. Choose £, Cg such
that f, - f, £/ = f', £,” = f" uniformly. Let g, =(1— %)) f,. g, — g uniformly.
R, g, =1, and [ A% f,(x) (v, — 6,) (dh) converges to the corresponding expression
with f, replaced by f by dominated convergence, since |A%f£ < (1471 +2
Il "D (h* A |A]). Since a) holds for g,, we see that it holds for g as well by letting
n— 0.

b) follows by applying Theorem (2.11) with 4 =1. [J
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If r, is defined by (2.4), note that

(3.13) r,(0) = Qj?e—’“ q,(0)dt = Oj)e_’“t_l/“q(O) dt
0 o

=, 4 Al
The next theorem is the main goal of this section.
(3.14) Theorem. Suppose X, satisfies (1.4}, A= A, ;. Then
a) 1S, 81 = 2r,(0) ligll,

and
b) there exists a nonnegative function s, (x) bounded by 2r,(0) such that if
”g”Ll < 0,
S8 = [2(0)s5,(x) dx.

Proof. Firstof all, || G|g|ll., £ |G, Igll., < 2lIgll., and G g (x) < 3ligll. Let

pu=_ sup  [S;g]. By (3.1), |S;,8| = llgll/4, and s0 py < co. Since S, is a
lellz, < 1.llgl < M
measure, g, = sup |S;gl.

lghe, < 1. gl S M, geCk

By Theorem (3.10)b, if ge Cg, |lgll , = 1, llgll <= M,
15281 = R, 1g1(x0) + S,(G*g)
< llgllz, 720l + 3pu
< 7;(0) +20u-
Taking the sup over all such g,
Pu = 75,(0) + 50y,

or py =< 2r,(0). Letting M — o0, sup |S,g|=<2r,(0), which gives a) by the
linearity of S, . el <1

If A has 0 Lebesgue measure, a) shows that S;1,=0, and hence S,
has a density s;(x) with respect to u, Lebesgue measure. If ¢ >0 and
A= {x:5,(x) > 2r,(0) + ¢},

Q2r0) +e)u(d) =5,1,=2r,(0) u(4),
or 1 (A) = 0. Since this is true for each ¢, we may take s, (x) < 2r,(0) forall x. [J
In the case X, is Markov, one would want there to exist a kernel v (x, dh) such
that v, (dh) = v (X;(®), dh). Theorem (3.10) a then becomes
(3.15) S,&8=R;8(x) + S, BR, g,
where
Bf(x) = [ AR f(x) ((x, dh) — 0, (dh))

Although it is a digression from our main topic, we take a moment to show how
Theorem (3.10) can be used to show uniqueness of the Markov process



Local Time for a Class of Purely Discontinuous Martingales 445

corresponding to the integral operator ¢, + B. The key is that by Theorem (2.11), B
is a relatively bounded perturbation of %,. Let Q = {functions on [0, co) that are
right continuous and have left limits}, let X, (w) = w(¢), and suppose P, P, are two
probabilities on Q for which P,(X, = x,) = 1 and (1.4) holds for each P;. Let E;

denote expectation with respect to P, and let S = E, [ e”* f(X,) dt. As before,

0
ISP £ < |If|I/A. Writing (3.15) for S{, i = 1,2, and then taking the difference, we
get

(3.16) (SiV — 8P g = (S5 — S§¥)(BR,3).

Letp= sup [(SY —S®)g|.IfgeCE, gl £1,and Ais sufficiently large,

lgh<1, geCE
|BR,g(x)| < G=[gl(x) = zlgll £ 3.
So,
(S5 —Si)gl < 3p,

and taking sups, p < 1p. Since p £ 2/A < o0, wemust have p = 0, or S{Vg = S{¥g
for bounded g. From this one may use techniques from {14, Chap. 6] to conclude
there is a unique solution to the “martingale problem” given by (1.4), and hence a
unique Markov process corresponding to the generator ¢, + B. Using techniques
of [14, 13], and Sect. 6, one can then show uniqueness when (ba, bv) satisfies the
weaker condition (1.2), where b, = b(X,), a, = a(X,) for functions b, a.

4. Construction of Local Time

In this section we construct our local times by first looking at their potentials
U, (2, x). In the Markov case, we would just define U, (4, x) in terms of s,, but in the
general martingale case a more complicated construction is needed. Throughout
this section we suppose (1.4) holds.

Let Q, (w, -) be a regular conditional probability distribution for #. That s, for
eachAe &, Q,(+, A)is #-measurable; for each w, Q,(w,*) is a probability measure
on Z; and

0., A)=P(A|#), a.s.,

foreach A € #. Q, exists since % is the completion of a countably generated o-field
and X, is real-valued. Let us write 0, Y (w) for | Y (") Q,(w, dw").

IfA = {w:t~ X,(w)isright continuous with left limits}, E(Q,1,) = P(4) =1,
or, for each 7z, Q,(+,4) =1, a.s.

(4.1) Proposition. Suppose (Y,, %, P) is a uniformly integrable martingale whose
paths are right continuous with left limits. Fix t,. Then (Y, ., , 3‘?“0, Q,,) is a right
continuous martingale, a.s. (P).

Here % +1, denotes the Q, completion of #2, ..
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Proof. As above, Y, is right continuous with left limits, a.s. (@, ). Since ¥; is
uniformly integrable, there exists an even positive function # with & (x)/x — oo as
x — oo such that Eh(Y,,) < oo. However, then EQ, h(Y,)= Eh(Y,) < o0, or
0, h(Y,) <0, as. (P). Let Ny = {w:Q, h(Y,)= o}

Fix s < t. Pick 4e #,, and Be &, .

E(Q,,(Yisi,14); B) = E(Y,4, 1,1p)
= E(Ys+t0 1A1B)
= E(Q,,(Y;+,,14); B).
Since this holds for arbitrary Be &, ,

(4.2) 01, (Yiiis A) = 01, (Yesy,5 A), as. (P).
Let N(s, ¢, A) be the set of @’s for which (4.2) fails to hold. Let 45 be a sequence that
generates #7,, andlet Ny = |J {J N(s,1,45).

s,t rational n+1

By a similar argument, we can find a null set N; outside of which
0, h(Yy,) = Q, h(Y,), t rational.

Fix w ¢ N, UN, UN;. Y, is then uniformly integrable with respect to
Q,,(w,+), t rational. Pick s < ¢ real, s,, > s, t,, > t rational | s, ¢, respectively. Pick

Ae z?"’sﬂtﬁ. Then A e fs?nﬂo, and so from (4.2), by a monotone class argument,

Qto(th“'[o; A) = Qto(ysm+t0; A)
Use the right continuity and uniform integrability of ¥ and let m — oo to get

(4.3) 0, (Y3 ) = 0 (Yosi s A

for A€ ﬁ’s°+,o+. The proof of the proposition is now immediate. []

By applying Proposition (4.1) to X, ,,, 4, fixed, we see that (X,,,,0, ) is a
locally uniformly integrable martingale. If 4, is a sequence of compact subsets of
IR-{0} that generate the Borel o-field of R, and

t
Yin=3 1,(4X)— [ |1, (h)v,(dh)ds,
sSt 0
applying Proposition (4.1) allows us to show easily that X,,, is purely
discontinuous with local characteristics (0, v, ). (To get the uniform integrability
of Y/, , use Proposition (3.2).)
For fixed o, if 4 = R,

O, (0, X, ed) =P(X, ed|F)=1,X,),
which is 0 or 1. So for almost all w(P), X, is constant, a.s. (@, ).
Fix tyand fix 1 = 1, ;,. If wisnot in any of the null sets, we may apply Theorem

(3.14) to see that there exists a Borel mesurable function of x, bounded by 2r, (0),
which we will denote by ¥, (4, x) (w), such that

(4.4 Qt0<T e M1, (Xu) dt) (@)= [V, x)(w)dx,

for all Borel 4 & R. Our potential U, (4, x) will be a regularized version of V{4, x).
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(4.5) Proposition. There exists a set Ny s with t(Nys) = 0 such that if x¢N, s,
(e™*V,(A,x), #°, P), t rational, is a supermartingale.

Proof. Fix s < t. We will first prove

(4.6) E@e V(4 x); A) < E(e™* V,(4, x); 4), a.e. (1)

if Ae #°. If BS R is Borel

@7 [ E(e™%V,(4,x); Ay dx = E| e [ V(J, x)dx;A>
B B

(
= E<e_’1’ 0, o(f e " 1y(X,,,) dr; A>
E<T e‘”iB(X,)dr;A>,

‘
using Fubini and the boundedness of V,(4, x). Applying (4.7) with s in place of ¢,

If;E(e_“ V.(4,x); A)dx = E(? e“lB(X,)dr;A> > E(oj9 e‘”lB(X,)dr;A)

s z
= [E(e"V,(A,x); A)dx.
B

Since B was arbitrary, (4.6) follows.
Let N(s, t, A) be the null set of x’s for which (4.6) fails. Let 4} be a sequence of
sets generating %.°, and let

(4.8) Nos= U UNG 4.
s, trational n+1
The proposition now follows. []
If xéN, 5, e ™V,(),x), t rational, has left and right limits, a.s. Let

4.9 U (4, x)= limsup ¥ (4,x).

1, rational, 1, > 4,4, ¢

V, (4, x) is measurable in x, for each ¢. Hence U, (4, x) is jointly measurable in ¢ and x.

(4.10) Proposition. If x¢ N, 5, (e *U,(A,x), %, P) is a supermartingale.
Furthermore, if B< IR is Borel,

e}
(4.11) fe U, (4, x)dx = E[ [ e ?15(X,)dr] f,} a.s. (P).
B H
Proof. The proof of the first assertion is routine and is omitted. If f'e Cy,

(4.12) [ £(¥) V(2 x)dx = E[ofe-hf(xﬁ,)drm], a.s.

by (4.4). (4.11) follows from (4.12) by a limiting argument and then using the
monotone class theorem. [
The main theorem of this paper is the following.
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(4.13) Theorem. Suppose X, satisfies (1.4). Then there exist jointly measurable right
continuous increasing processes L,(x) such that

a) for each t and x, L,(x) has moments of all orders,

b) there exists a set Ny 5 such that P(N, 13) =0, andif o éN, ;;and BE R is
Borel, then

£Lt(x)dx = i 15(X,) ds
Sfor all t.

Proof. If x¢ N, 5, e~ * U, (1, x) is a supermartingale bounded by 2r, (0). In this case,
if A = 4, 11, let L} (x) be the predictable increasing part of e " U, (4, x). f xe N, 5,
let L} (x) = 0. By [12], we may take L?(x) to be jointly measurable in x and ¢. Fix A
sufficiently large, and let

t
C (419 L(x)={e*dL}(x).
0
By [5, p. 188]
E[LI ()] £ p! 21,07, p=12,...,
since the potential of L} (x) is bounded. Then
E[L(0)])" < "™ E[L{ (x)]” < o0,

which proves a).
By a) and the definition of L} (x), e"* U, (4, x) + L} (x) is a square integrable
martingale (if # < u, < ). Integrating by parts,

t
L(x)=e"L}(x) — [ L} (x) Ae™ ds
0

t
=ML} (x) — | Li(x) he* ds,
0

since L? (x) has at most countably many discontinuities. If fe Cy,
[e U, x) f(x) dx + [ £(x) L} (x) dx
is a square integrable martingale. On the other hand, by (4.11)

fe U, (4, x) f(x)dx + ie_“f(X,) dr = E|:}O e ™ f(X,) drlgﬁ]
0 0

is a martingale. Hence, since L;(x) is predictable for each x, {f(x)L}(x)dx
t

— [ e™* f(X,) dr is a predictable martingale that has paths of bounded variation
0

and is 0 at time 0; therefore it is identically 0.
Therefore

(4.15) [ £(x) LE (x) dx = }e—h (X)) dr.
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It follows easily that for each ¢,

t
(4.16) [fL(x)dx=[f(X,)dr, a.s.
0
Since both sides are right continuous, we can find a single null set N ( /) independent
of ¢ for which (4.16) holds. Taking a countable sequence f, of functions in Cy that
generate the Borel o-field of IR, we obtain b) by letting N, ;5 = 1) N(f). O
n=1

If we were to choose a different value of 4, say A, and let

L) = [e#dLi),

0

the argument leading to (4.15) shows that
[fF@ L (x)dx = [ f(x)L,(x)dx, a.s.

Therefore, for almost all , L, (x) = L,(x) for almost all x. By Fubini, for almost all
x, L,(x) = L,(x), a.s.

5. Continuity of Local Times

The local times L, (x) that we constructed in Theorem (4.13) turn out to have the
nice property that they are continuous in ¢. Offhand, there is no reason to expect
them to be continuous in x.

(5.1) Theorem. There exists a set N ; of Lebesgue measure 0 such that if x & N5
L, (x) is continuous in t, a.s.

Proof. Fix t, and let
Ds(ta .X) = Lt+s(x) - Lt(x) .
Then, if fe Cg, 20,
§D(t, %) f(x)dx = [ f(X,.,)dr,
4]

and so
(5.2) [/() [ e dD (1, x)dx = [ ™ f(X,..,)ds.
0 0
Integrating by parts,

u

(5.3) {2e=»D(t,xyds = [ D,_(t,x) he” ¥ ds
0 0
= —e “D,(t,x) + [e *dD(t,x)
0

< (e %dD (1, x).

Qe— 8
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Then, letting # — oo in (5.3) and using (5.2) and (4.4),

(5.4) [£()0, | 4D, (1, x) dsdx S O, | e F(X,.)ds
0 0
= [ £ V(G x) dx

S2rO0 S, as.

It follows that, except for x in a set N (¢) of Lebesgue measure 0,
O, [ de ™ D,(t,x)ds < 2r,(0) £ 2¢54, 4171,
0

by (3.13). D,(¢, x) is increasing in s, and so if &/ =1/4,
0,.D,(t,x) < M Ojo Je”*Q,D(t,x)ds
é ¢ /’l’l — 1/ ,
or, for each ¢, if x¢ N (¥),
(5.5) E(L . p(x)— L(x)|F) S c B as.

By Fubini applied to {(z, o, x, h): (5.5) does not hold}, there is a null set N, such that
if x& Ny, (5.5) holds for almost all ¢, 4, and w. Fix x¢ Ny, fix u, small, and let
Ay =L yny® —L(x); = Fsu

The potential of 4 with respect to ¥ is
E(A,, = A,0%,) = E(L4 () = Ly () F0) S ey

for almost all », and hence for all » by right continuity of L and &.
Apply [5, p. 188] to 4; we get

(5.6) E(Lyy,, (%) — L(x))? = EAL, < pl(cyub 1y,

By right continuity, the fact that I, is increasing, and Theorem (4.13) a, (5.6) holds
for all «. Take p large enough so that p(1 — 1/a) > 1. By Kolmogorov’s criterion,
there is a version of L, (x) that is uniformly continuous in ¢, a.s. Since L, (x) is right
continuous, there is no need to take versions and so L,(x) is continuous, a.s. [
Henceforth, let us assume that L,(x) =0if xe N5 ;.
The estimates in the proof of Theorem (5.1) can be used to get a modulus of
continuity for L, (x). By the Taylor expansion for ¢* and (5.6),

E(exp (| L1y, (x) — Li(¥) /26, u5™ 1) £ 2.
Letting G, (y) = eV and m (y) = 2¢, |y|* ",

57 He, (Lt () = L,(x)

mi—s) )dsdt < 0, a.S.

since the expectation of the left side of (5.7) is finite. Then by the lemma of Garsia,
Rodemich, and Rumsey (for example, see [11]),

|t—sl
L (x) — Li(x)| S ¢, | Ggl(czu™Hdm(w),as, 05,151,
0
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or

1L (x) = Ly(x) |

5.8 lim su R T e I .
:8) Ogs,tgl,lt—sllih,hao \Inh|pt— 1= =74

If X, is Markov, one can do slightly better and replace the denominator of (5.8)
by |Inh|'* k'~ See Millar [11] for the proof.

6. Extensions

In this section we show that if X, is a semimartingale with (1.2) holding, there exists
a local time for X,. First suppose 7, is a semimartingale with local characteristics
(ay, v}) satisfying (1.2) with b, = 1. Then

t t
(6.1) Z,=Y,— Y AY a0+ | [ hvi(dh)ds— [a.ds.
sEr : Oizihlze 0
is a local martingale.
Let a;, a; be the positive and negative parts, respectively, of a,, and let
t —o t

t 1 t
AF = [[hvI(dnyds+ [a] ds, A7 = —[ § hvl(dh)yds + [a ds.
0o 0 0

0 -1

Let P,*, P,” be two standard Poisson processes independent of each other and of Y.
It is easy to check that P}- — 4" and Pj;- — 4, are martingales with respect to
the appropriate o-fields.

Let R, be a process with stationary, independent increments, independent of ¥;,
P*, and P~, with Lévy measure

0,(dh) |h]>1
R _ o
v (dh)—{o <1
Let
(6.2) Xt:Z,+P;;—PA’r—+RI——At++A[.

Note that v satisfies (1.4).
IfT,=0,and T;,; = inf{t > T;: |4X,| > g or |4Y,| > o}, then because X, and
Y, are right continuous with left limits,

T, /' + o, a.s.
Fixi Let X = X, 1 — Xg,. (X?, %, 1, P)is alocal martingale, X = 0, a.s.
and vX" satisfies (1.4). Observe that
(6.3) Y, - YTi = Xs - Xq, = Xs(il T;

T ss<Tiyy.
By Theorems (4.13) and (5.1), there exists a continuous process L (x) such that
if fe Cg,

6.4 tjf(Xs(”) ds = [ f(x) LY (x)dx, a.s.
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Fix o not in the null set of (6.4), and let
g(x) =f(x+ Y ().

Then
(6.5) jf(x) L(ti)A Tiv1—T) (x— YT) dx = fg(X) LY, Ti+1-T) (x) dx
Ty =TI At .
= | egx"ds
0
vy A+ Ty
= S (X;— Xp, + Yp)ds
Ti
Tipg A(E+TY)
= | f(Xyds,
Tl.
using (6.4).
Now define L, (x) by induction as follows:
Lo(x) = 0;
L(x)= Ly (x)+ LY r(x— Yp) L =<t<Tipy.
L,(x) is continuous, since each L® is. Summing (6.5) over i = 0,1,..., we see

that Z,(x) is an occupation time density for Y.

Now we want to show it suffices for (1.2) to hold. Suppose B, is a strictly
increasing continuous process, B, =0, B, = o0, and dB,/dt = b, = d5 c > 0. Let
T, = inf{s: B, = t}, and suppose X, = Y . Suppose, Y is a process with a local time
L,(x). Hence for w ¢ N, a null set,

}f(Ys) ds= [f(x)L(x)dx for all ¢,
0
Let M, (x) = Ly (x). Then

(6.6) Jf ) M (x)dx = (f:f(Ys)ds = (j;f(Xu) dB,
— [ £(X,) budu.
Now define 0
(6.7) N (x)= b1 dM,(x).

(6.8) Proposition. | /' (x) N, (x)dx = } f(X,)du.

Proof. Fix w ¢ N. Let d, be a step process such that d; ! is bounded. So for fixed
3

times 1, d, = d, if t; Su < t,,,. Let M{ (x) = [ d; ' dM,(x). Then, using (6.6),
0

1

69  [SQMIGdx= Y [F() (M, x) = M, () d

- " f’ F(X,) b, du

t
0 AL

f(X,)(b./d,)du.

I
e |

I
O ey =
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A monotone class argument shows that (6.9) holds for any d, provided d, ! is
bounded, in particular with d, = 5,. []

Now suppose X, is a semimartingale satisfying (1.2). It is routine to check that
there exists a ¥, satisfying (1.2) with local characteristics (a,, v,) such that X, = Y5 .
Hence X, has a local time. !

7. Weak Convergence

We now wish to construct a counterexample to show that a condition such as (1.2) is
necessary. In this section we collect a number of facts related to weak convergence
in D [0, co) that will be necessary for the construction, which is carried out in Sect. 8.

Let Q= DJ0, c0) = {functions from [0, c0) to IR that are right continuous
with left limits}. Define X,(w) = w(z) for w € Q. Throughout,  and f are fixed
with l <a < f<?2.

We will want to consider probability measures P’ such that
(7.1) a)(X,, P')is apurely discontinuous local martingale with local characteristics
0,v,) and P’ (X, =0) = 1.

b) 0,(dh) = vy(dh) £ ¢;.1405(dh) if =1,

¢) vy(dh) = 0,(dh) if |h] > 1.
Note that (1.3) is satisfled if « < f < o + &.

One could, in the construction that follows, define P so that v (dh) = 0,(dh) if
{h] > 1, and hence so that v,(dh) = 6,(dh) for all /; however, the existence or
nonexistence of local times depends only on the behavior of v, near 0 (cf. Sect. 6),
and so we do not do that here.

The proof of the following is standard.

(7.2) Lemma. Suppose (Y,,P)) is a submartingale (supermartingale, martingale)
and for each t, sup, E, | Y,|* "¢ < oo for some & > 0. Suppose for each j = 1 and 1,
<...<t; with P(AY, +0)=0 for i=1,...,j, the distribution of (¥, ,...,Y,)
under P, converges to that of (Y, ,..., Y, ) under P. Then (Y,, P) is a submartingale
( supermartingale, martingale ).

(7.3) Proposition. Suppose P, is a sequence of probability measures satisfying (7.1).
Then there is a subsequence which converges weakly in D [0, o) to P, and P satisfies
(7.1).

Proof. By (7.1) b and ¢, sup [4* A 1v?(dh) < co. By the argument of [13,

pp-237-238], the P,’s can be shown to be tight, and so there exists a subsequence
P, converging weakly to P. By Lemma (7.2) and Proposition (3.2), (X,, P) is alocal
martingale.

We now show (X,, P) is purely discontinuous. Let

(7-4) Zz = Xt - Z AX51(|AXS|>1)
st

Since P, converges weakly on D[0, ) to P, it is not hard to show that if
1y <...<ty,jz 1, the distribution of (Z,,...,Z,) under P,, converges to the
distribution under P, provided P(4Z, +0)=0,i=1,...,j. As above, (Z,, P)
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is a local martingale. To show X*, the continuous part of X, is 0, it suffices to
show Z¢ = 0.

Z has jumps bounded by 1, and so by (3.4), supE Z2< ¢, Letf(x) = x* A c,.
Then

Ef(Z)= lim E, f(Z)<limsupE, Z?2.
Letting ¢, — 00, by monotone convergence,
EZ? <limsupE,, Z?.
nt

Let he Cy with support in [—2,2] — (—=§/2,8/2), with 0 £ A(x) < x?, and
h(x)=x?if 6 £ |x| £ 1. Since P,, - P weakly, we can show that

EY AZ}ZEY h(4Z)= lim E, ¥ h(4Z).

SEt s=t st

Since

supE Y AZ21 5, <(;)—supE j j 2 y® (dhyds — 0

st
as 0 —» 0, we get

EY AZ?2liminfE,, ¥ 4Z2.

5S¢ n=w s<t
We then have, since (Z,, P,,) is purely discontinuous,

E{Z°,Z¢, = E<[Z 7, - ¥ AZZ> =EZ2—EY AZ?

§St st

/= w0

<limsupE,, < -y AZZ> = hm sup {267, = 0.

Finally, we show (7.1) b and ¢ hold. If fe Cy with support contained in
[—1,1] - {0}, and

Y= ) f(AZ,) — ter 4 [ 1 (h)O4(dh),

st

(¥;, P,)) isa supermartingale. Again, the finite dimensional distributions of Y, can be
shown to converge, and so by Lemma (7.2), (Y,, P) is a supermartingale. Repeating
this argument with the support of f< [—1,1], we see that X, has local
characteristics (0, v,) with

(7.5) vs(dh) £ c7 14 g0 <1905 (@R) + 145 1,05 (dh) .

The remainder of (7.1) b is similar. [J
Recalling the definition of S, we need
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(7.6) Proposition. Suppose (X,, P) satisfies (1.1). Then

sup §; N a—s,028 = €7.6(0),

lal <2
where ¢, ¢(0) depends only on ¢, 14, o, B, and 2, and tends to 0 as 6 — 0.

Incidentally, this proposition shows that X, spends 0 time at points, and that to
construct a P for X, has no local time, one needs a somewhat complicated
construction.

Proof. Let Ty = inf{z:|X,| = N}. By Ito’s lemma (cf. (3.12)). if fe C?,
.7 Ef(X,,) - f(0) = E“g " Ah £OX) v, (dh) d.

Since [AR FX)| < et (LS + 171+ sup, SN B AlhD if s<Ty, a

limiting argument, Proposition (3.2), and the fact that | f(x)| < fO0) + | x| |/
shows that (7.7) holds for f convex such that || f'||+ || f”|| < oo. Since f is
convex, 4% f(x) = 0. Letting N — co, we may use monotone convergence and (7.1)
b on the right of (7.7) and uniform integrability on the left of (7.7) to get

& EFOG) = f0) 2 E] | 441000, ds.

Taking a limit and applying Fatou, (7.8) holds when f(x) = |x — a|. Direct
calculation shows that

1
(7.9) [ ARf(0)0,(dn) z c; [x—al'™ 2 ¢,6" "1, .. 5(x)
—1
if |x —a| < 1/4. Substituting (7.9) in (7.8) and again using Proposition (3.2),
t
(7.10) Ef 1 sarg(X)ds £ ¢, 6" (1 + |al).
0

if 6 < 1/4. Multiplying both sides of (7.10) by ie~* and integrating ¢ from 0 to oo
completes the proof. [

Let Fbe the finite union of disjoint closed intervals contained in [— 1, 1]. Let R,
be the resolvent operator for a symmetric stable process of index f. That is, R, is
defined by (2.10) and (2.4), where now g, is the density of a stable process of index f.
Let

_ §0,(dh) — 0,(dh)y if K] £ 1
(7.11) v (dh) = {o if [h] > 1

and let B be the operator defined on fe C? by
(7.12) Bf(x) =17 (x) [ At f (x)y (dh).

One of the main results we will need in the next section is
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(7.13) Proposition. There exists a probability P satisfying (7.1) such that if
S,f=E | e ™f(X,)dt and fe Cg, then
0
S, f=R,f(0)+S,(BR,f).

Proof. Lety, (dh) = w(dh)if |h| = 1/m,0 otherwise. Let B,, be defined analogously
to Bin (7.12). Let P, be a probability satisfying (7.1) such that (X,, P,,) has local
characteristics (0,v") with v?(dh) = 15(X,) y,,(dh) + 04(dh). Such P, may be
shown to exist by [1] or the techniques of [13]. An alternate argument would be
to construct probabilities corresponding to v™* = f (X)) v, (dh) + 0,(dh), f,
Lipschitz, using techniques of stochastic differential equations, and then to take
weak limits as f, — 1.
By Theorem (3.10) a, if fe Cz,

(7.14) S f=R,f(0)+ S{"B,R,f,

where S{™ g = E,, | e”*g(X,)dt, since now R, is the resolvent of a stable process
of index p. 0

Taking a subsequence if necessary, we may assume P, — P, weakly, and by
Proposition (7.3), P satisfies (7.1). Since fe Cz, R, fe C?, and note then that

B, R, f—BR, SIS URN | hy(dh)—0
|h] < 1/m
as m — oo. Since | A& R, f(x)y (dh) is continuous, BR, f (x) is discontinuous only
at the finitely many endpoints of intervals of F. By Proposition (7.6), we can find g
continuous such that S |BR, f—g|, S;|BR, f—g| < e.
Since P, — P weakly, S{™f— S, fand S{"g— S, g.

(715  |S™B,R,f—S,BR,f|<|S{" B, R, [~ S{"BR, f|
+|S{BR, f— S g| +1S"g — S, 2]
+ 18,8 — Sy BR, f]
< |B RS — BR, fl/A +2e +|S{"g — S, gl

The proof of the proposition follows from letting m — oo in (7.14), since ¢ was
arbitrary. [

8. Counterexamples

In this section we construct a probability P satisfying (7.1) for which X, does not
have a local time. The idea is to construct a Cantorlike set D of Lebesgue measure 0,
toletv,(dh) = 0,(dh)if X, €D, |h| < 1,v,(dh) = 0,(dh)if X ¢ D, and to show that X,
spends a positive amount of time in D. In view of Proposition (7.6), letting D be a
countable set would not work.

Throughout this section 1 < a < f <2 are fixed, R, is the resolvent of a
symmetric stable process of index f, r, the density of R;, and S; (or S{”) as in the
statement of Proposition (7.13). Let y = min ((f — o)/2, (« —1)/2), and let

(8.1) H(x) =[x’
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(8.2) Proposition. Let F be the finite union of disjoint closed intervals contained in
[—1,1]. Suppose u(F) >0, and let w = sup | H(x — y)dx/u(F). Let y and B be

yeR F
defined by (7.11) and (7.12), and let P be the probability given by Proposition (7.13).
Then S, 1p Z cg (W), where cg , (W) depends only on o, B, and w, is decreasing in w,
and strictly positive if w < co.

Proof. Since | |h|#770,(dh) < oo, by Theorem (2.11) and (2.12), we can fix a 2

| =1

such that if fe C3,
(8.3) | AER, f(x)0,(dh)| < ¢, Hx|f](x).
a1 ‘
Since { Ay g6,(dh) = %,g, the infinitesimal generator for a symmetric stable

process of index f, and so 9, R, f= AR, f— f, then

B4 JAR [y (dh)= [ AR f(x)0,(dh)+ [ ALR,[f(x)8;(dh)

lhls1 1hi>1

— AR f(x) +f(x).
Then if support (f) < Fand 0 = /< 1, |R, 1l £ l|r; | u(F), and

(8.3) [f(x)=BR, f(X)| = 1p(x) AR, f(X) + ¢y H* f(x) + ¢, || R, f )
S 1A+ )l + ey wy u(F).

On F¢, f— BR, f=0, and so, by Proposition (7.13),
(8.6) R, f(0)=S8,(f— BR,f) = (cyw + ¢3) u(F) S, 1.

Use monotone convergence to show (8.6) holds for f= 1, and then observe
that

R, 1p(0) 2 ( inf m(ﬁ)#(ﬂ = cupu(F).

yel—1,1]

This and (8.6) shows that S; 1, = ¢,/(¢c;w+¢3). [

(8.7) Lemma. Suppose [a, b] is a closed interval, ¢ > 0. Then there exists k() such
that if k = ky(¢) is even,

5= (b—a)(4k+2), s,=a+ (4i+ 1),

and

-

I Ja, b}l = [s;+ 9,5, — 3],

o

i

then

| H(x)dx < <%+ 8>§H(x)dx.
I;la,b) a
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The proof of Lemma (8.7), which relies only on the fact that H (x) is integrable
and continuous except at 0, will be omitted. Note that

k+1

ullla,b) = 7

{ #(a D> ﬂ([a b)), while if k 22, (I [a,b]) = ﬂ([a b)).

Our main theorem is

(8.8) Theorem. There exists a probability P satisfying (7.1) such that S, is not
absolutely continuous with respect to u. In particular, (X,, P) cannot have a local time.

Proof. Let D, =[—1,1].
[ HG)dx = p(Do)fy.
Dy
We will first construct by induction a sequence of closed sets D, such that
D,=2 D, ,,each D, is the finite union of disjoint closed intervals of equal length,
each D, is symmetric about 0 and contains 0, $x(D,) £ u(D,+,) £ 2u(D,), and
sup | H(x—y)dx < (2/n)u(D,).

yeR D,
N,

n

Suppose D, = U [a;, b;] has been constructed. Choose ¢ small enough so that
ji=1 .

§ H(x)dx/u(D,) < 2/y(1+28).

D,

n

Choose k& = 2 even and large enough so that for each j,

(8.9) | H(x)dxé(%—l—s)ljo(x)dx.

I la;, 5]

Let D, = U I [a;, b;]. Summing (8.9) over j=1,...,N,,

1
| Hx)dx < (5 + 8) §H(xydx < u(Dy))y £ 2u Dy 1)fy -

Dyysy

Since k is even, 0D, ,, and by symmetry considerations,

sup [ H(x—p)dx= | H(x)dx.

VER Dovs Dyyq

Next, for each n, apply Proposition (8.2) with F = D, to obtain P, satisfying
(7.1) and S{1;, = ¢z ,(2/y). By Proposition (7.3), a subsequence of the P’s
converges weakly to P satisfying (7.1). If m 2 n, S™1, > 81 p, = Cg.2(2/7).
Since D, is closed, by weak convergence S; 1, = ¢g. 2(2/3))

Let D= ﬂ D,. D is closed, u(D)=0, and since S, is a measure,
Silp=lim S, 1y, = ¢y, 2.
If (A;: o;’) had a local time L, (x), for each #
i 1p(X)ds = [ L(x)dx =0, a.s.;
D

but then S, 1, would be 0, a contradiction. [



Local Time for a Class of Purely Discontinuous Martingales 459

References

10.

11.

12.

13.

14.
15.

16.

17.

. Bass, R.: Adding and subtracting jumps from Markov processes. Trans. Amer. Math. Soc. 255, 363—

376 (1979)

. Bergstrom, H.: On some expansions of stable distribution functions. Ark. Mat. 2, 375-378 (1952)
. Blumenthal, R.M., Getoor, R.K..: Markov Processes and Potential Theory. New York: Academic

Press 1968

. Boylan, E.S.: Local times for a class of Markov processes. 11l. J. Math. 8, 19-39 (1964)
. Dellacherie, C., Meyer, P.A.: Probabilités et potential. Paris: Hermann 1980
. Griego, R.: Local times and random time changes. Z. Wahrscheinlichkeitstheorie verw. Geb. 8, 325

331 (1967)

. Jacod, J.: Calcul stochastiques et problémes de martingales. New York: Springer 1979
. Kesten, H.: Hitting probabilities of single points for processes with stationary, independent

increments. Mem. Amer. Math. Soc. 93, (1969)

. Maisonneuve, B.: Ensembles régéneratifs, temps locaux et subordinateurs. Séminaire de

Probabilités V, Lec. Notes in Math. 191, New York: Springer 1971

Meyer, P.A.: Un cours sur les intégrales stochastiques, Séminaire de Probabilités X, Lec. Notes in
Math. 511, New York: Springer 1976

Millar, P.W.: Modulus of continuity for continuous additive functionals. Z. Wahrscheinlich-
keitstheorie verw. Geb. 24, 71-78 (1972)

Stricker, C., Yor, M.: Calcul stochastique dépendant d’un paramétre. Z. Wahrscheinlichkeits-
theorie verw. Geb. 45, 109-134 (1978)

Stroock, D. W.: Diffusion processes associated with Lévy generators. Z. Wahrscheinlichkeitstheorie
verw. Geb. 32, 209-244 (1975)

Stroock, D.W., Varadhan, S.R.S.: Multidimensional diffusion processes. New York: Springer 1979
Tanaka, H., Tsuchiya, M., Watanabe, S.: Perturbation of drift-type for Lévy processes. J. Math
Kyoto Univ 14, 79-92 (1974)

Yoeurp, Ch.: Compléments sur les temps locaux et les quasi-martingales. Astérisque 52-53,
197-218 (1978)

Yor, M.: Rappels et préliminaires généraux. Astérisque 52-53, 17-22 (1978)

Received July 15, 1983; in revised form June 18, 1984

Note added in proof. The author and M. Cranston have recently shown, using the Malliavin calculus,
that a purely discontinuous martingale will have a jointly continuous local time provided the local
characteristics are sufficiently smooth as well as sufficiently large.



