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Summary. Since the topology of weak convergence of probability distri-
butions on the Borel o-field of the space C=C([0, 1]) is metrizable, it is
natural to describe the speed of convergence in weak functional limit
theorems by means of an appropriate metric. Using the metric proposed by
Prokhorov it is shown that under suitable conditions the rate of con-
vergence in the functional central limit theorem for C-valued partial sum
processes based on martingale difference arrays is the same as in the special
case of row-wise independent random variables where this rate is known to
be an optimal one.

1. Introduction and Main Results

The speed of convergence in functional central limit theorems may be meas-
ured in various ways. A very natural one originated in [10] is by means of a
metric for weak convergence of probability distributions on function spaces.
Using this approach we give the exact rate of convergence in the functional
central limit theorem for partial sum processes based on special martingale
difference arrays.

Let us consider a finite sequence £,,...,&, of square integrable random
variables on the probability space (@2, #, P) and sub-o-fields #cF c...c %
of # such that £; is measurable w.r.t. &, for i=1,..., k. Furthermore, assume
that (¢, %) is a martingale difference sequence, viz. E(&|%_,)=0 for i
=1,...,k, where here and throughout the present paper all equalities and
inequalities for random variables are supposed to hold almost surely. For

J
brevity we write V;= ) E(£]|#,_,) and assume
i=1

V=Y E@EI7_)=1. (1)
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This restriction has been used by several authors; for example, it occurs in
some results of the recent paper [3] by Bolthausen which presents sharp rates
of convergence in the ordinary central limit theorem for martingales.

The partial sum process S,,, based on (&;, #) is defined by Sp)= Z Eif t

=V, j=0,1,...,k, and by linear interpolation on the subintervals [V 1s ]] j
= 1, k. Then S is an almost surely well defined random element taklng its
values in the space C=C([0,1]) of all real valued functions on the unit
interval endowed with the topology of uniform convergence and the corre-
sponding Borel g-field 4(C).

In functional central limit theory one considers a whole sequence
(Cni» Zud1 <i<k,» REN, of martingale difference sequences which is usually called
a martingale difference array (m.d.a. for short). The interest is in the asymptotic
behaviour of the partial sum processes S , pertaining to (&,;, %), <;<;, if 1
tends to infinity. Several sufficient conditions are known for

Suy—>B, as n— oo, )

Le. for convergence in law of S, | to a Brownian motion B, with time interval
[0, 1] where convergence in law is to be understood as weak convergence of
the distributions PoSg} (induced from P by S, ) to the distribution W of B,
which is the Wiener measure on #(C). As shown in [107], weak convergence in
C is compatible with the now so-called Prokhorov metric p which for two
probability measures @, and Q, on Z(C) is defined by

p(Q,,0,)=inf{e¢>0:0,(B)=<Q,(B)+¢ for all BeZ(C)}.

Here B°={feC:d(f, B)<e}, where d(f, B) denotes the uniform distance of f
and B. Since (2) is equivalent to

p(PoS;L, W)—0 as n— o, 3)

the rate of convergence in (3) is a natural measure of the speed in (2).
Furthermore, any estimate of p(PoS(;nl), W) implies estimates of Berry-Esséen-
type for real valued functions of S, and B, satisfying certain Lipschitz
conditions, and also for |P(S, ,eB)— W(B)| if the boundary of Be#(C) satisfies
a Lipschitz condition; for details, see [4], p. 208.

To obtain a rate in (3) one has to produce a bound of p(PoS<;n1), W) for
each fixed n. Consequently, it suffices to deal with a single row of the array
(i 7)), ie. to consider a single finite martingale difference sequence &, ..., &,
as described at the beginning. Then our main result is the following

Theorem 1. If (1) holds and if there exist a 6€(0, 3/2) and a real number L, such
that

k
DR EANET )

then
p(Po S(;)l, W)< K, LL/B3+29

for a finite constant Kz depending only on §.
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Remark. If (1) and (4) are satisfied for some 62 3/2, then
p(Po Syt W) Ky(L*log L)
for a finite constant K; depending only on 6.

For independent variables and 6€(0, 1/2] the assertion of Theorem 1 has
been established by Borovkov in Theorem 1 of [4], where, of course, L,

k
=Y E(|&**?°). An example in [1] shows that this result is optimal for all

=1
§>0. Therefore, no better result can be obtained in the setup of Theorem 1,
too. In the martingale case Hall and Heyde have proved estimates under less
stringent conditions than (1) and (4), see [6], Theorem 4.5, but their bound
turns out to be weaker than the optimal one when specialized to the situation
considered here. Borovkov’s proof is based on a quantile approximation which
seems not to be applicable in the dependent case. Hall and Heyde used the
martingale version of the Skorokhod embedding scheme following the ap-
proach of Rosenkrantz in [11] in the independent case. Our proof is via the
Skorokhod embedding, too, but a truncation is added and an appropriate
maximal inequality for martingale difference sequences is employed to achieve
the optimal estimate for all 6€(0,3/2) whereas Hall and Heyde’s Theorem 4.5 is
restricted to the range 6&(0, 1]. Since it is known that a rate of order O(n~—%)
in the functional central limit theorem cannot be obtained by means of
Skorokhod’s embedding, see [4], p. 224, this method does not allovlv/Gto prove

the assertion of Theorem 1 for §=3/2 (observe that (z E(iém.P)) = const-
i=1

n~ U4 if ¢ . =n"12¢ for a sequence (). of independent and identically
distributed random variables such that E(&,)=0, E((3)=1 and E(|¢,|°) < o).

For a m.d.a. which arises in the usual way from a single martingale
difference sequence Theorem 1 provides the rate O(n~%?*29) under suitable
conditions. If in addition the variables are identically distributed, this result
can be strengthened to some extent.

Theorem 2. Let (£,),.y be a martingale difference sequence w.r.t. (#,);, such that
E(E}F,_)=1and E(&|*T*%,_)S<K,<oo for some 6¢(0,3/2) and all ieN. If
the variables £, are identically distributed, then

pPPoSyt, W)=om=2C+2%) g5 n> oo

where the partial sum processes S, are based on the m.d.a.

E T ) <ic, NEN, with & . =n"1Y2¢ and F. =%,
ni ni/1<isn ni i

ni” i

According to an example in [8], the rate o(n~%*29) is optimal even in the
special case of independent, identically distributed random variables.

Example 1. Chain Dependent Random Variables

Let (J),»o be a Markov chain with finite state space I and transition matrix
(Pj)j.ker- A sequence (£,),.y of random variables is chain dependent w.r.t.
(Jazo if for all jel, teR and neN
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P({J,=j}n {&,= thA_ J)=P{J,=j}n{¢, = t}un_1)=p1n,1,jFJn_1,j(t)a

where F»_1 is the o-field generated by Jo,Jy,...,J,_;, &;,...,&, , and where
F,.J, kel, are given distribution functions. Then

R I A T | PO R

i=1 i=1

ie. the variables ¢,, neN, are independent given the chain (J)wzo- Suppose
that [tF(dr)=0, {¢* F,(df)=1 and [[¢|*+?? F,(dt)< co. Then F,= ZkaFJk is a

distribution function for every jel such that [¢F,(df)=0 and ftz F(dr)=1.
Furthermore, &, =n"'%¢, i=1,...,n, neN, and / =4, i=0,1,...,n, neN,
form a m.d.a. (f Z,;) such that (1) and (4) are satlsﬁed for each row:

ni»

S EEIFy )= S EE LA )=n Y [£F, @)=1

and

Y E(E TN Z, L)
i=1
=n1 7 EEPTA )=t Y IR,

_1 Jz ijn 1Jj|l,|2+2§Fn . J(dt)é _5

i=1 jel

where K;<|Jlmaxpy, | [t|**?° F;(dt)< oo. Thus for 0<§<3/2 by Theorem 1
J. kel

p(PoSL, W)=0(n"%C*+29)  as n— oo,

where S, denotes the partial sum process pertaining to (£,;, )1 <i<a-

Example 2. Stationary Linear Processes

Following [7] we consider the stationary linear process

Z &,_;, neN, (3)

where f8;, j=0, are real numbers and where (¢));., is a stationary and ergodic
martmgale difference sequence w.r.t. the o-fields %, jeZ, generated by the
variables ¢;, i<j. Suppose that E(¢?|%#,_,)=1 and E(|e 2+29# _)<K,< o for
cach ieZ (by stationarity it is enough to consider i=0) and some 6¢(0, 3/2). If

> ,B]?< oo, then the series in (5) converges almost surely. Let us assume here
j=0
the more stringent conditions

0 00 0 2 0
YB; and Y (Y Bk) are convergent, and o= ;0.
j=0 j=1 W=

j=0
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Put y;= Y B, for jeN. Then n,= ZV; n—; is well defined and, using the
k=j j=1

dominated and the monotone convergence theorem and a moment inequality

of Burkholder, cf. Theorem 2.11 in [6], we obtain with some finite constant K

depending only on &

E(Innl2+25)
2+28 n—1 2+26
<p (max| S| )= pmE(max | T ne) )
m j=1 - Em=EM |j=n-m
- 1+6
glimsupK[E (( Z fojE(ﬁﬂﬁj_l)) )-I—E max |yn—j8j|2+26>]
M- o0 j=n—M -Mzgjsn—-1

M 1+6 M
<limsupK [(Z y}z) +y |Vj|2+25E(|8,,_j|2+26)]
j=1

M- j=1
<K i 2 H&—}—K (max | 125)§ 2 <o
= Vj o\ YT LV .
=1 jeN j=1

Obviously, £,=a¢,+n,—n,., for all neN. Define the partial sum processes S,
k k
and S, by Sm(t):o—*lnﬁ”z.zléi and S}n)(t)zn‘”z.;si if t=kn=' for k
=0,1,...,n, and by linear interpolation on the intervals [(k—1)n~' kn~'] for
k=1,...,n By Theorem 2
p(PoSi5, W)=o(n~3+29) a5 nco,

whereas for all ¢>0 by inequality (1.7) in [&]

pUPeS3 Pe S5 1) S26+P( sup 15(0) =5,y (012 20)

k

§28+P(max Y =1y 1) ;2|a|sn1/2)

1=Zk=nii-1

<2e+P(max |n,,,—n,122|c|en’?)
1< <

<K[e+e 272 n=?E(n,***°I(In,|z|o|en' )]
Putting
e=p-0(3+20) [n_1/(5+4‘”+E(|111|2+251(Il11| > o |t +20) 1@ +49)
we get p(Pe Sy, PoSist)=0(n%**29) as n— oo, hence

p(PoSy  W)=0(n"%3+2%) as n—oo.

2. Proofs

The following martingale inequality is related to those given in [5].

Lemma 1. If &,,..., &, is a martingale difference sequence w.r.t. the non-decreas-
ing o-fields #,, #,, ..., %, then for all y, u, v>0
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i k
DEENEPRIIE

i=1

P (max

1=jsk

42 (3 B@17_)>0) + 20Ty (1 ~logtrun )]

=1
Proof. 1t suffices to show for all y, u, v>0

P (max ie:gﬁg ;P@P“)

152k i=1
+p (ZE(&Z >0 +explyu (1 ~logluv )],

To this end we write n,=&,I(¢;<u) and {,=n,—E(n;|#,_,) for i=1,....k and
note that #, <, because of E(y,| % _ ;) <0 which follows from

0=E(|#_)=EWm|F _)+ECE I >w|F_ ).
Thus

P (max Zf >y)<P (max an>y)+P (.U {n,#f})

Lsjski=1 1<J<k1

<P (max Z C>?>+ Z P(&;>u).

15jsk i= =

To produce a bound of the first summand we set

oA u)=u"2(exp(Au)—1—Au) forall L, u>0
and

S,=exp (AZC — 0, u)zE 1)) for j=0,1,....k (So=1).

From [9], p. 155, we know that exp(A))<1+Ay+y?¢d (4, u) for all 2, u>0 and
— oo <y=u. This implies
E(exp(An;, NIF)S1+AEM; 1| F)+ ¢ (4 w) E(niy 1| F)
S exp(AE(;, 1) exp(@(4, u) E(n7, 1| F)),
ie. E(exp(A;, )| F)=exp(¢(4, u) E(n}, ,|F;); hence
E(S;,,17)=S;exp (= (4, u) E(r2, ,| F)) E(exp(AL,, ) F)<S;.

Thus S,,S,,...,S, is a nonnegative supermartingale w.r.t. %, %,..., % for all
A, u>0. Using the maximal inequality given in Proposition II-2-7 of [9] we
obtain

P (max zj:C.Zy)

15j=ski=1

= P(max S;zexp(Ay—¢(4, u)v))+P (IZE(WL i 1)>U)

15j<k

<exp( (o) +P (3 BRI _)>v).
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1 1

Minimizing the first summand wrt A gives exp(yu” ' —(yu~
+ou~?)log(yuv~'+1)) which is smaller than exp[yu~'(1-log(yuv~"))]. This
finishes the proof. [J

We also need an estimate of the oscillations of a Brownian motion which is
well known; see, for example, [6], p. 113.

Lemma 2. If (B(t)),5, is a Brownian motion, then for all a,e>0 and O0<y<1

P( sup |B(s)—B(t)|=e)<12(a+1)(2my) " 26~ exp(—&?/187).
0<s5,t<a
fs—tl=v

Theorems 1 and 2 are immediate consequences of the following lemma.

Lemma 3. Under the assumptions of Theorem 1 there exist constants
K, K,e(0, c0) depending only on 6 such that for L,£K,

p(P"S(E)l, W)<K, {le“3+26)|10ng|_1

k 1/(3+26)
+[ E(Iéil“”l(li,-l>L1k/(3”"’llongI‘6))] }
i=1

Proof. For the sake of simplicity we write L and S instead of L, and Sy,
respectively. K always denotes some finite constant which may depend on 9
but on nothing else. For brevity we set

d=I13+29|10g |6,

1/(3+29)
8=6L1/(3+2")|10gL|‘1+[ ]

k
2 1E(Iéil““ I(&]>d))

1

and fori=1, ...,k

=818 Sd)—EG IS = dIF,_y)
and
L=&1(E)>d) = EG IS >d)|F_ )

By construction 7, ..., %, and {, ..., {, are martingale difference sequences w.r.t.
Ty Fs s Fo such that &;=#;+{;. Let the random element S in C be defined

by §(t)=i n; for t=V,, j=0,1,....,k and by linear interpolation on the in-
tervals [I}:_ll, V.1,j=1,...,k. Then
p(PoS~ L W)<p(PoS™',PoS Y+ p(Po§S~1, W).
Using the elementary estimate (1.7) in [8] we obtain
p(PoS™H,PoS™")<e+P( sup [S()—S@)2¢)
0<ts<1
Jj

iéi_ Z”lf

i=1 i=1

S

<&+P (max
i=1

1=j=k

ga)§£+P (max

15jsk

2s).
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An application of Lemma 1 with & ¢/2 and d=?°L instead of y, u and v,
respectively, yields

e

P(max
i=1

12k

k
ga) < Y P(¢]>¢/2)+ Ke *d—* 7,
i=1
since

ZE(CZ ,1)<ZE(521(|€I>61)| ~1)Sd™*’L by (4),

ie. (ZE(C2 - _)>Ld™ 2‘5) =0. For L sufficiently small we have
¢ *d*?<Ke and

ZP(ICI>8/2)<K8‘2 2 ZE (&127*°1(¢] >d) <K

i=1

Thus it remains to prove p(PoS~!, W)<Ke for small values of L. Here we use
the Skorokhod embedding scheme for martingales which enables us to estimate
p(PoS~1, W) by another application of inequality (1.7) in [8]. Without loss of
generahty we may assume that the space (Q, #, P) is rich enough such that
there exist nonnegative random variables 0=7,,7,,...,7, and a Brownian
motion B=(B(t)),», on (@, #, P) with the following properties‘

(i) For j=0,1,....k T;= Z 7, is a Markov time w.r.t. (#(t)),», where ()

is the o-field generated by the Varlables B(s) for 0<s<t.
(i) 4,=B(T)—B(T,_,) for i=1,... k. (6)
(iii) If #,={Fe# Fn{T,<t}eB(1) for all t=0} denotes the o-field of all
events observable before T, then for i=1,...,k

E(Tilgi~1)=E(”i2|'%)i~1):E(,1i2|’117 v M) 7

(iv) For any p>1 there exists a constant L ,<oo depending only on p (with
L, <4) such that for i=1,...,k

E(c?| B, )< L,E(n*"|%B;_ ) =L, E(n{* I ...m;_)- ®)

The variables t4,71,,...,7, may be constructed as in [2], Sect. 37.
Billingsley’s proof is formulated for independent variables only, but it is
straightforward to give a martingale version using conditional distribution tech-
niques. In this construction Ty, T}, ..., T, are Markov times w.r.t. the Brownian
motion B whereas a larger filtration is used in Strassen’s original Theorem 4.3
in [12]. This point, however, is not essential for our application; we could
work with Strassen’s theorem also. For the remaining part of the proof we
write y=I»C*2dlogL|=3 u=1YC*2d|logL|~* and v=e " 2L[HO3+2Mlogl| 7.
Let B, denote the restriction of the Brownian motion B to the time interval
[0, 1]; then we have
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p(PoS~1, W)=p(P>S~", Po By ")<2e+P( sup [S()—B(1)22¢)
0=t=1

-

+ P( max sup  |B(s)—B(t) =¢).

15jSkVi-125t2V;

S n—B(V)

i=1

<2e+P (max

1=j=sk

Lemma 2 implies

P( max sup  |B(s)—B(t)| z¢)

1<jSkVi—1S5,15V;

<P( sup |B(s)—B()|=e)<Ke 'y~ exp(—¢’/18y)<Ke
0<s,1<1
ls=t|<7y

for L sufficiently small since then by (4)

max |V,—V, 1I— max E(i | 7;_4)

15j5k

v+ 1/(1+4
= (Z E(Irii\““lﬁ_l)) <[UaFD<

i=1

From (6) we get Z n,=B(T) for j=1,...,k, hence

i1
28)

< P(max |T;— V|>2y)+P({ max |B(T)— B(V)l>s}m{ max |T VI<2y})

12j5k 1<j<k

S n—B(V)

i=1

P (max

l=jsk

where the second term on the right hand side is easily handled by another
application of Lemma 2. To bound the remaining probability we write taking
(7) into account

P(max |[T,—V]>2y)
1<jsk

J
<P (max Y (1, —E(v,| B, _1)) >V)
15j<k|i=1
+P (lmaxk z (EME s .- ) —E(EHF_ 1)) >V).
<js<k|iZ1

Lemma 1 implies

Z (t;—E(t,|%,_1)

i=

(max >y)
15jsk

< Z P(t,— E(t,|%,_ )| >u)+2P (Z E(t}| B, )>u)

i=1

+2exp[yu (1 —log(yuv~ 1)1
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Now by (8)

> Plle,— E(t) B, _ ) =) < Ku* > S EE<Ku Y Bor)
i=1

i= i=1

k
<Ku™*Y E(E I(&] Sd) S Ku*d*~ ¥ L<Ke

i=1
and also exp[yu~'(1 —log(yuv~'))]< Ke for L small enough. Furthermore
Z E(|#,_)=16 Z E¢ 1(¢i=a) 7))
16d4*-2° Z E(&)* 217, _)<16d*~*°L  if 0<d<1

i=1

k
16 Y E(&4|F_ <1611 if 1<6<3/2
i=1

A

where for 1 < <3/2 we have used (1), (4) and Holder’s inequality to obtain

k k
Y ECHF )= E(E|?207L =207, _y)
i=1 .

-1/

< @IE(IQIZ”"I%_O)W (éE(é?I%_l)) <1,

Thus Z Em}|Z,_ ) <v/12 for 0<5<3/2 and small values of L. Combining (8)
with th1s last conclusion, we get

P (S B3, _)>0) <P (3, Etin..n)>0s)

i= 1

éP(.ZI(E(U?IWD~-.,17i_1)—11?)>v/12)

k
+P (z (1 =B\ ) >/12)

=1

k
<Kv=?Y E@¥)<Kv ?d° *’L<Ke.
i=1
Finally

max
1=jsk

Z(E("ll| 1) E(£2| - 1)

i=1

k
<2Y E(E1(&)>d)|F_)<2d"2L<y)3
i=1

for L sufficiently small, hence
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P (max | B, o)~ B2 =)
Sjsk|i=
éP(max Z(E(mz!m,- o) i >V/3)
1<j=k|i=1
j
+P(max . (17— EG71 7 )| >7/3).
1=jsk|i=1

These probabilities are estimated by another application of Lemma 1 with 7, u
and v replaced by /3, u/3 and v/9, respectively, and now straightforward
calculations. This finishes the proof of Lemma 3. [

Proof of Theorem 1. For the constants K,;, K, occurring in Lemma 3 which
depend only on § we may assume w.l.o.g. that 0<K,<e '<1<K, <co. Then
for L, <K, by Lemma 3

p(Po Syl W)S2K  IY/G3+29
and for K, <L,
p(PoSy, W) 1< Ky G+20[1(3+20)

Taking K,=max(2K,, K; /®*29) finishes the proof. []
To prove the remark following Theorem 1 put

d=1"43|log [|=%3 =6l 19214 [143]l0g [|34
7=19212¢M?og L|V2,  u=1921/2¢[1/29

and v=192 I'’? in the proof of Lemma 3. Then for 3/2§5§3 all arguments go

through unchanged, whereas for 6>3 one has to replace Z EnP)<d’~2°L by

i=1
Z E(n¥)<I?” obtained from (1) and (4) by Holder’s inequality.
i=1
Proof of Theorem 2. An application of Lemma 3 with &,,,...,¢, and L,
=K,n % instead of ¢, ..., ¢, and L,, respectively, yields the de31red result since

logL,|='—>0 and n'?L/3"2logL | ®>00 asn-oo. O
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