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The Vibrating String Forced by White Noise

E. M. CaBANA

Summary. The equation of the vibrating string forced by white noise is formally solved, using
stochastic integrals with respect to a plane Brownian motion, and it is proved that a certain process
associated to the energy is a martingale. Then Doob’s martingale inequality is used to furnish some
probability bounds for the energy.

Such bounds provide a solution for the double barrier problem for the class of Gaussian stationary
processes which can be represented as linear functionals of the positions and the velocities of the
string.

0. Introduaction

The (formal) stochastic differential equation
xtax= ﬂ 1

in which f represents a Gaussian white noise, is ordinarily interpreted as equivalent
to the integral equation

X(f)—X(O)JrajX(T)df=/5'(t)—ﬂ(0) @)

where § is a Brownian motion. More generally, a linear differential equation of
higher order with a white noise in the right-hand member may be interpreted as
the formally equivalent system of integral equations, where, instead of the mean-
ingless f(t), we find a Brownian motion £(z).

In the present paper we define a generalization of the ordinary Brownian
motion (§ 1) which we call a plane Brownian motion, and we apply it to propose a
stochastic integral equation for the vibrating string, forced with a plane white
noise (that is, a forcing term which presents the randomness of the ordinary
white noise through time as well as along the length of the string) (§§ 2, 3).

The equation of the vibrating string is solved formally, in the space of Fourier
transforms, without restricting the domain of the operator appearing in the
equation of the string to a set of functions satisfying suitable boundary conditions
(see Feller [3,4]); this should be done if the results are to be interpreted in the
original space, by applying the inverse Fourier transform. Then some martingale
properties of the energy associated to the string are proved in § 3, and some
probabilistic bounds for the energy are obtained using Doob’s martingale in-
equality.

As an application, stationary Gaussian processes are represented as linear
combinations of the positions and velocities associated to the string (§ 4). Now
the probabilistic bounds for the energy lead to analogous bounds for the absolute
value of such a process, and this allows us to compute bounds for the probability
that such a Gaussian stationary process y(t) remains bounded between a double
barrier during a prescribed period of time (P {|y(s)| <k +as for all se(0, 1)}).
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1. Stochastic Preliminaries.
Brownian Motion on the Plane and Stochastic Integrals

1.1. Definition and comstruction of a Brownian motion on a plane half-strip.

Let J be the half-line [0, o), let I be an interval of the real line (possibly
infinite at one or both ends) containing 0, and let us consider the space Q of
continuous paths f: Jx I - R such that (0, z)=p(t, 0)=0 for all zel, teJ. On
this space we consider the o-field 4, generated by the events {f|a< (¢, z)<b}
{a<b, ted, zel) and impose probabilities such that, denoting the double in-
crement (b, d)— p(a,d)—p(b,c)+B(a, ¢c) by BS) (S={(t, 2)|last<b,c<z<d}),
then

(i) for each rectangle S in Jx I with edges parallel to the coordinate axes
and area |S|, the variable B(S) is Gaussian with zero mean and variance equal
to |S],

(i) if S;, S, are two disjoint rectangles as above, then §(S,), §(S,) are inde-
pendent.

The probability space (@, %,,,P) such that P induces probabilities that
satisfy (i), (i) is called a Brownian motion on J x I.

In order to prove that this assignment of probabilities is possible, let us
construct a Brownian motion on Jx I, adapting for that purpose Ciesiclski’s
construction of a Brownian motion on the line ([2, 7]).

When the interval [0, 1) is substituted for J and I=[0, 1), this construction
may be applied with minor changes. It is based on the use of the family of Haar
functions {yr,|[reJ =set of dyadic rationals in (0, 1]}, which is a complete ortho-
normal set in I?(0, 1). The Schauder functions

0,.0=] ¥ 0L,

defined by
(41 (Z)=Zy
¢, (2)=2"CO+D2 max (1 — |z—7|2'V, 0}  (r£1)

where i(r) is the unique positive integer such that r may be written as an irreducible
fraction r=k/2'®), satisfy

Y 0.(2) ¢,(z"y=min {z, 2"} (Z,2"€(0,1]) (1)

reT

as a consequence of Parseval’s identity applied to the characteristic functions
of the intervals (0, 2'), (0, z").

Let us define w

Blt2)=Y (Y &s.(1) 05(2)) 2

m=0 i(r)=m
n=0 i{s)=n

where (g,,|7,s€T) are mutually independent standard Gaussian variables
(E {grs} =0,E {gfs} =1, r,S5€ T)
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The proof of the uniform convergence with probability one of the one-dimen-
sional analogue of our double series in m, n, applies also here with the obvious
modifications, proving the continuity of the paths of the process defined by (2).

In fact, if

Cmn= tsupl! Y s 0:(0) 05(2)],
22€L [(r)=m
i(s)=n

it may be shown (following [7] for instance) that

P[O N {emngeym}]=1

k=1 min=k

for 0>1%; this implies that Y e,,, converges with probability one, hence the right-

hand side in (2) converges uniformly with probability one.

Since the set of variables {f(t, z)|t, ze[0, 1)} is a Gaussian family (i.e., their
linear combinations are all Gaussian variables with zero means), it only remains
to check that any two of those variables have the required covariance, namely

E{p(t,2)p{t", z")} =m'in {t,t"} min{z, 2"}, (3)

in order to show that the properties (i) and (ii) are satisfied.
Using (2) we obtain

E{p(t,2) (", ")} = i ( X o).t 0,(2) 952"

m=0 1§r
and (3) follows from (1).

Finally, piecing together independent copies {f,]k=1, 2, ...} of this Brownian
motion on [0, 1)x [0, 1) we obtain a Brownian motion £ on the half-plane J x R;
its restriction to J x I is the desired process.

1.2. Brownian motion related to a canonical measure.

From now on, I will be an open interval. Let m be a Borel Measure on I,
which is finite on closed intervals and positive on open intervals (such a measure
will be called a canonical measure). The symbol m will also be used to represent
the distribution function

M(Z)=m(2+)={

m(0,z] for z=0
—m(z,0] for z<O.

Let us call I, the (possibly infinite) range of the function m and let §,, be a
Brownian motion on Jx I,,. Then the process § on Jx I defined by B(t, z)=
Bt m(2)) is said to be a m-Brownian motion on J x I.

A m-Brownian motion satisfies the following properties derived from (i) and (ii):

(i’) for each rectangle S in Jx I with edges parallel to the coordinate axes
and dtx dm measure |S|, the variable §(S) is Gaussian with zero mean and vari-
ance |S|.

(ii") same as (ii).
8 Z Wahrscheinlichkeitstheorie verw. Geb., Bd.15
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As a function of (¢, z), § is continuous for all ¢ and all the points z of continuity
of m.

1.3. Stochastic integrals with respect to plane Brownian motions.

Double stochastic integrals with respect to plane Brownian motions may be
defined in regions of a very particular shape (namely on [0, 7)x I) but general
enough to serve our present applications, following the same procedure as
employed for the definition of the simple integrals with almost no additional
trouble.

The scheme of McKean may be closely followed. For the proofs and details,
we refer to [7].

Let %,(teJ) be the o-field generated by the events {a<pf(t,z)<bla<b,
0<t'Zt, zel}, and B,* the o-field generated by the process §;' (¢, z)=p(t+1t', z)—
B(t, z). An increasing family {o/,|teJ} of o-fields is given in such a way that for
each teJ, o is independent of #;* and includes %,.

A function fon Jx Ix Q to R is said to be a non-anticipating functional when

(i) fis measurable in the product of the Borel field on J x I and the field </,
generated by the union of the family {7 |teJ},

(i) for each telJ, zel, f(t, z) is «/,-measurable.

In the following the symbol j} will be used as an abbreviation for [ , T
denoting any positive real numb(t)er or + 0. @
When
P2 Ddtdm<oo}=1 (1)
the integral ’
firap=fifc2apea  Ose<) @

is defined as a function of ¢ and of the Brownian path, satisfying the following
conditions:

0. If 1 is the characteristic function of the rectangle S with edges parallel to

the coordinate axes, and if S<=(0, T)x I, then j? fdB=p(S);
o]
1. joj]; dﬂ+jojjg dﬁ=j;f(ﬁ+f2)d,3for all te(0, T);

t t

2. {[kfdB=k [ fdpfor all te(0, T) and any real constant k;
0 0

3. {{ fdp is a pathwise continuous function of ¢ with probability 1;
0

! The integrands appearing in the stochastic integrals are assumed to satisfy the analogue of (1).
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4. If t is a stopping time (i.e., {: @ —»J is such that {f|t(f)<t}e,), for each
0=t<T)and if y, is the characteristic function of {¢|t<t}, then

s e
0 {ranf=o
{

ffdﬁlﬂ} jjfdﬁ for 0<s<t<T.

(iii) E {(g[fdﬁ) }=E{£ff2drdm}.

There is little or no change when the integrand ftakes its values on a separable
Hilbert space H, instead of R. The measurability to be applied is, equivalently,
the strong measurability, or the weak one. The stochastic integral satisfies proper-
ties 0 to 4. It also satisfies the following property 5', which is the natural generali-
zation of 5.

5. IfE {j}ufnz dt dm}< %0, then E {j}fdﬁ}:o, E {j?fdﬁ]m}=j}fdﬁ
0 0 0 0

} —E {Ij /1 de dm}-

The integrals of Hilbert-space-valued functionals with respect to Brownian
motions on the line are a very particular case of those considered in [1]. The
corresponding It6’s formula for the stochastic differentiation of composite
functions is proved there. One version of It6’s formula that holds in the present
context reads as follows.

{)}fdﬁﬂ;ffxtdﬁ;

Pt

f*dz dm}< oo, then

'—a'ﬂ o=

(i) E

T
for 0Zs<t<T, and E{
0

Lemma 1.1. Let ¢o=0¢(t,x) be a function from Jx H to R with continuous
partial derivative Do =0¢/0t. Let ¢ also have first and second derivatives D ¢
(onJ x H to H) and D* ¢ (on J x H to the space of bounded linear operators H ~H )
with respect to xeH, such that D* ¢ is symmetric and continuous in the operator
topology, and

@(to+1t, Xo+X)=(to, x0)+ Do @ (Lo, Xo) t +H(D @ (to, Xo), X)

+3(D*@(tg, xo) X, X)+ 0, (t, X) +0, (1, X)
where
" 11ri£1|}~>o|t|_1 o0, (t, x):O,lt[’IHi)rCIILOI|xM‘2 0,(t, x)=0.
Let f§ be a m-Brownian motion on Jx I, and let g(t), f(t, z) be non-anticipating
H-valued processes such that E {j lgl? dr}<oo E {jj /12 dz dml<oo

8%
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Now, if'y is the stochastic integral

v(t)=a+(j;g(f)df+iff(T,Z)dﬁ(T,Z)z A3)
the formula . .
o(t 7)) =00, a)+(j)" Do oz, (1) df+§ (Do(r,7(0), g(x)d7

t

+i§(Do(n,7(0).f (x. 2) 4Bz, 2) @

0
+%§0 (D? ¢ (z, y(1) f (3, 2), f (v, 2)) d v dm

holds with probability one for all 05t <T, simultaneously.

Proof. As in [1], the following reductions can be made without loss. Let us
introduce the stopping time

T, =sup {teJ |for 0=t <t, [Do(y(@)|+] D 9 (y(0))] <n}

which satisfies P { lim 7> T} =1, and prove (4) only for each stopped process
t t
Y O)=a+ [r.gdr+ {j Inf B,
0

where y, is the characteristic function of the interval (0, T,). Since the integrals
in (3) are continuous functions of t, it is enough to prove that the equality holds
for each fixed ¢ with probability one. Also since the integrands may be approxi-
mated by linear combinations of characteristic functions of rectangles with
edges parallel to the coordinate axes (the so-called simple functionals), it suffices
to prove (4) for constant g and f (using the additivity of the integrals).

But in that case, y(f) reduces to a+gt+fB(t) with (t)=p((0,)x I) and Itd’s
formula for integrals with respect to Brownian motions in the line applies to
this case, since f is such a process up to a constant factor?. This leads easily to
the desired result.

2. The Vibrating String

This paragraph is just a sketch of some facts related to the formulation and
solution of the equation of the damped vibrating string. Its main purpose is to
establish the notations to be used below.

Instead of the classical equation
0%u(t, z)/0t* 4+ 2b Oult, z)/0t = 0% u(t, 2)/0z* + F(t, 2) 1)

the generalized point of view of Feller ([4]) is adopted, considering the string as a
family of pairs of functions u(t,s), v(t,s) defined on the interval I and depending

2 This version of It&’s formula is not a particular case of the one proved in [ 1], because the function
¢ there considered did not depend on the first variable (i.e., it was defined on H instead of J x H);
its actual proof can be made following the same lines as for the scalar case (cf. [7], for instance) and
dealing with the additional troubles introduced by the Hilbert-space context as in [1], but the present
case is much simpler.
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on the real parameter ¢. The function u(z,e) represents the position of the string
at time £, and the function v(t,s) represents the velocity. As before, it is assumed
(without loss of generality) that the interval I contains 0.
A canonical measure m is given on I and the corresponding Hilbert space
L*(I, m) is called H,,, its norm being denoted by
1@l =(] 0> dm)?.

I

A Borel measure y finite on closed intervals is given on I. An operator L is
defined by

Lodm=d¢'—q@dy 2
acting on the set Z of continuous functions ¢ with derivative ¢’ =d¢/dx at each
point where m and y are continuous, and one-sided derivatives ¢*, ¢~ at all
points, such that ¢’ is of bounded variation; the meaning of (2) is that both terms
are equal as measures.

L anihilates two independent positive convex functions ¥, , ¢, on I; for any
such ¥, L can be expressed as

b= g (v (7))
with dy=dy//p ([4]).

The operator L induces a Fourier transform, as shown by McKean [6]
(cf. also [ 5]), which maps functions in H,, into a new Hilbert space H  of functions
on (— oo, 0] whose values are vectors of two components.

From now on, unless the contrary is specified, the indexes will run over the
set {1, 2}. Let ¢;(z, u) be the solution of

Le(e, )=pel, 1)
€10, w)=e5 (0, w)=1, e, (0, wy=e; (0, w)=0.

Then there exists a Borel Measure f=(f") from (—o0,0] to 2x2 symmetric
non-negative definite matrices, such that if H, is I?((— oo, 0], (d/%)) with the
norm of a 2-vector function ¢ (e)=(¢, (+), 9, (+)) denoted by

0+ oL
o= { [ ot o, s ) )
then the Fourier transform from H,, to H, may be defined by

u(eH,) = (@) =(f u(2) elz,e) dm(z)eH, @

which has the inverse
0+
U=()(eHy) ~»u(s)= I i (u) ej(~, W df(u)eH,,.> (5)
Furthermore, the Plancherel theorem |u],, = || holds.

3 The repeated index denotes summation.
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Now the equation of the damped vibrating string, with an external force F
and given initial conditions u(0, ¢), v(0,+), may be written as a system of integral
equations .
u(t,e)=u(0,%)+ jv(r,-)dr

0

. . (6)
v(t,s)=0(0,%)+ | (Lu(t,e)—2bv(c,*))dt+ [ F(z,e)dt
0 0
with formal solution
u(t, o)\ g (WOON ¢ gy (O .
(u(t,-)) =ef (U(O,-)) +§e3‘ ) (1) F(t,¢)d, (7
where B= (2 —;b)'
The transformed version of (7) is
f;(t, )=y (&, 1) 4,0, ) +e2.(t, 1) B0, p)
+ £§ & (t, ) eb (=, p) e(z, W F (g, 2) dv dm(2)
®)

By(t, )= e (&, 1) %(0, )+ &3 (¢, 1) B:(0, )

+ 53' 812 (ta .u) 85(" T, ﬂ) ei(Z, ﬂ) F(’C, Z) dt dm(z)
0

et ) et m)y _ 01
(alz(t,ﬂ) 8§(t,u)) =exp(B, 1), By= (u —2b)' ©)

Because of the nature of the external force that we wish to apply, the form (8)
of writing the formal solutions will be more suitable. Let us formulate the remain-
der of this paragraph in the space of transforms. The analogous formulae in terms
of functions of zeI may be easily worked out.

Two new Hilbert spaces are introduced; H is the space of functions on
{— o0, 0] to two-vectors, with norm given by

0+
o= T (=0t 0,00 df0)
and inner product denoted by ((+,+)) and H is the space of pairs (¢; ) with
p=(p)eH}, y=(;))eH, and norm

I@; Wle=Uol®+ 1142

If (p;y)eH,, L(p;¥))3 is said to be the energy of (¢;y); the two terms
Llloll® and 3|y|? into which the energy may be decomposed are respectively
the potential energy and the kinetic energy.

Lemma 2.1. The function U°=(%°; 1°), defined by
00 () =0°(t,%)=(87 (¢,%)) = (el (£, *) %4;(0,%) + €3 (¢,+) §;(0,+))
60(t)= 0° (t,o)::(ﬁ?(t,c)):(g% (ta.) ﬁi(oa.)+8%(t!.) ﬁi(()"))

where

i
Z
>

(10)
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has the following properties:

(i) if b=0, the energy of U° is constant

t
(ii) for any bz 0, 3] U°(t,+)I3+2b [ 18°(z,+)|? dx is constant.
0

Property (i) expresses the conservation of energy, when no external forces
act on the system, and property (ii) describes how the damping reduces the energy.
Since (i) is a particular case of (ii), we only prove the latter property.

The matrix (gi(t, u)) may be written as follows. For —oo<pu< —b? and

r=1 —u—b?

b . sinrt
et (cos rt+ —sin rt) et
. r r
£i(t, 1)= ; b (1)
e " Zginrt e‘b’(cosrt—wsinr't)
r r

while, for —b<u<0and r'=]//1+ b2,

sinh 't
e—bt

!

b .
e (cosh ¥'t+—sinh r/t)
r

St )= ) P -
e"’”7sinh r't e (cosh Fi— -7 sinh r't)
finally
; o (e (14bty e "
A, =)= | ptev e“b’(l——bt))' .

The estimates
(e w)y<de*  (i=1,2),

(—w)(et @t wy<e*, 12)
(=)~ @, py e,

with 1~ =max {0, —t}, allow us to conclude that

ef (t,*)11(0,*)eH,
alz(t,-)ﬁ(O,-)eH’f,
sf'(t,-)ﬁ(o,-)er,
and
£3(t,) 5(0,+) H,.
Therefore, #°c H}, °c H,, and hence U%e H.
From
ol 21 2 2
& & 0 ( s &5 )
(812 s%) ot exp (B,1)=B, exp(B, ) uet—2be? uel-2bel
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it follows that

ot .,
=0 6w,
A0
@T(z’&wﬁ“(t, #)—2b 0°(t, ).

Hence
0 . R N N . N
—a;(—uu?(t, ) 9 (6, 1)+ 00 (2, ) 69 (5, )= —4b 80 (¢, ) B9 (2, 1)

and therefore
a t
T (& ON +18° 1 +4b [18°()|* d7)=0.
0

This proves (ii).

3. Some Properties of the Formal Stochastic Solution of the Equation
of the Vibrating String

If the external force F that appears in the system § 2 (6) is replaced by the
formal mixed second derivative 8% B(t, z)/0t dm(z) of a given m-Brownian motion f
on Jx I, the equations § 2 (8) are replaced by

w(t)y=0°(t)+&j(t,*) Y (0),

N . (1)
B(6)=0°()+ &} (t,+) Y/ (1)

with #°, #° given by § 2 (10) and

t

HO= (-t )elz9df(r2), i=12;

0

the formal differential 6% /8t &m has been replaced by the true stochastic differen-
tial df(z, z). We shall say that (1) is the solution of the equation of the string
forced with plane white noise:

0*u/0t* +2b 0ufdt=Lu+ 0* /ot dm.

It will be convenient to apply a slightly modified forcing term, in order to
assure some required convergences, and that is the reason why a factor G(s)
will be introduced in the definition of 7.

Let us assume that U (0)= (#(0), $(0)) is a given s#,-measurable random variable
such that P{|U(0)ls<coo}=1, and let us define the process U (t)=(i(t), 5(z)) by
means of (1), where the stochastic integrals yJ are defined in (3) as the integrals
of the functions & (—1,s) e;(z,») G(+) for which the assumption

0+
k:lj J Cwelz ez pdf (W dmiz) <o ?)
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is made. The estimates in § 2 (12) imply (for all ¢ simultaneously) that

PO =[] 5(— %) Geulz.) dB(r, D],

0

, ()
7 (0= [ B(~5%) Gefern) i, 2y,

with probability one.

A priori the values of U are just functions on (— oo, 0], but using (3) and the
bounds in §2(12) as in the first part of the proof of Lemma 2.1, it follows that
u()eH}, i(t)e H,, and hence U(f)e H, simultaneously for all ¢, with probability
one.

Lemma 3.1. The process
£(0=100IF+4b {100 do—kr, @
where k (< o0} is defined by (2), is given by the stochastic integral
z(t):z(0)+2£tj(v(r),Ge(z,-)) dp(z, z) )

(the symbol e(z,e) denotes the vector-valued function (e;(z,+))).

Proof. Let us consider the function
o(t, 7", ) =00 () + &} (¢, ) PP+ 10° (1) + €7 (2, +) )
defined for teJ and (y*, y?)e H,. Its derivative with respect to ¢,
Do o(6)=—4bl0()I?,

may be computed as in Lemma 2.1. Lemma 1.1 applied to ¢ gives
HU(t)Hé:HU(O)Hé-'-j (=4b)l(x)|* dr
+2£t (21, & (z,#) &7 (= 1,+) G(+) e(z,%))) dB(, 2)
+2£t (6(x), 8 (z,0) 4 (—7,%) G(+) e(z,%)) dP (z. 2)
#1120 8 0) G el de ).
Since &(z,+) ef(—1,+)= L, (6) reduces to

10 @Iz= IIU(O)II§—4b6f I8@I* dr+ke+2 flf (0(2), G(+) e(z,+)) dB(z, 2)
0

and the required result follows.
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Corollary 1. The process z(t) is a martingale, with respect to the family of

a-fields <, (teJ).
Corollary 2. The following estimates hold for |2k At|<1:
Y Borkrigs oy
z(t)+ k)" = T A T AT \Z ty .
=5 -2 2))!

i

(i)

Az(0 1
E{exp(Lz(t)| o} < e~ ** exp (1—22(/11){11) VY1=22kt’

Corollary 3. For each positive o and 0<i<1/2kt,
o Mk AU O3
P{OE)P= for all _f Rlexp W UNs
{IUS)|* <a+ksforall se(0,8)}>1 =y {exp 12kt

Proof of Corollary 1. Use property 5 (ii) (§ 1. 3) of the stochastic integral.
Proof of Corollary?2. Let c,(t) be an upper bound of E {(z(t)+kt)"|4}.
Obviously we may take cq(t)=1, ¢, (t)=z(0)+ k ¢.
From Lemma 3.1,
t t
z(t)+kt=z(0)+ [kdt+2 [{(8(x), Ge(z,+)) dB(z, 2),
0 0

so that It6’s formula implies
i
(z@+kt)'=(O)+ [ n(z(x)+kt)"~  kdr
0

+j}n(z(t)+k‘c)"‘12(ﬁ(r),Ge(z,-)) dp(z, z)
+ n(nz—— ) jtf (z(0)+ k1)~ % 4(5(x), Ge(z,9))* dr dm(z),

0

and hence t
E{(z(0)+ko)| Lo} (2O + [nke,_; (1) dT
0

+2n(n—1)E {j} (z@)+k) 25| kdr dm(z)l&%o}
o

g(z(O))"+nk§cn_1(r)dT +2nm—1)k th (@) + k)" 2|5 (0)|* |} dr
0 0

L(zO)+kn2n—1){c, ., () dr,
0
because |#(t)|?<z(t)+kt. We may therefore take
t
.=z Q)" +kn(2n-1)fc,_,(x)dz.
o

From this and the fact that ¢, (f)=1, (i) is obtained.
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As for (ii), it follows from (i) that

= Jne,(t)
Az (t — Akt n
E{e** 9oy} <e E,O—————n!
gkt & l"(2n)!(z(0))j(kt)"‘j @)
a0 j=0 Rlm—PI2"=I(2))!
© @ 2 (ma ]! .
— — Akt Yi tm‘
L A T pmizy FOYED
On the other hand, for |y| <%,
ex/(1—2y} ®© Xj L ®© o x1(2j+2m)’ym
—_—— = —(]1 - —U+3_ A At A g
2y~ 2 L Gimie)ime ®)

and combining (7) with (8), (ii) is readily obtained.

Proof of Corollary 3. Since z(t) is a martingale, exp(4 z(¢)) is a sub-martingale
for A=0, and Doob’s inequality gives

e’ p {Os<ug exp (Az(9))>e*} < E{exp(Az(t))},

hence
P{ sup z(s)>a}<e ** E{exp(Lz(t))}
0Ss<t

and using the estimate (ii) of Corollary 2 and the definition of z(¢), it follows that

P 0( )“2+4bf"A )"zd ks>ob< e_l(a+kt)E o ( /{Z(O) )
oi‘i‘;," e J bO*dt—ks>a ST b1 ¢

Therefore
P {llU(s)||§u+4bHﬁ(r)ﬂ2 dt=a+ks for all se(0, t)}
4]
— A{a+ki) 9)
e E {e 2.z(0) }

Sy L sy

This last inequality implies the required conclusion.

4. Application to a Two-Sided Barrier Problem

The preceding results may be used to derive an estimate for the probability
that a certain stationary Gaussian process y(s) remains bounded in absolute
value by a function of the form |/ 4 + Bs, during an interval of a prescribed length.
The covariance function I'(s)=E {y(t+s)y(t)} of the process must have the
representation (5) indicated below, in order that such an estimate can be obtained.
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4.1. Representation of stationary Gaussian processes.

If the initial conditions U(0,+) appearing in the definition of U (t)=(ii(t); 6(?))
(§ 3 (1)) are suitably chosen, the process U(f) can be made stationary. In fact,
that is the case when

3400, )= ﬁ &1, 1) 6 () (1) A (z, 2

w ey
5,0, )= {)f &5(t, 1) G(u) ez, ) dPB (1, 2),

where f’ is a new m-Brownian motion on Jx I, independent of f. The process
U(?) is then given by ) . ,
ui(t, ,Lt) =8j (ta ."L) ?{(E ’1)7

6i (ta p‘) = 812 (ta ,LL) W (t, :u)a
with
(e, 1) = jje (5, 1) G ex(z, 1) AP (5, )+ jj"e (~ 7 1) G () ex(z, 1) (5, 2),
or simply

i W= [feb(—, 1) G) e;(z, p) dB (1, 2),

where f pieces together  and f’ in the obvious manner.
Now, given &=(;)eH,, let us compute the covariances of the stationary

process y(t) =(U(t), é)&

when U (0) is chosen as above [(1)]:
I(s)=E{y(®) yt+9}=E{y(0) y(s)}

0+ 04
{ § (20, T, m) () — ek 0, 1) 7 (0, 1) d;(w)

— o — 0

(&2 (s, V) TE (5, VT, )~V e (s, VT (5, V) () df T (W) df"'(V)}
Now insert

EG 0,07 6 )= §f &5(—1 0 &5 (= 1,9) G(u) GO) €,(z, ) ez, v) dt dm(2)

in the above formula, to obtain

0+ 0+ O

)= § §§(20,0)d;0)—pe O, 1) d;w)

-0 —0 —®©

(205, v) Ta)—v b5, ) ) & (1 & (—1, ) G GOy D)

- (2, ) ez, v) dv dm(z) df () d 1 ().
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Using

0+ 0+

[ 1 [hwh () ez ) ez, vy df () df* (v) dm(z) = I hi(u) by W) df (),

—w —wo [

which expresses the isometry between H,, and H, implied by the Plancherel
Theorem, (2) reduces to
0+ O R
re)={ [ (20,09 ~pei O, 1) ;1)
e e | | ®
(e (s, () — pewds, 1) Po(w)) 5 (— . ) &5 (=7, ) G*(w) df ' () dr.

It is not hard to obtain
s}

i} , -1, , i} ,
[ &(—twe (—rpdi= o (50, ) ¥ (0, ) — €50, ) 5 (0, 1)) (@)

—

and replacing (4) in (3) it follows that

0+

I'(s)= I [ 4b1 (20, ) () — p e} (0, 1) ;)2 (s, 1) Py () — e ek (s, 1) ()
1 N
715 ——(e3(0, i) (1) — 85 0, 1) ; ()(eB (s, )y (1) — X s, u)(pz(,u))] G*(wdf ()

0+ 1 N
_ _5 75 [P (s i) —per(s, 1) Gu(w)

+U5(0(3 (5 1) Y () — e (s, 1) u ()] G () df ' ().

But also &7 (s, u)= &5 (s, 1) (because B, and e®+* commute), so that

I'(s)= f(—u)ai(s,u) G* (1) ;1) &1(w) df ' ()
- (5)

0+

+jé@m@w%w%wwwm

and, in particular,

FO=GE) @) P )z (6)

Example. Let us set I=(—mn, ) and dm(z)=e?"?!dz, so that (with the abbre-
viation r=1/ —u—>b?)

e, (z, Wy=e bl (cos rz+%sinrz) (r>0),
er(z, —bH)=(14+bz)e?H,

_p|z SIDTZ

es(z w=e (r>0),

ey(z, —bH)=ze Pl

df ()= d"(r)L; :z) for u< —b?,
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where n is a jump function with jumps of magnitude 1 at the positive integers,
and a jump of magnitude 3 at r=0, and

df =0 for —b?2<u=0.

For u< —b?, 520, the components & of exp(B,, s) (§ 2(11)) may be written as
follows
i, W=e (s, 1), (s, =es(s, ) —2bey(s, u)

so that (5) leads to

&5 T(s)= % G2 (i + ¥ (b2 + 1) cos rs— b G2 (1% — b (b* +12)) il-nrr—s %

r=0

where

UF = () 2 () (_; :IIZ) (ll//;:EZ;) (8)
1
b

6= 0, 920)

a0 o0 [ o]
and Y a,meanstao+ Y, a,= | a,dn(r).
r=0 r=1 0~

4.2. The barrier problem.

Theorem 4.1. Let y(t) be a stationary Gaussian process with covariance function
T'(s)=E{y(t) y(t+5s)} given by (5), for suitable dcH,. Then, if b is the positive
damping associated to the representation (5), and k is the constant defined by § 3 (2),
for each o.>3k/2b,

P{y)>Z(a+ks)|P|2 for all se(0 t)}>1—e_% vk 36 ]/1+M 9
= ‘ ’ 2bkt+3k "’

Remark. In order to simplify the dependence on « of the right-hand term in
(9), one may replace it by the lower bound

_ Aab -4
l1—eg 2bR+3E
¢ =4
for0<i<1.
In order to prove the theorem, let us prepare the following lemma.

Lemma 4.1. If U(0)=((0), 8(0)) is the random variable defined in (1) and the
spectral measure df is concentrated on (— co, —b?], then

100 = 2 Gy
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Proof. Let us introduce the (random) function

t 2

I§e3(t, 1) G(u) e(z, p) AP (z, 2)

o]

g(0)=

2
=y O + 1> 01,

§

Jj 20,1 G ez, W) dB (z, 2)

with
fi(z,2)=¢65(1,%) G(+) e(z,e),

Y= %ffi(f, z)df'(z. 2),

and let k,(t) be an upper bound of E {g"(z)}.

An application of Lemma 1.1 gives
g(r)=2£} [ @/ (@ )+ (07 @, £ (e, 2)1 dB (x, z>+,[;f WS WP +1,217) dzdm,
and therefore
g'(t)= {j ng" ' @QRIG' @11 @ 2)+ (7 (). 2z, )] dp
+(I* @ DI +1f 2 (. 2)f?) dx dm) (10)

+3n(n— l)gg"‘2 4O @S DN+ (P (0, 2z, 2))) dedm.

From (10) and Cauchy-Schwarz inequality it follows that

E{g"(}= !)In ks OIS SH)E dodm
+E {%n(n—l)ﬂ4g"‘1(f) 15022 de dm}
° (11)
<n(2n— 1)£§ ks QIS5 )G dTdm.

Now, using the definition of 1, 2, (11) leads to

E{g"t)} =n@2n—1)[[ G* () e;(z, 1) e;(z, @) df (1)
" (12)
: Ofkn_1 (O[3 (z, w)* — p(es (z, w)*1 dr dm(z).

On the other hand, for u< —b? and r=1/—p—>»b?, §2(11) applies and the fact
that df vanishes in (—b?, 0] allows us to use the estimate

(85 (t, w)* — p(eh (v, WP Se 22 (1+2bt+2b% 12). (13)
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Combining (12) and (13), and recalling the definition § 3 (2) of k, we obtain
t
E{g"(0}=nQ2n—1)k{k,(x) e ?*"(1+2b1+2b* 1) dz
0
which leads to a recursive computation of k,, namely

ko(®=1, k,()=n(2n— 1)kj‘kn_1(f)e—zbf(1+2br+2b2 ?dr.  (14)
0

Since (14) implies

k. ()= (2;;)! (g) (ie‘z”’(l+2br+2b212)dr)n

the result follows by putting t= o0 and using

@

fe 2 (1+2b1+2b*1?) dr=i.
0 2b

Corollary 1. If the assumptions of Lemma 4.1 hold, then

MO -l -
E{°XP1—2zkt = b(1—2/1kt))

for 0<3kA<b(1—-2A1kt).
Proof.

AN0OIF _ & A\ E{00)IEY
E{eXpl-Mkt} L (1—2,1kt) !

n=0

IIA

i 2n)! ( 3k2 )"’_ (1_ 3k )‘%
o (n)? \4b(1—24kt)] b(1—-24kty]

Corollary 2. If the assumptions of Lemma 4.1. hold, and U(t) is the process
defined in § 3, then for each a>3k/2b,

A _Lla=3k2b u—3k/2b
2< _, 2Fki+3k/2D =" (15
PUD @ Sa+ks for all se(0, 0} >1—e sk

Proof. Using Corollary 1, and Corollary 3 of Lemma 3.1, the inequality

— A{a+kt)

~ 2 — ¢ 6
PATOlssatksforallseQ.0}>1- =y 19

follows readily for
0<A<b/2bkt+3k) (17

and taking the maximum of the right-hand term in (16) for A satisfying (17), the
inequality (15) is obtained for «>3k/2b. If a<3k/2b, the cited maximum is
0 (for A=0) and the corresponding result is trivial.



The Vibrating String Forced by White Noise 129

Proof of Theorem 4.1.

The process y(t)=(U(r), d), has covariance I, so that Cauchy-Schwarz
inequality and Corollary 2 lead to the desired result.

Example. Let y(s) be a function with Fourier expansion

o

y(s)= % 3 (a, cosrs—bb,

=0

sinrs)
>

where ) has the same meaning as in §4 (Example), and the coefficients satisfy,
forr=0,1,...,

(a) 4,20,

(b) Ibl=a,,

(c) there exist non-negative numbers a,, a,’ such that a,=a, a;, a'=)" a,< o0,
a//:Z/a;’<OO.

Then, for each number a>34"/b, the stationary Gaussian process y with

covariance function
Is)=e "y(s)

satisfies P{ly(s)?Sd'(x+2a" s) for all s such that 0<s<r <)
1 a-3a’/b 06-30"/17 (18)

>1 ___e_f 2a t+3a’/b .
2di+3d)b

In order to prove the preceding statement, let us represent a process with
covariance I, choosing I, dm as in the example of § 4.1. This is accomplished by
setting [see (7)]

a=YF+oFb*+r?),  a/=G?
b, =G} (i — ¥ (b> ++7),

thus defining % &} in such a way that

IPIZ=NOI + 117 =3k + 3 (b* + 1) =a. (19)

On the other hand,

“—;ﬁ
018

/Grz(e1 (z, 1), ez (z, /l)) ( ! b ) (el (2, ﬂ)) e?blel g 7

o {
T —b b +r?) \ey(z, 1)

kS

»

(20)
=25'GP=24",

r=0
Now Theorem 4.1 implies the required conclusion.
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