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1. Introduction 

Let X i , X 2 , . . .  be a sequence of independent random vectors, each uniformly 
distributed over (0, 1) a, deN. The first n random vectors determine the empiri- 
cal d.f. ft, in the usual way: 

d 

F,(t) =n -1  ~ H l(o,t,l(X,j), t~(O, 1) a, (1.1) 
i = 1  j = l  

where Xi ,. is the j-th component of X i and tj the j-th component of t. Writing 
d 

Itl = 1-[ t j  we define 
v i= i n ]F.(t) -[t l l  

[I v.,~ll = sup 0_v_<�89 (1.2) 
o<,,l<l (Itl(1-Itl)) 1-~' 

In the one-dimensional case, much attention has been paid to criteria which 
determine the almost sure behaviour of limsup anlhg,,~N, where (a , ) ,~  is a se- 

n ~ o o  

quence of positive norming constants. Cs~tki (1974, 1975, 1982) investigated the 
important value v=�89 (i.e. in each point the process is divided by its standard 
deviation), while Shorack and Wellner (1978) considered the other extreme val- 
ue v=0. Mason (1981) connected these two results and derived criteria for 
every re[0,1]. For arbitrary dimension d the case v=0  has been also consid- 
ered by Mason (1982). In this paper we generalize Csfiki's theorem (1974, 1975, 
1982) and even Mason's generalization (1981) to arbitrary dimension d. An 
interesting corollary of this result is a law of the iterated logarithm for 
log II r~,~ll. 

2. Main Results 

In this section we present our theorem and its corollaries. The proofs of these 
are deferred to the next section. Observe that we use sequences of positive 
norming constants (a , ) ,~  which differ from those in the introduction. 
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Theorem. Let F(t)=ltl, te(O, 1) d, d e n  and O<v<�89 

(i) I f  a. ~log = o% then 
n = l  

l imsup(na.)  1-~llg~'~/I = ~ a . s ,  
n ~ c o  

(ii) I f  a. ~log < oe and na.+, then 
n = l  

lim(na.)l-~[]V.,~[]=O a.s. 
n ~ c o  

(2.1) 

(2.2) 

C o r o l l a r y  1. There exists no sequence of positive real numbers (a,),~ such that 
na,$ and 

l imsup(na.)  1-~ [I V.,~ll : 1 a.s. (2.3) 
n ~ o o  

C o r o l l a r y  2. 
log I[ V,.~ I[ 

limsup.~ l ~ 1 7 6 1 7 6  a.s. (2.4) 

C o r o l l a r y  3. For all c~ > 0 

lim n-~[lr,,~H = 0  a.s. (2.5) 
t l ~ o o  

Corol lary  3 is the mult idimensional  version of Corol lary  1 of Mason  (1981). 
In order  to formulate  Corol lary  4 we have to introduce some notation.  The 

(open) rectangles (sl,tl) x . . .x(sd,  td) in (0,1) d will be writ ten as R=R(s,t). 

Given an arbi t rary  rectangle R c ( 0 ,  1) a we define F,{R} = n  -1 ~ lR(Xi) and we 
write [RI for the Lebesgue measure of R. i= 1 

C o r o l l a r y  4. Let F( t )=  Itl, re(0,1) d, d e n  and #e( -0% 1). Then we have 

lim sup log log n n~IP,{R}-IRI] 1 
- - -  a.s. (2.6) 

(log,)~ (log n) ~-~" (IR[(1 -]R[)) ~ 1 - #  n ~ o  Igl> = n 
however, 

1 n~tff,{R} -IRII 
limsup sup (2.7) 

.~oo tRl_>~ ( l o g n )  + (IRI(1--1Rt))  ~ = ~  a.s. 

For  the proof  of this corol lary we will require a result of Alexander  (1984). 

It is easy to see that  the dist inction between open, half-open and closed 
rectangles is inessential for the type of results just  stated. Also, all of our re- 
sults remain true if we replace F(t)=[tl by F, whenever  F has a density with 
respect to Lebesgue measure that  is bounded  away from 0 and ~ .  

3. P r o o f s  

Before beginning the actual  proofs we first present two inequalities. The  first 
one can be found in Ruymgaar t  and Wellner  (1982, Corol lary  2.4); see also 
Ruymgaar t  and Wellner  (1984) for related results. 



Bounds for Weighted Multivariate Empirical Distribution Functions 565 

Inequali ty 1. There exists C l , C 2 , C 3 E ( 0  , 00), only depending on d, such that for any 
0e(0, 1) 

P(supn-~lF,(t)-Lt]l ) 
\btl~0 Itl ~ > 2  

/ \ 2 a, 
_--<c 1 ~ log0)  exp(--c222O(c32(nO)-~)), 2>0, (3.1) 

where 0:  [0, oe )~ (0 ,  oe) satisfies 0(o-)~2o- -1 logo- as o----, oo. 

Inequali ty 2. For each deN, O<v<�89 a t [ l ,  oe) and n> 3 we have 

P sup n F , ( t )>  0 <=d(log(nal_~))e_lal_~ (3.2) 

Proof of Inequality 2. Let [X[I:.--lm<~nn {]Xi[}, Not ice  that  the probabi l i ty  on the 
left side of (3.2) is equal to = = 

1 1 

P(lXll:,<(nal- 0 ) - - P ( m a x  (-loglX~l)>log(nal-v)) 
1 <-iNn 

1 

< riP( - l o g  IX ll > log(n a 1 - 0)- 

Observe  that  - l o g [ X l l  is a g a m m a  r a n d o m  variable with density f e (x )=  
((d - 1)!)- 1 x d- 1 e -  ~ 1(o ' ~)(x). Thus  

1 oo 
X d -  l e - x  

P( - l o g  IX 11 > log (ha l  -~)) = - - d x  
log(naTL.) ( d  - -  l ) !  

d - 1  1 1 

= ~ {(log(na l_~))k. (ha 1_~ k!)- 1} 
k = O  

1 1 

<d(log(na 1_ ~))~- 1(hal _~)- 1 (3.3) 

This completes  the p roof  of  Inequal i ty  2. 

Proof of the Theorem. (i) It is a consequence of a result on the a lmos t  sure 
behav iour  of  the first order  statistic in Geffroy (1958/1959) or Kiefer (1972) 

( that  s  log 

easily seen that  

Hence  we have 

1 

= o o  implies P(]Xll:,<ea, i .o . )=1 for any e > 0 .  I t  can be 

(na.)l-vllV.,~ll > (na.) 1-vn~n-1 
= 2(IX[ a:.(1 - IX[  t :.))1 -~" 

(3.4) 

1 
limsup(na,)l-~l[V,,~[I >2e1_  v a.s. (3.5) 

t l ~ o o  

Lett ing e$0 proves  the first pa r t  of our  theorem. 
(ii) It  is easy to see tha t  we m a y  restrict ourselves wi thout  loss of generali ty 

1 1 
to sequences (a,)n~ ~ with n~<a,< n. We first consider the case v=�89 Using 
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a. < -  we see that a.(log n) e- 1 < oo. We now define 
n = l  

P.(t)-Itl 
U,= sup (3.6) 

0 <ltl<bn It[ ~ ' 

with b,=(n(log n)a-2) -1, and prove that 

lim na~ U,=0 a.s. (3.7) 
n ~ c ~  

It suffices to prove that limsup na~, U, < 1 a.s. 
n ~ o o  

Define the following events: 

A. = {U.>_ n@~}; Cn=A.A~._I. (3.8) 

According to the Borel-Cantelli lemma we need to prove that r .PC.< oo and 
PA. ~ 0 as n ~ oo. Define 

B.,k={Vt:~k_l<l,l<=~^b.(n-1)fi._l(t)<k-1; 3t . . . . . .  I,l<=x~^b.nfi.(t)=k}, 

where Xk(=Xn,k) is the solution of the equation 

nx + a~ ~x ~ = k, (3.9) 
i.e. 

Xk=((l +4nka,)~-l)2/(4nEa,)=k-{1-2(l  +(l  +4nka,)~)-l}, (3.10) 
Yt 

and 
B'.,k= { sup (n-1)  fi._ l(t)> k - 1 ;  IX.l < Xk}. 

Itl <~k 

We see that B,, k c B',, k" 
For any z > 0  we have the following inclusions (for large n): 

1 (I,I 
C.= V,:o<ltl<=b P ._ l ( t )<l t l+~_l  \ a . - l /  

~t:o<ltl<=b l~ (t)>=]tl+ 1 (Itl]-~; 
n \an/ ) 

ko ko 

k = l  k = l  

(3.11) 

~ ] (We will choose ~ later on.) For the verification of where k o= na.(lo-g n) ~-1 �9 

the second inclusion we have to show that Xko>=b . for large n, which follows 

from an elementary computatfon using the fact that ~ a.(log n)a-l< oo and 
n = l  
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na,~, imply 

lim nG( log  n) a = 0. (3.12) 
n~oo 

We are now going to derive an upper  bound  for PC. .  The inclusions in 
(3.11) yield ko 

P C . <  ~. PB',k. (3.13) 
k = l  

Using (3.3), it is easy to see that  

(~ i )  (a-1 / 1 \ i \k-1 
" ( s u p  -- xk-1 i-~0 [l~ ) " (3.14) 

Hence  we have 

d - 1  " d - 1  

- -  ( 3 . 1 5 )  
_ x k , !  n k,  \~ ,o  x k ! ,  

It  can be seen f rom (3.9) that  Xk<kZa,,. This yields for large n 

, k 2 k 1 
PB., k < n ( c n k  a.) . . .  (log n) k(a- 1) 

3 2 k 1 t k d  = c k  an(cnk a,) - ~(( log n) ( -1 ) ,  (3.16) 

where ce(0, oo) is a constant  depending on d. Using k < k  o for a sufficiently 
small r we see that  

1 d 1 PB'n, k < ck3(ck'c) k- 1 ~ .  G(log n) - < c(�89 k- l a,(log n) a -  1 (3.17) 

which entails P C . <  2ca.(log n) d- l ,  hence N P C . <  o~. 
For  the p roo f  of PA n~O as n ~ oe we need 

Using Xko > b n we see that  

We have 

An,k={ sup nF.(t)>k}.  (3.18) 
Itl _-<xk 

ko 

A c Q) A., k. (3.19) 
k = l  

- 

' = k i_ X k / !  = k! i_ 

Using (3.15)-(3.17) we see that  

PAn a < c k G( log n)a- 1 

(3.20) 

for k < k o ;  (3.21) 
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hence 
ko 

PA,  <= c ~ (�89 - 1 n a,( log n) d- 1 < 2 c n a,( log n) e-  1 ~ 0 
k = l  

Our  next step is investigating the a.s. behav iour  of  

I t l -  Po(t) 
H ,  = sup 

O<ltl<b~ Itl + 

as n-- ,oc.  (3.22) 

(3.23) 

We immedia te ly  see that  

yielding that  

N o w  consider sup 
1 bn<lt[<l 

with p. -- na~(log n) d' 

H ,  < sup 
O<lt [<b~ 

1 
ItL ~ -  d - 2 ,  

n~(log n) 2 

lira na~H,=O a.s. 
n~oo  

IP.(t) - I t l l  
itl~ ; using Inequal i ty  

(3.24) 

(3.25) 

l im (nan) 1-v 
n~oo  

It  suffices to prove  tha t  

P (na~ -~ sup 
0 < [ t l < l  

I/~dt) \ 
> 1  i .o.}=O. (3.30) 

itll-~ = ! 

( sup hr 
\b,<ltl< a [tl ~ na, ! 

< c4(log n)" exp ( -- c2(log n)dp, O(c 3 (log n) e -  1 p~)) 
(3.26) 

< c~(log n) d exp ( -- c 5 P~ log n) 

<c4( l~  n)en_C~p ~ < 1  
- -  z / ~ / 2  ~ 

where cr c5~(0, ~ )  are constants  depending on d. Apply ing  the Borel-Cantel l i  
l e m m a  shows tha t  

l i m n a ~  sup IP,( t)- l t l l  0 a.s. (3.27) 
,-0~ b.<l~l<l  [tl ~ 

Summar iz ing  (3.8), (3.25) and  (3.27) yields 

l im na ]  sup I f f " ( t ) - l t l ]=0  a.s. (3.28) 

We are now going to consider a rb i t ra ry  vE[0, �89 and  we shall p rove  

sup - 0 a.s. (3.29) 
0 < l t l < l  Itl ~-~ 

1 we find for large n, 
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Set c.=(na.) ~-1 and define 

n~lf.(t)_ltl  I 
D = sup 

O < l t l < l  Itl 1-~ 

n If,(t) - I d l  
E =  sup ~ ] t l l _  ~ 

v0<ld< 
~ s  v 

n*lP.(t)-Itll 
F = z sup 

, _-<l,l<i It l l -~  
R c l - v  

We see that P(D)<=P(E)+P(F). 
We will first show that P(E)=O. 

1 - - v  
- -  v - - 1  [tl<-(ncl.- ) , we have W[t[~<=cl. - ' .  

large enough n. Hence E c E ' ,  where 

E' ={ sup 
0 < [ t [ < _  1 

n c  1 - v  

> c ,  i.o.}, 

>=c. i.o.}, 

>c n i.o.}. 

Note that for all re(O, 1) a such that 
- v  

Since necessarily c,--*oo, c2-~<�89 for 

n~F.(t) > 1 
itl~_ ~ = S c "  i . o . .  

Let n~=2 ~ for t eN .  Obviously 

Now 

P(E')<_P max sup n F.(t) >2r  i.o. (3.31) 
- -  nr<n-< . . . .  O < l t l <  1 Itl ~ . . . . .  

1 

?~Cn 1 - v  

which, since c.T and n/~.(t)T as a function of n for fixed t, is less than or equal 
to 

P (  sup 2n~+lPn"+'(t)>�89 i.o.) 
1 Itl 1 . . . .  " 0<ltl< 

n.(c.y ~ 

r = l  0 < l t [ <  1 = 
n r ( C n . ) l - v  

__< ~ P sup 
r = l  1 0<ltl -< 

,,,.+ ~ (c;,y -~ 
: _ _  v - 1 C  where cnn- 2 . :  

Application of Inequality 2 gives that this last series is less than or equal to 

n~+IF"r+l(t)>4-1c ) 
Itll . . . . .  

";+lF~ >a~ 
_ _  I ~ ;  v ] ,  

2d (log(nr c~_ ~))a- 1/cl _~ (3.32) 
/ - - n r  �9 

Since for large enough x (log x) a- i/x,~, we have for roan  large enough: 
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1 1 

~,  ( l og  (n c~ --v)) d -  1 / ( y l c l  - - v )  

r=ro nr 1 " ( n ~ r t r  

> (n-nr_l){(log(n~c~/-~))e-~/n~cL-~} 
r = r o 

1 1 

__�89 ~ (log(n~c~7~))a- 1/C~r_~" (3.33) 
r = r o  

We see immediately now that finiteness of the series in (ii) implies that the 
series in (3.32) is finite. Therefore by the Borel-Cantelli lemma P(E ' )=0 ,  which 
in turn implies that P(E)= O. 

We will now show that P(F)= 0. Notice that 

n~ IP=(t) -Itll 
sup 

1 Itl ~-~ 
<]t]<l 

/~c1 -v 

nVlF.(t)-ItlL 
= < sup 

_~ 1 ~-~ 

~-~  n {f.(t)-ItLI 
=c~ -v sup (3.34) 

o<1~1<~ Itl ~ 

Hence P(F)<=P(F'), where 

t n~iP~(t)-It[[ z } F ' =  sup >c2O --v) i.o. 
L0 < Itl < 1 [tl ~ -- 

v--•  which gives that P (F ' )=0 ,  which but we now can use (3.28), i.e. the case - 2 ,  
in turn implies P(F)= 0. Thus we have shown that P(D)= 0. This completes the 
proof  of (3.29). 

Noting that 0<y__<�89 implies l < ( 1 - y ) v - l < 2 ,  we see that it remains to 
prove for 0<v__<�89 

n~ lff ~( t ) - ttl [ (3.35) l im(na,)  1-~ sup = 0  a.s. 
n~oo �89 1 (1 -]t l)  1-v 

With the same approach as in Einmahl et al. (1984, proof  of Theorem 2.2) we 
can prove, using results of Ruymgaar t  and Wellner (1982, Corollary 2 .3 )o r  
Alexander (1982, Corollary 6.2) that "large d-dimensional points" behave as 
"small  (or large) 1-dimensional points", i.e. 

a'n< oo and na,$ imply 
n = l  

nv IFn(t) -It l l  
l im(na ' )  1-v sup = 0  a.s. (3.36) 
, ~  o<ltl<l (1 - ] t ] )  1-~ 
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W e  o m i t  the  p r o o f  of  (3.36), because  it is s t r a i g h t f o r w a r d  t h o u g h  

ted ious .  Q .E .D .  

Proof of Corollary 2. A p p l y i n g  the  t h e o r e m  for a,=(n(logn)e) -1 a n d  for 
a,=(n(logn)d+~) -1, e > 0 ,  g ives  the  des i r ed  result .  Q .E .D .  

Proof of Corollary 4. " L a r g e  d - d i m e n s i o n a l  r e c t a n g l e s "  a l so  h a v e  the  s a m e  be-  

h a v i o u r  as " s m a l l  1 - d i m e n s i o n a l  po in t s " .  T h a t  m e a n s  tha t  (3.36) ho lds  t rue  w i t h  
t r e p l a c e d  by  R (cf. E i n m a h l  et al. (1984, p r o o f  o f  T h e o r e m  3.2)). T a k i n g  v = � 8 9  

a n d  c o m b i n i n g  this w i th  C o r o l l a r y  3.9 of  A l e x a n d e r  (1984) p r o v e s  this 
co ro l l a ry .  Q .E .D .  
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