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We suggest a formulation of a variational principle for lattice Markov fields in
one dimension so as to include the case where the specific entropy and the
specific energy are both infinite.

1. Basic Definitions and Main Results

1.1. The general definition of a Gibbs random field can be found in [1]. We
shall deal only with one-dimensional lattice Gibbs fields with a finite or
countable number of states and a nearest neighbour interaction. In this case the
above mentioned definition can be stated in the following equivalent form. Let
V be a finite or countable set, let X =VZ={x=(...,x_,, X4, Xy, ...): X;€V, i€Z},
be the sequence space and # the c-algebra generated by the cylinder subsets
of X. Let U be a function defined on V xV with values in Ru{+00}. A
probability measure p defined on & is said to be a Gibbs random field with
potential U if for every k, IeZ, v,eV, 0<i<l, such that p(x,=v,, x,,,=1v)>0
the following equality holds

B = Vg5, Xy 1 =01 1/%, =00, Xy =0)

~[E o0 exp | = T Vo), (R}

1/E,(vy, v;) being the normalizing factor (we set exp(— co)=0).

According to an idea going back to Gibbs one can specify the homo-
geneous Gibbs fields with a given potential within the family of all homo-
geneous random fields with states in V' by means of a variational principle. In
case of a finite V it reads as follows. Let us denote by S the shift transfor-
mation acting on X and by £ the set of S-invariant probability measures on
Z. For pef let h,=h,(S) be the specific entropy of y, ie. the entropy of S with
respect to p, and let e,(U)=[ U(x,, x,) du (in our case this is the specific energy
of u, see [2]). Obviously, 0=h, < + o0, — o0 <e,(U)< + o0 and so the quantity
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PU,w=h,—e,(U), pes, (1.2)

takes values in Ru{—o0}(—2(U, y) is called the specific free energy of p, see
[2]). The variational principle reads: a measure ue.# is a Gibbs random field
with potential U if an only if

P(U, w=sup 2(U, v).
ves

In such a form the variational principle was proved by Spitzer [13] (a more
general result dealing with multi-dimensional Gibbs fields can be found in
[7]). Spitzer also proved the uniqueness of a homogeneous Gibbs field (for a
finite V such a field always exists) and found its explicit form. More recently
Kesten [5] stated some necessary and sufficient conditions of the existence and
proved the uniqueness of a homogeneous Gibbs field when V' is countable and
U <oo. The purpose of the present paper® is to extend both the variational
principle and Kesten’s results to the case of a countable V under the weakest
possible conditions on U. Our method differs from that of the articles men-
tioned. It is based on certain considerations induced by the theory of count-
able state Markov chains combined with some entropy ideas in ergodic theory
(see [11] for all the entropy notions and results used below).

1.2. Definition. A potential U will be called indecomposable if given v/, v"eV
there exist vy,...,v,€V such that U(y, v,, ) <oo, 1Si<n—1, where v,=v, v,
=",

Indecomposability is the only condition on U assumed satisfied throughout
the paper.

When V is finite the results of [13] can be easily extended to an arbitrary
indecomposable potential. However, when passing to an infinite V' one finds
that even for U < oo there can exist measures pc.? with h,=e,(U)= +co. That
is why (1.2) does not allow a direct generalization, ie. some regularization is
required. It can be apparently made in different ways. One of these ways was
suggested by Ito and Mori [4], another by Walters [15]. In both cases some
additional restrictions are imposed on the potential. A fruitful approach to the
variational principle was suggested by Follmer [2] and further developed by
Preston [10] (see also Pirlot [9] and Kiinsh [6]). This approach works when
there exists a homogeneous Gibbs field with U. We shall compare it with our
formulation of the variational principle in the end of this section.

1.3. Our aim is to define a functional 2(U,-) with values in Ru{—oo}u
{+ oo} such that: (a) when V is finite, (U, ) is defined by (1.2); (b) the above
stated variational principle is true.

To simplify some arguments below we shall define #(U, i) only on the set,
call it &, of those ue# under which S is ergodic (if peé it is called an ergodic
measure). This restriction is justified by the fact that when u is non-ergodic, the

L' Some of the results of this paper are published without proof in [3].
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right side of (1.2) admits the integral representation corresponding to the
ergodic decomposition of u (see also Theorem D(ii) below).

In order to regularize (1.2) let us try to truncate both terms involved, then
take their difference and finally remove the truncation.

For each vel we set

Ew)={ueé: ux,=v)>0}.
Obviously, &= { ) &(v).

veV
Denote by I'(v) the set of sequences y=(v,, vy, ..., v;), [=I(y), such that v,

=v,=v and v=+v,eV for 1<i<l—1. For yeI'(v) and for each keZ such that
0ZkZI(y)—1 we set

AW, 7, k) ={x€X (X_1, X155 X g 1) =71 (1.3)

It is clear that A(v,7, k) and A(v,y, k') intersect only when y=9, k=Kk" More-
over, the sets A(v,7,k), yel(v), 1£k<I(y)—1, form a countable partition,
o(v), of the set
1)1
A=) U A@rk (14)
vel'(v) k=1
into measurable subsets. Introduce an arbitrary numbering on I'(v) and denote
by «,(v) the partition of A(v) into the subsets A(v, y;, k), 1 Zi<n, 0<k<I(y) -1,
and A(v)~ A(v, n), where
no ly)—1
Afv,n)= | ka A, y,, k).
When ped(v) we have u(A(v))=1 and so a(v), a,{v) can be viewed as partitions
of the whole space (X, Z, ).
For every veV and every ueé (v) we set

P(U, p,v)=limsup [, (S, o, )= [  Ulxp, x,)dp] (1.5)

n— o Ao, m)
and we now define our functional (U, -) by

P(U,w= inf 22U,y v). (1.6)

v: ueé(v)
Remark. One can in fact prove that 2(U, y, v) does not depend on v on the set
of those veV for which ued(v). But we will not dwell upon this in the present

paper.

1.4. Proposition. If V is finite and peé, then P(U, p) defined as above satisfies
(1.2).

Proof. From the definition of «(v) it follows that if ued(v), then a(v) is a
generator for S, so that ([11], Theorem 7.3)

h,(S)= lim h,(S, o, (v)).

[ andie o]



208 B.M. Gurevich

Moreover, h,(S)<log card V' < co. The function U(x,, x,) is bounded below so
that

lim I U(xo, xl)d,u———f Ulxo, x,)du=e,(U),

n— 0 A(v,n) X
where the limit equals +o when u(U(x,,x,)=+ 0)>0. The above implies
that if V is finite then for every veV such that ue&(v) the content of the square
brackets in (1.5) tends to Z(U, u). This finishes the proof.

L.5. For precise formulation of the main results of this paper some notions and
results related to non-negative matrices are required.

Definitions. Let Q be a non-negative function on V xV. It can be clearly
regarded as a matrix. We call it indecomposable if given v,v'eV there exist
v;eV, 1£i<n, such that v;=v, v,=v, and Q(v;,v,,,)>0 for i=1,...,n—1. We
set

MQ) =sup MQ), (1.7

where the supremum is taken over all Q'=Q|,., .., the restrictions of Q to
finite subsets V' < V; A(Q’) being the maximal eigenvalue of Q'.

We shall call Q admissible if Q" the n-th iterate of Q, is finite for all n>1.
The entries of Q" will be denoted by Q®(-, +).

By a non-negative matrix Q one can construct a directed graph G(Q) whose
vertices are all veV and whose edges are those ordered pairs v,v'eV for which
Q(v,v)>0. It is clear that Q is indecomposable if and only if G(Q) is con-
nected.

Let y=(vy,v4,...,v,) be a path of length n in G(Q), ie, a sequence of

vertices such that v;, v, ; is an edge of G(Q) for i=0,...,n—1. Let

06)=TT Qi 1) (1)

A path (vg, ...,v,) in G(Q) will be called a v-cycle, veV, if vy=v,=v and
v;+v when 1<isn—1. Let I'(Q, v) denote the set of all v-cycles. Consider the
series

Po,(= Y QNI (1.9)

yel'(Q,v)

I(y) being the length of y. If Q is admissible, (1.9) can be regarded as a power
series because the sum of coefficients of ¢* is finite for each n=1. We shall deal
with (1.9) only for t>0.

Proposition. Let Q be a non-negative matrix. Suppose Q is admissible and
indecomposable. Then
() The radius of convergence of the power series Y Q™(v,v)t" does not

n

depend on v,v'eV (we denote it by R(Q)).
(@) If lim [R(Q)]"Q®(v,v")=0 for some pair v,v'eV then this is true for all

H—

such pairs (otherwise Q is called R(Q)— positive).
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(i) The R(Q)-positivity of Q is equivalent to each of the following proper-

d
ties: a) @q ,(R(Q))=1 and E¢Q’”(t)|‘= Ry <0 for some (and then for any) veV;

b) there exist vectors ¢E=£4: V— R and n=ny: V — R with positive components
such that

Y. Q@ v)E@)=C@/RQ). X n()Q, v)=n@®)/R(Q), veV, (1.10)

v'eV v'eV

Y Lnw)=1; (1.11)

veV

&, n being uniquely defined to within a factor.
(iv) R(Q)=1/A(Q).

Assertions (i)-(iii) can be found in [14], (iv) will be proved below (see
Remark 3.3).

Let U be a potential and Q,=exp(—U). The indecomposability of U is
clearly the same as that of Q.

1.7. The main results of the paper are as follows.

Theorem A. Let U be an indecomposable potential with A(Qy)< o and let veV,
ue&(v). Then P (U, u, v) does not dedend on the numbering on I'(v). Moreover,
lim sup can be replaced by lim in (1.5).
Theorem B. Let U be an indecomposable potential. Then

(i) sup Z(U, u,v)=In AQ,) for every veV;

neé(v)

(i1) sug 2U, wy=InA(Qp).
He
We shall call a measure ued maximal if 2(U, p)=In A(Qp).

Theorem C. Let U be an indecomposable potential with A(Q) < 0. Then
(i) Qp is an admissible matrix;

(i) If there exists a maximal measure ued, then it is unique, belongs to & (v)
for each veV, and is a Markov measure with stationary probabilities n(v), veV,
and transition probabilities p(v,v"), v,v' €V, defined by

n()=En(),  plo, v)=0Q(n, V)W) AL (W),

where Q =0, and £,y are the vectors indicated in (1.10), (1.11).
(iii) One can find a maximal measure peé& if and only if Qy is 1/2(Qy)-
positive.
Theorem D. (i) If for an indecomposable potential U with A(Q) < co there exists
a maximal measure ueé&, then u is a homogeneous Gibbs field with potential U.
(1)) If there exists a homogeneous Gibbs field ue.# with an indecomposable
potential U, then A(Qy)< oo, ue& and p is a maximal measure for U.

Theorem D contains the variational principle as stated in 1.1. Together
with Theorem C it gives necessary and sufficient conditions for the existence
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and uniqueness of a homogeneous Gibbs field with a given potential. These
conditions coincide with those of Kesten [6] stated for a finite potential.

Theorems A and B are proved in Sect. 2, Theorems C and D in Sects. 3 and
4 respectively. In Sect.4 we also give an example of a potential for which
neither formula (1.2) nor a natural way of its regularization [15] can be
applied.

All the results of this paper can be automatically extended to a potential of
any finite range.

1.8. We finish this Section with a short comparision between the approach of
this paper and that of [2, 10]. The latter is based on the notion of specific
information gain which is well known (in the one-dimensional case) in Infor-
mation theory under the title of the entropy creation rate of one stationary
process with respect to another such a process [8]. We recall its definition
using the above notation.

Let £ denote the partition of X into the sets {xeX: x,=v}, veV, and let
u, ve #. If there exists the limit

o1 C
bl )= lim 3 u(C) %

where the sum is over-all the atoms of the partition \/ S/, then h(w, v) is
i=1

called the specific information gain of p with respect to v. Assume ve.# is a
Gibbs field with potential U. The variational principle as stated in [2, 10]
reads as follows: uef is also a Gibbs field with potential U if and only if
h(u, v)=0 (generally, h(y, v) = 0).

The following theorem establishes the relation between 2 (U, ) introduced
above and the specific information gain.

Theorem E. Let ve.# be a Gibbs field with potential U. Then for every ueé
h(p, v)=In A(Qy)—2(U, p). (1.12)

Thus the right side of (1.12) can be regarded as a generalization of the
specific information gain to the case where there are no homogeneous Gibbs
fields with potential U. If, however, such a field does exist, the variational
principles stated by means of Z(U, ) and h(y, v) are equivalent. But even in
this case one could not immediately use the results of [2, 6, 9, 10] combined
with Theorem E in order to prove Theorem D (ii) because these results (in
spite of that they relate to a more general situation than our one) are
obtained under some additional assumptions not necessarily satisfied in the
case under consideration (in particular, U is assumed to be bounded in [10]).
So we prefer a unified approach regardless of whether a Gibbs field with
potential U exists or not.

One can prove Theorem E using the explicit form of the Gibbs field
indicated in Theorem C. We shall not give this proof here.
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2. Some Properties of 22 (U, *)

2.1. Let U be an indecomposable potential and let Q=0Q,. We denote by
X(Q) the set of all doubly infinite paths in the graph G(Q), ie., the set of
sequences x=(x;);.,z€X such that Q(x;, x;,,)>0 for all ieZ. We fix an arbi-
trary veV and denote by X, the set of those xeX for which x;=v for infinitely
many i>0 and for infinitely many i<O. The sets X(Q), X, and X, (Q)
=X,nX(Q) are measurable and shift invariant. Moreover, X (Q)=A(v) (see

(1.4)). Let
E(Q, v)={ped: p(X,(Q)=1}
It immediately follows that &(Q, v) =& (v).

2.2. Proposition. (i) If ucé(v)~&(Q,v), then P(U, y, v)= — 0.
(i) There exists a ueé&(Q, v) such that #(U, u, v)> — o0,

Proof. (i) Let pue&(v)~&(Q,v). Since u is ergodic and X (Q) is S-invariant we
get that either u(X(Q))=0, or w(X(Q))=1. In the former case there are keZ
and v,v"eV such that U(v,v")=+4 00 and u(x,=v, x,,,=v")=p(x,=v, x,
=v")>0. Then for n sufficiently large the content of the square brackets in
(1.5) turns into —co and hence (U, u, v)= —co. In the latter case u(X (Q))=1
because due to the fact that yueé(v) we have u(X,)=1. Thus pe&(Q,v) which
contradicts the assumption.

(ii) Since Q is indecomposable, one can find a finite subset V°cV such
that veV° and the restriction of Q to V°x ¥V is again an indecomposable
matrix, say, Q% The set X(Q°) of all doubly infinite paths in G{Q°) is a subset
of X(Q). Moreover, every measure ueé(v) concentrated on X(Q° belongs to
&(Q, v) because U(x,, x,) is bounded on X(Q°). It is clear that such a measure
does exist.

2.3. From 2.2 it follows that in order to discover both the supremum of
P(U,+,v) on &(v) and the set where this supremum is attained we can restrict
ourselves to the subset &(Q, v) =& (v).

We introduce new “coordinates” on X, (Q) and express (U, u, v) by these
coordinates. For an arbitrary x=(x,), ,€X,(0) we represent the set {neZ: x,
=v} in the form of an increasing sequence (n,),.;, Where n, is the largest non-
positive number in this set. Let #(x)=—n, and y(x)=(y);.z» Where y,
=(Xps Xy s 15 > Xy, ,) (50 Y; 15 @ v-cycle). It follows that letting x+ (y(x), t(x))
we obtain a mapping, ¢,: X (Q) —» Z,, where Z =Z is the set of pairs (y,?),
ve(l(Q,v)% 0<t=<l(y,)—1. Obviously @, is one-to-onc and it is measurable
together with @; ! (Z is provided with a measurable structure being a subset of
the product Y xZ*, where Y=(I'(Q,v)? and Z* denotes the non-negative
integers).

Let T’ denote the shift transformation (by one step to the left) defined on Y
and let
(y,t+1), when 0=5t=I(y,)—2,

teZ.
(T,.V’O)a When [zl(yo)_l, (y’ )e

T(y, 9= {
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So T is the integral (or, special) transformation determined by T’ and the
function f: Y— Z*, where f(y)=I(y,), yeY.
From the definition of @, and T it follows that

¢ Sx=TP x, xeX,(0), 2.1)

ie., @, transfers S into T. Due to (2.1) ®F transfers each S-invariant measure on
X,(Q) into a T-invariant measure on Z and transfers &(Q,v) into &(Z), the
family of all T-invariant ergodic probability measures on Z.

Let #(Z) be the family of all T-invariant probability measures on Z.
Normalizing the restriction of every ve.#(Z) to the set

Z =7'={(y,t)eZ: t=0}

(it follows from the T-invariance of v that v(Z’) >0} gives a probability measure
v on Z’ which in its turn uniquely determines v. We call v the lifting of v"

Taking into account that the v-cycles are numbered we introduce the
following notation. Let y =5, ..., vp)el'(Q, v). We denote

Iny—1

l(n)zl('yn)s e(l’l)z Z U(U;:‘U?-f-l)’ ngl) (22)

j=0
Bim)={(n,0)eZ: y,=7,,t=i}, nzl, O0ZiZl(n)—1, (2.3)
p,()=V(B°(n), nzl. (2.4)

Let B, denote the partition of Z into the sets B'(k), 1Sk=<n, 0<i<I(k)—1,
and B°(n)=Z~| ) B'(k), where the union is over i, k indicated just now.
Finally, let

LO)= 3 p O 9
Obviously, i I(n)v(B°(n)) =1 which implies that
WZ)L()=1. (2.6)

2.4. Proposition. Let veV, ue&(Q,v), and v==>F p. Then

h(S,a,0)=h(T, ), n=12, ..., 2.7)
A(ﬂj i U(xq, x,)du=(1/L(v) i_il p(ve@, n=12, ..., (2.8)

so that (see (1.5))
P, p, U):hrﬁ, sup [hv(T, B.) —(1/L(v)) é Pi(V)e(i)]- (2.9)

Proof. Due to the definition of @,

P, (A1, 7, )N X, (Q)=B'(), 0sisI()—-1, j=12,..
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Hence @, transfers a,(v) into §,, n=1,2, ..., which gives (2.7).
From (1.3), (1.6), (2.6), and the fact that p, v are S-invariant and T-invariant
respectively we get

no l()—1

,f U(x07x1)dllzz Z I U(xq,x;)dp

A(v,n) j=1 i=0 A(v,v;i)
IG)—1 B -1

Z": Z j U(xi»xi+1)d#=2 j Z Ulx;, x;, )du

j=1 i=0 A(,y;0) j=1 A{v,y;0) i=0
= 3. utA(n3, 0= 3 VB G)et)=v(Z) T p(0e()
~(/LO) Y. e,

ie., (2.8) holds, Q.E.D.

2.5 Due to the definition of Z’ and Y these two sets can be identified. So we
can regard T’ as acting on Z". Let B, denote the partition of Z’ into the subsets

B°(K), 1sk<n, and B'“(n)=Z'~ B'(n), where B'(n)= | ) B(K).
k=1
Proposition. If ve ¥ (Z), then

H,(TB,/B,)=1/LOM)H (T B,/B,) +e, (), (2.10)
where le,(v)| = p,(p(v)), p(V)=(pi(V))i=1,z,..., and
lim p,(p(v))=0 (2.11)

(H,(+/*) being the conditional entropy).

Proof. For short we denote:
L=L(),  p=p,()  qu=v(T'B°(k)/B°(n))  (when v(B"(n)>0)),
"= ¥ pMim, p¥= Y p,0), nkzl (2.12)

izn+1 izn+1
We first evaluate H (Tf,/8,). By definition

H,(TB,/B'(k)=0, j>0, (2.13)

v(TB (k)/B°(m))=6(i+ 1, (k) v(T' B®(k)/B° (m)) = 6 (i + 1, 1(k)) @
0<i<i)—1,  (2.14)
v(TBc(n)/BO(m))=k>Zl v(T'B®(k)/B°(m)) = Z Qs (2.15)
V(B (k)/BE () = 3(i+ 1, l(k))v(T’BO(k)/Bc(n)_)
=0(i+1,1(k)) Y v(T'B°(k)/B°(m))v(B°(m)/B*(n))

=0(i+LIK) Y uv(BO(m)/v(B(n)
mzn+1
=6(i+ LK) Y gumbn/L”,  O0=il(k)—
mznt1 (2.16)
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where d(i, j) is Kronecker’s symbol. (We consider only those n, m, k for which
the corresponding conditional probability makes sense.) From (2.13)-(2.16) we
obtain

H (T, /) =v(B M) H,(TB,/B(n)+ Z v(B®(m))H (T, /B° (m))

m=

=(—L"/L)v(TB*(n) In v(TB*(n)/B*(n)) —(1/L) Z Y Pudmi

k=1m=n+1

In Y (/DL Y Y P

mzn+1 k=1mzn+1

—(I/L)[Z Pm 2, dwiln Y q,m+Z qulnqu] (2.17)

izn+1 izn+1

where each term including a conditional probability which makes no sense
should be replaced by zero.
To evaluate H,.(T'8,/B,) let us remark that

V(T'B(k)/B ()=} v(T'B®(k)/B(m)v'(B°(m))/v'(B"(n))

mzn+1

Z pmqu/p(n)'

mzn+1

From this we obtain
H,(T'B,/B)=~p" [V’(T’B’“(n)/B’”(n)) Inv'(T"B'*(n)/B"(n))
*kil v(T'B°(k)/B'*(n) Inv'(T"B 0(k)/B/‘(n))]
+mi1 v/(B®(m)) [— v/(T'B'“(n)/B°(m)) Inv'(T"B'*(n)/B° (m))
—kil v/(T'B°(k)/B°(m)) In v’(T’Bo(k)/BO(M))]
= —p"V(T"B"*(n)/B"“(n) Inv'(T'B"“(n)/B"*(n))

- Z Z memk ln Z memk—‘r]np(n) Z Z pmqu

k=1mzn+1 m=Zn+1 k=1mzn+1
- Z pm[ Z qu 1n Z qu+ Z qu lnqu] (218)
m=1 kZn+1 kza+1

Due to (2.17), (2.18)
H,(B,/B)=(/L)H,.(T' B,/B,) +,(v),

where
&,(»)=("™/L)v' (T'B'*(n)) Inv'(T'B'*(n)/B'*(n))
— (I /L)v(T B¢ (n)/B*(n)) In v(T B* (n)/B* (n))

+(U/LYInp® +In L) Y Y P

k=1mzn+1
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Since

Z Z pmqu: Z pm Z qué Z pm:p(n)>
k=1

k=1mzn+1 mzn+1 mzn+1

PP <IM<LL(n=1), and Julnu|£1/2 (0<u<1) it follows that

le,(MI=(1/2L)(p™ + L) +(1/L) p™ (Iln p™| + [In L))
(/L)L +p™(2[ln p™]+[In LI)].

The last expression can be taken for p,(p(v)), because it depends only on p(v)
and tends to zero as n— oco. This finishes the proof.

2.6. Let f denote the partition of Z' into the sets B°(n), n=1,2,.... A proba-
bility measure v' on Z’' is called a Bernoulli measure (B-measure} if the
partitions (T'Yf, i€Z, are independent with respect to v. Clearly, every B-
measure v is uniquely determined by the probability vector p(v), where v is the
lifting of v, and given a probability vector p=(p,, p,, ...) there is a B-measure
v with p(v)=p.

Proposition. Let v, Ve #(Z) be such that ¥ is a B-measure and p(v)=p(¥). Then
Hy(TB,/B)zH,(TB,/B,)—2p,(p(v), nzl,
where p, is indicated in Proposition 2.5.

Proof. By assumption the partitions (T'Y f, i€Z, are independent with respect
to ¥. The same holds for (T") 8., i€Z, because f, is obtained from B’ by joining
the elements. From this fact and Proposition 2.5 it follows that

Hy(TB,/B,)=(/LONH (T B,/B,) +¢,(3) =(1/LO)H (T B,) +¢,(V).
As p(v)=p(¥), we have
Lv=L(), H(T'B)=H,(B)=H, (B)=H,(T'B,).
Again using Proposition 2.5 we get

Hy(TB,/B,) =(/LONH (T’ B) +2,0) 2(/LEDH,(T' B,/B,) + (%)
=H,(TB,/B)—&,()+e,(MZH,(TH,/B,)—2p,(p(v), QED.

2.7. Proposition. Let ve #(Z) be such that v’ is a B-measure. Then
H,(TB,/B,)=—(/LW) Y p,Inp(v)+p(p(v), nzl,
i=1
where lim p{V(p(v))=0.

n— 0

Proof. From (2.10) and the B-property of v it follows that
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H,(TB,/B,)=/LONH (T B,/B,) +&,(V)=(1/LONH,(T'B,) +¢,(v)

=(1/L)[—p(")lnp(") Z pllnp]+£ (v)=(1/L) Z p;Inp,+pY,

where p;, L, p™ are defined by (2.12), p=(p,, p,, -..), and
py=e,(v) = (1/L)p™ In p™.
Obviously, p{" depends only on p(v) and goes to zero as n >0, Q.E.D.
2.8. Proposition. If ve#(Z), then
h(T, B)=H,(TB,/B,) = —(1/L(v) i (M np,M+p2(p(v), n=li,

where p®(p(v)) goes to zero as n— co.

Proof. Let ¥ denote the measure in £(Z) for which ¥ is a B-measure and p(9)
=p(v). Propositions 2.6 and 2.7 imply that

h(T,B)=H,(TB,/B)<H(TB,/B,)+2p,(p(v))
—(1/L() Z () Inp, () + pP (p3) +2p,(p()

=—(1/LM) 3, p)Inp,(v) + pP (0 () +20,(p(v)).

i

M: ll

I
-

It remains to set p@(p(v))=p " (p(v))+2p,(p(v)) which finishes the proof.

2.9. For each ve.#(Z,) we denote:

P°(U, v, v)=lim sup [hv(T, B)—(1/L(v)) zn: pi(v)e(i)], (2.19)

n— 00

PH(U,v,0)=lim sup (1/L0) | - 3 n)Inp) zpwwm] (2.20)
Proposition. For every ve ¥ (Z))
P°(U, v, 0) PY(U, v, v).

Proof. The inequality claimed follows immediately from the definition of P°, P!
and Propositions 2.4, 2.8.

2.10. Proposition. For every ve #(Z )
PL(U, v, ) <In A(Q)

Proof. We develop the proof by contradiction. Suppose there are vef(Z,),
¢>0, and an infinite set A/ <=Z™* such that
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~(ULOY ¥, pO)inp,0) +e(i)ZIn 2O+ @.21)

i=1
if ne A" (clearly, only the case L(Q) < oo should be treated). For ecach ne V" we
denote n
pi:pi(v)7 i:1’2""’ qn:Z pia pézpi/qna lélén
i=1

Let v, be the measure on Z, for which p(v,)=(p},p%, ..., P, 0,0,...) and v, is a
B-measure. Let u,=(®; )*v,. One can find a finite subset ¥, =V such that veV,
and u, is concentrated on the set of doubly-infinite paths in the graph G(Q,),
where Q,, the restriction of Q to V, x V,, is an indecomposable matrix. Since ¥,
is finite, the potential U, = —1n @, satisfies Theorem B (iii) so that

P(U,, 1) <In 2(Q,) £ln A(Q). (2.22)

On the other hand, using Proposition 2.4 and the explicit form of the measure
v,=®*u, we have
-1 n

P i) == (2 #0) ¥ pitnpie)

As n— o0, the last term in (2.23) goes to zero. In combination with (2.21), (2.22)

3 pianpi+e(i))+(i pl0) g lnq, (223)
=1 i=1

1

this implies that for ne4” the sum ) p,(v)(Inp,(v)+e(i) is bounded. From this

w i=1

fact and the equality L(v)= 3 p,I(i) it follows that (2.22) together with (2.23)
contradict (2.21), Q.E.D. i=!

2.11. Proposition. If A(Q)< o, then for each ve J(Z,) there are only two possi-
bilities: either the series.

2 p(M(—Inp;(v) —e(?) (2.24)

converges absolutely, or its partial sum goes to — oo and the same holds for
every series obtained from (2.24) by permutation.

Proof. The sum of the positive terms in (2.24} is finite, for otherwise there
would be a permutation of terms making the sum of (2.24) equal to + oo which
contradicts Proposition 2.10 (note that Proposition 2.10 does not depend on
ordering).

Now move on to the series consisting of the negative terms in (2.24). If it
converges, we have the former of the possibilities indicated above. If it di-
verges, we have the latter one. This finishes the proof.

2.12. Proof of Theorem A. Due to (2.20) and Proposition 2.4 it suffices to show
that no change of the ordering on I'(Q,v) effects P°(U,v,v) and that the upper
limit in (2.9) can be replaced by the limit.
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If for ve&(Z,) the series (2.24) diverges, then by (2.19), (2.20) PY(U,v,v)=
—oo and the assertion claimed follows from Propositions 2.9 and 2.11. It
remains to consider the case where (2.24) converges absolutely. In that case for
an arbitrary permutation n(1), n(2), ... of the positive integers we have

lim (1/L(v) Z Puy)[—1n Puy(v) — e(n(i)]

m-— oo

m

= lim (1/L(v)) Z PV [—1np,(v)—e(®]=P'(U,v,v). (2.25)
Arrange the v-cycles in the following order: 7,1y, Yuea)s --- - Let §, and f, denote

the partitions defined with respect to the new ordering in the same way as §,
and f;, were defined with respect to the initial one, n=1,2,... . For every n>1
one can find a k, such that each i<n coincides with n(j) for some j<k,. For
every k=k, let {, (respectively, (;) denote the partition of Z, (respectively, Z!)
whose elements are B/(n(i)), i<k, n(i)>n, 0<j<I(n(i))—1 (respectively, B°(n(i)),
i<k, n(i)>n) and the complement C(k) (respectively, C’“(k)) of the union of
these sets. By definition

E;=B;VC;” 5k=ﬁkVCk, nzl, kgkn
Let

PoU, v, v)=limsup[ Z Pagy(V) e(n(i) ]

n— oo

so that P(U,v,v) is defined with respect to the new ordering just similarly as
PO(U, v,v) was defined with respect to the initial one.
Due to (2.26) for every n=1 and every k=k, we have the following:

[T ~1/LO) X p0)e00]

[T A =/LO) T, pro et
= (T )~ (L) H, () + (/LN H, (5
~(L0) Y, pO) e = (T )+ (/LD H, ()

~(LODHAR)+/LO) 3, paolo) et
= DTS B) = h (T, GO+ (/L ONLH A6, v §)— H ()]
L) [HA8) = 3. pio)eld]

(/L) [HF)= 3. pul0)en)]
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The content of the first brackets in the resulting expression can be transformed
by the formula

h(TLv ) =h(L)=H(8/T 97 v{y),

where {, 9 are finite measurable partitions and 97 = \/ T, (= \/ Ti,

(see [7], 7.7). The content of the second brackets is H, (Ck/ﬁ ). Finally,
H,)== Y o mp)= (1= 3 50} (1= 3 p0)
i=1

Hv'(.g;c): - Z pn(i)(v) lnpn(i)(v)+ 1- Z pn(i)(V) In{1- Z pn(i)(v) -
i=1 i=1 i=1

Summarizing we get

[T82= 000 5. 501t [ TA)=1/L0) T, )00
BTG B LN, G /L)
3 PO =e@) = (/L) X, )~ p )

—eln@)+(1/L0) (1 —z p0))in (1 —z p0))

k k
— (/L) (1 -3 p,.@<v)) In (1 -3 pn(ixv))
— (L) Ho (B~ H (G T~ (G5 v (Br) +e(v.m K, 227)

where &(v,n, k) goes to zero uniformly in k>k, as n— oo (see (2.25)).

Introduce an auxiliary partition 9, with elements B/(n(i)), i<k, n(i)>n,
0<j<l(n(i))—1, and Z,~D,, where D, is the union of B/(n(i)) over all i,j
indicated above. Every B/(n(i)) just mentioned is an element of T~*{,. So Z,
~.D, consists of entire elements of 7-'(,. Hence T~'{,29,, ie. T~1{, refines
3,. With this in mind and using well known properties of conditional entropy
we have

H,(G/T ()7 v B SHG/T ™ v B SH G/ v B,). (2.28)

To evaluate H ({,/9, v B,) we note that {, decomposes in a non-trivial way

only one eclement of 9,vf,, namely the element D,UE,, where E,
In@)—1

=) U B/(n(i)). By the definition of conditional entropy

i~k j=0

E
H,((/%, v B)= —v(D,UE) v(l;( o )E i v(l;,i ¥ l:k)

YBEO= (i) (B (n(i)
—v(D,VEy) ). D OE ln DO
pistamsn VDLV EY v(D,VE)
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= —v(E)Inv(E)+vE)Inv(D,uE)— Y v(Bn()ln v(B°(n(i)

LiZk,n(@)>n
+v(DIlnv(D,VE)= —vE) Inv(E)+v(D,VE)Inv(D, VE))
—(1/L(v)) Z pn(i)(v) In Pup(¥) + V(D) In L(v)

i:igk,n()>n

= —(1/L(v)) Z pn(i)(") In pn(i)(v) +&,(v,n, k),

i:iZk,n()>n

where ¢,(v,n,k)—0 uniformly in k>k, as n—oo (here we as usually set 0ln0
=().
Similarly, letting D= U B°(n(i)) gives

itiZ<k,n(i)>n

VE) V)
VDLUE) " V(D, U E)
o VBOm@) . v(Bn()
VDR L boE) M VDU
- VE)INVEY+VEYVDLUE)— Y preInpae)

itigk,n()>n

+v(DYInv (D U E)=v(D,VE)Inv (D, E)—V(E)Inv(E)
- Z Puy(V) 10D, (), (2.29)

igk,n()>n

H, (L/B) = = V(DU E)

whence

(/LODH (G/B)=—/LOY Y PupWInp,(v)+es(v,n k),

irigk,n(i)>n

where &,(v,n,k)—0 uniformly in k>k, as n—co. Joining (2.27)-(2.29) we con-
clude that for k>k,

[A(@RI=(/LO) 3. pwet) ]
k
[T~ LO) T o) etat)| 2000

where &5(v,n,k)—0 uniformly in k>k, as n—oo. This yields both assertions
required.

2.13. Proof of Theorem B. (1) We shall first show that for any veV
sup P(U, u,v)=1n A(Q). (2.30)

neé(v)

Due to the indecomposability of Q there exists an increasing sequence of
finite subsets V, =V such that their union is ¥ and the restriction of Q to V, x ¥,
is an indecomposable matrix, say Q,. Clearly veV, for n large enough. Let
X(Q,) be the set of all doubly-infinite paths in the graph G(@Q,). For every n
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there is an ergodic shift-invariant probability measure 4" on X(Q,) such that

hun(S) - j Ulxg,x)du"=1nA(Q,).
X(Qn)

The above measure is unique and has the property: u*(x,=75)>0 for each eV,
(see [4]). Since X(Q,)=X(Q), y" can be regarded as a measure on X(Q). With
this in mind and arguing as in the proof of Proposition 1.4 we get

P(U, p",v)=InX(Q,),

which in view of the definition of A(Q) yields (2.30). Now (i) follows from (2.30)
and Propositions 2.4, 2.9, 2.10.

(i) For every ueé there is a veV such that ue&(v). The definition of P(U, u)
and assertion (i) imply that

P(U, )= P(U, p,v) =In A(Q).
Hence
sup P(U, ) <In A(Q).

ueé

In order to prove the converse inequality we find for an arbitrary ¢>0 a finite
subset V,=V such that Q,, the restriction of Q to V,x V,, is an indecomposable
matrix and InA(Q,)>InA(Q)—e. As in (i) there is a probability measure U,
concentrated on X (Q,) and such that P(U, u,, #)=In A(Q,) for every velV,. More-
over, u, is a Markov measure and p,(x,=2)>0 for every teV,. Therefore,
{peV: p,e&(B)} =V, and hence

PU, u)=InA(Q,)>In Q) —c.
Since this is true for any £>0, we have
sup Z(U, p) 21n A(Q).

Heé

This finishes the proof.

3. The Structure of a Maximal Measure

3.1. We shall first establish some properties of the series in (1.9).

Proposition. Assume V is finite and Q is indecomposable. Then for any veV

0o, (1/A(Q)=1.

This is actually well known [14] and can be, for example, derived from the
fact that any indecomposable finite state Markov chain is recurrent. We now
turn to an infinite V.

3.2. Proposition. Let Q be an indecomposable admissible matrix and let ¥(Q,v),
veV, denote the radius of convergence of the series in (1.9). Then 1/1(Q) is a
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unique positive solution of the equation ¢, (t)=1, provided that ¢, (HQ,v))=1,
and 1/4(Q)=r(Q, v) otherwise.

Proof. Take a sequence of finite subsets V,=V such that: a) [ JV,=V, b) ¥,

n+1

oV, and ¢) Q,, the restriction of Q to ¥, xV,, is an indecomposable matrix, n
=1,2,.... Clearly, M(Q)1A(Q) as n— 0. Let for short

T= 1//1(Q)7 7'-m: I/A(Qn)n (p:qu,u’ 7'=I"(Q, U): an:(pQ,.,v

(in the last equality we assume that veV, which is the case when n is large
enough).

We first assume that ¢(r) > 1. In this case r>0 and since ¢ strictly increases
within the set R™ ~nD, where D is the domain of definition of ¢, it suffices to
show that o(7)=1. If ¢(t)>1 (e.g, ¢(r)=+ ), there is a finite number of
terms in (1.9) whose sum is greater than 1. By the definition of ¢, these terms
are also terms of ¢, (1) for n large enough. Since ¢,(1) is a series with no
-negative terms we conclude that ¢, (t)>1 when » is large enough. By Proposi-
tion 3.1 ¢(r,)=1 and hence 7>1, for n large enough. But this contradicts the
inequality A(Qn)é)“(Qn-F 1)5 né 1.

If (t)<1 we have t<r because ¢(r) >1. Using the continuity of the sum of
a power series we can find ¢>0 such that t+e<r, ¢(v+¢e)<1. On the other
hand, t,<t+¢ for n large enough and @(t+¢)=¢,(t+¢) for every n. From the
fact that ¢, is monotonic within the positive semi-axis combined with Proposi-
tion 3.1 we conclude that when » is large enough, ¢z +&)Z @, (t+e)=¢,(7,)=1,
so that ¢(r+¢&) =1 which leads to a contradiction. Thus ¢(r)=1 when ¢(r)> 1.

Now consider the case where @(r)<1. Since ¢, (r)<¢(r) and ¢, is mono-
tonic, Proposition 3.1 implies that 7,=r for n=1 and hence 7 =r. Suppose 7>r
and pick an arbitrary ¢>0 such that r+¢<t. Clearly, ¢,(r+¢e) =@, (1)<0,(7,)
=1 for every n. On the other hand, ¢(r+¢&)= +co because r is the radius of
convergence of (1.9). But each term in the series for ¢(r+¢) is also a term in
the series for ¢, (r+¢) when n is large enough which contradicts the above
mentioned inequality ¢, (r+¢) < 1. It remains to accept that t=r when ¢(r)<1.

3.3. Remark. From Proposition 3.2 and some results by Vere-Jones [14,
Theorem C, Lemma 2.1] one can easily derive that if Q is an indecomposable
admissible matrix, A(Q)=1/R(Q) as stated in Proposition 1.6(iv). But if Q is
inadmissible, R(Q)=0 and A(Q)= + co.

3.4. Definition. A measure ueé&(v) will be referred to as v-maximal if it maxim-
izes #(U,-,v) on &(v).

Theorem. Let A(Qy) < oo and assume that for some veV there exists a v-maximal
measure pueé (v). Then the measure v=>F y is such that v' (see 2.3} is a B-measure
with

2 =(AUQp) " exp(—em), n=12,... (3.1)

(the notation used here is introduced in Sects. 1, 2).
For the proof of this theorem we need some more auxiliary facts.
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3.5. Proposition. Under the conditions of Theorem 3.4 the following equalities

hold :
lim [H,(TB,/B,)—h(T; B,)]=0, (3:2)
lim [H,(F,)~ H (BT )] =0. (3.3)

Proof. Propositions 2.9 and 2.10 imply that
2HU, v, v)=2°(U, v, v)=In AQy). (3.4)
By Proposition 2.8

BT B =(1/LOD 3. p0) e SHT,/B)~(1/10) 3. p(o) el

~(1/L(v) Y, p;(m [ p,(v) + e+ pP(p(v), (3.5)
i=1

where p{®(p(v)) goes to zero when n— co. Using Proposition 2.11 we can direct
n to infinity in (3.5). Due to (3.4) the limits of both sides are the same and

finite. Hence
lim[H(TB,/B,)—h (T B,)]=0,

n— oo

n

im [ (1/L(v)) Y, pi(0) In py(v) — H,(TB,/B,)] =0.

n— o i=1

The first of these equalities is just (3.2). The second one combined with
Proposition 2.5 yield

0. (3.6)

lim (120D [ = 3. 29 I p0)—H.(T" )]

n— 0

Since

tim [1,(8)+

h— oG

S p()In p0)| =0,
=1

14

(3.6) implies (3.3). This finishes the proof.

3.6. Lemma (Smorodinsky [12]). Given &¢>0 there is 6(g)>0 such that if {
=(A,,...,A,) and 3=(B,, ..., B,) are finite measurable partitions of a probabili-
ty space (Q, A, w) for which H ,({)—H ({/9)<d(e), then the total measure of those
B, for which

,_iliu(A,-/B,-)—MAi)t;s 67)

does not exceed ¢ (in such a case { is called e-independent of J).
Those B; which satisfy (3.7) will be referred to as irregular.

3.7. Proposition. If a measure v' on Z' satisfies (3.3), then the partitions f' and
T' " are independent relative to v'.
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Proof. We take Z', v, B,, and (")~ B, as Q, u, {, and 9, respectively, in Lemma
3.6. Let B be an arbitrary element of (T)~*f with v(B)>0 and let an
arbitrary positive ¢<v'(B) be fixed. We can find an rn(B) such that if n=n(B),
then B is also an element of (T")~' f.. Using (3.3) we can find an n_such that if

nzn,, then
H, (B)—H, (B,AT) ' B,)£(e).

Suppose that n=max(n(B),n). By Lemma 3.6 §, is e-independent of (T")~' 8.,
ie, the total measure of the irregular elements of (T")~*f, does not exceed e
Since v'(B)>¢, the element B must be regular. It follows that

V(4,/B)—V(4,)|=e (3.8)

for any element A, of f,. But every element A of § is also an element of £ for
n=n(A). Thus, for arbitrary elements A and B of f' and (T")~' B, respectively,
we have (3.8) as n is large enough. Since ¢ is arbitrary, it follows that v'(4/B)
=v'(4), as required.

3.8. Proposition. If a measure ve #(Z,) satisfies (3.2), then (T'B);.5 is a Markov

sequence of partitions, that is, given an integer m=1, an element C of \/ T~'f

i=1
with v(C)>0, and elements A and B of TP and B respectively (with v(B)>0) the
following equality holds
v(A/B Cy=v(A/B).

Proof. For each element B of f, with v(B)>0 we define a measure v* on Z, via
vB(+)=v(+/B). Due to the properties of conditional entropy

HA(TP,/B)~H, (TB/B.v U T-'5,)

= 3 B[ )~ Ha (18 T08) |zt 69

Befn

where Bef, means that B is an element of f, and the sum is over all such B
with v(B)>0. ”
Let 4,, B,, C, be arbitrary elements of Tf, 5, and .\/ T !B, respectively,

i=1
where v#1(C,)>0. Let ¢ be a positive number such that

e<vP(C), - (3.10)
8(e)<v(B)), ' (3.11)

where 6(¢) is the constant from Lemma 3.6. There are n(4,, B;, C;) and n,
such that if n=n(4,,B,,C,), then 4,,B,, C, are also elements of TS, B,,

T~'B,, respectively, and if n=n_, then (see (3.2))
i=1

i=

H(TB,/B,)—h,(T. B,) =(6(e))”. (3.12)
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Since h (T, B,)<H(TB,/\ T~'B,) for every m=0, we see from (3.12) that
i=0

HL(TB/8)~H, (T8, V 775, ) <061 613

We now suppose that n=max(n(4,,B,, C,), n). Due to (3.9), (3.13), and the
Chebyshev inequality the total measure v of those Bef for which

H,o(Tg)—H,u (T8 U T715,) > 309

does not exceed d(g). Due to (3.11) they don’t include B, and hence
Hm(Tg)—H,p (T8, Y T-18,) <06,
i=1

By Lemma 3.6 it follows that T8, is e-independent of \/ T~'f, relative to v&,
i=1

m
ie., the total measure v®' of those Ce\/ T~ for which
i=1

2 PHA/C) =P (A) > e

AeTpn

does not exceed s. Due to (3.10) they don’t include C, and hence

B (A4,)—vB(4,/Cy) Le.

This inequality holds for all A,eTB, BieB, C,e\/ T~ such that v*(C,)>0
i=1

It clearly implies the assertion claimed.

3.9. Proof of Theorem 3.4. We first prove that v' is a B-measure. By a standard

argument one can deduce from Proposition 3.8 that for any positive integers
m, ky, ky, ...k, such that k. >k, i=1,2,...,m, and for any elements A, B,

C of T+t Tkmp and \/ T* B, respectively, such that v(Bn C)>0 the follow-
ing holds:

v(A/B C)=v(A/B). (3.14)

Recall that to each element B°(i) of B there corresponds a wv-cycle
v,€1(Q, v) of length I(i). By definition

T'B°(i)=T'®B°(i) (3.15)
wh'ich implies that for any n>1 and any i,,...,1i,

B(,)~nT'B°G,_ ) ...n(T'Y"~'B°(G,)
=B%i,) " T' 0BG, ) ... A THn=0F 4160 BO(j (3.16)
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Indeed, for n=2 (3.16) is a direct consequence of (3.15). With this in mind (3.16)
can be easily checked by induction for any n.
In order to prove that v' is a B-measure it suffices to check that

V(T B ()T~ B%(i) ... 0 T'BO(iy, _ ) n BO(i,)) = V' (B (i) (3 17)

for any i,,...,i, provided that the condition on the left side of (3. 17) has
positive measure. Using successively (3.16), (3.14), and (3.15) we have

V(T B ()T~ "B°(iy) ... 0 T' B°(i,,_ ) n B°(i,))
_ (B, )N T'B%,_ ) ... (T)"B%y)
" y(BO(i,)nT'B°Gi,,_,) ... (T'Y" 1B°(i,))

W(B(i,) AT 0BOG, ) ... A THm= 0+t O )
—V(Bo(l )ﬁ Tl(im_1)BO(i )ﬁ N Tl(im-1)+...+l(i1)BO(i ))

_v(Tl(lm 0+ +l(lo)B (l )/BO( )(‘\ mTl(zm 1)+ .. +l(11)BO(l ))
:V(Tl(Lm-1)+...+l(zo)BO(i1)/Tl(tm—1)+...+l(11)BO(i1))
=v(T"% B(iy)/B°(i ) = v(T'B(i,)/B°(i)) = v'(T" B°(io)/B°(i,)).

Due to Proposition 3.7 the last expression equals v'(T'B°(iy))=v'(B°(iy)). Thus
(3.17) is true.
We now wish to prove (3.1). Let

pl=p(v), i=1,2..., p°=(@%p% ..), (3.18)

and let P denote the set of probability vectors p=(p,,p,,...) such that

Y. p;l(i)<co. Every peP determines (in a natural fashion) a T'-invariant B-
i=1

measure on Z, which, in its turn, determines a measure v(p)e&(Z,). Clearly,
p°eP, v(p®)=v. By our assumption v(p®) maximizes 2°(U,,v) on &(Z,). Due to
Propositions 2.9, 2.10 and Theorem B(j) it also maximizes #(U,+,v) on &(Z,).
Moreover, 2(U, v(p°), v)=InA(Qyp). In view of (2.20) and Proposition 2.11 it
follows that

~(1/ % P21 S, (gt + ()
=max[(—1/3 p;l(0) Y, pilln ps+e(i)]

=In A(Qy), (3.19)

where, as usual, 0ln0=0.

It follows that p? >0 for all i. Indeed, it can be immediately checked that if
p? =0, pY>0 for some i, j, one can increase the left side of (3.19) by substituting
¢ and pj.’—e for p? and p}) respectively and by choosing ¢> 0 sufficiently small.

Setting p,=1— ) p, we can regard the content of the square brackets in
i=2
(3 19) as a function, call it F, of p,,p5,..., where p,=0 for i>1, ZP1<1 and
i=2
2 p,l(i)<oo. As we have seen above, all of these inequalities are strict when p,
i=2
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=p?, i>1. Hence F is differentiable with respect to each p; at this point and
moreover, 0F/0p,=0, i> 1. It follows that

s el

(@~ (1) le?(ln pj +e(j)

j=

—(e(i)—e(1) +1np? —1n p9) i polG), i>1, (3.20)
j=1
which yields
pl=cu'Pexp(—e(i)), izl, (3.21)
where u is a constant and
o= 1/[ 3 WOcxp(— e(i))] . (3.22)
i=1
It remains to show that
u=1/40,), c=1. (3.23)
We set
o(t)= Z tDexp(—e(i)), O0Zt<r, (3.24)
i=1
pt)=(1/p®) t'Vexp(—e(®), izl, O0<t<r, (3.25)
10==| Lo ¥ nOnp0-+eti]
=—Int+[te ()] ‘o) Ine(t), O<t<r, (3.26)

where r is the radius of convergence of the series in (3.24) (it is worth observing
that this is the same series as in (1.9)). By (3.26)

fO=Lle®/to’' )] Ine®), O<t<r. (3.27)

From the fact that ¢ is the sum of a power series with non-negative coef-
ficients of which at least two are positive, it follows that ¢(t)/te'(£)> (t+ )/t
+0) ¢'(t+9) when O<t<t-+o<r. Therefore, when ¢@(r)<1, f monotonically
increases on (0,r), and when @(#)>1, it has a unique absolute maximum at the
point r, (0, 7) for which o(r,)=1.

From (3.21), (3.22) we see that u<r. If u<r, then by (3.19), (3.21), (3.22),
(3.24)—(3.26) f(u)=max f(t), O<t<r Taking into account the above men-
tioned properties of f we conclude that ¢(¥)>1, ¢(u)=1. Proposition 3.2 now
implies that u=1/A(Qy). So we obtain (3.23). If u=r, the fact that p®cP implies
that the series for ¢(t) and ¢'(f) both converge when t=u=r and moreover,
that f can be defined by (3.26) to be a continuous function on (0, ]. Moreover,

f(r)= max f())=4Qy). (3.28)

0<tsr
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From (3.26) and from the properties of f it follows that ¢(r)<1. Hence (see
Proposition 3.2) r=1/A(Qy). By substituting this into (3.26) we see that (3.28)
can be satisfied only when ¢(r)=1. So we arrive at (3.23) again.

3.10. Proof of Theorem C. (i) Suppose @, is indecomposable. There are v, weV
and a positive integer k such that Q®(y,w)=+c. Due to the
indecomposability of @ there is a path leading from w to v in G(Qp). Let !
denote the length of this path. It follows that Q%" V(v, v)= + oco. By definition

05" (v, 1=, Qu(®,

where the sum is over the set I'(Qy, v, k+1) of all the paths y in G(Qp) of length
k+1 leading from v to v. Let ¢ be an arbitrary positive number. There exists a

finite subset I,=I'(Qy,v,k+1) such that Y Qu(y)=c**". Since Qy is inde-

yele
composable, there exists a finite subset ¥,<V such that the restriction Qy . of
Qy to V. xV, is an indecomposable matrix and V, contains every weV visited
by a path yel,. Obviously, Q%P(v,v)2c*"" which implies that
QEFFPm(v, v) = c**+P" for any positive integer n. Hence the radius of conver-

a0
gence of the series Y QW (v, v)t" does not exceed c. Due to Proposition 1.6(i)
n=1

R(Qy. )£ 1/c, whence A(Qy J=c. If ¢>A(Qy) we come to a contradiction.

(ii) Let peé be a maximal measure, i.e., P(U, u)=1n 1(Q). There is a veV such
that ueé (v). Moreover, y is a v-maximal measure. By Theorem 3.4 v=9@¥u is
determined by (3.1). Taking into account that v and v' are probability measures
we have

3 po=1, 3 p0) =L)< (3.29)

Let w be an arbitrary vertex of G(Qy) and let I'~(v,w) (respectively,
I'*(w,v)) denote the family of paths in G(Qy) leading from v to w (respectively,
from w to v) and containing v only as the initial (respectively, terminal) vertex.
We let

Ewy= ) A exp(—e(), (3.30)
yel't (w, v)

n(w)= Z( A~ P exp(~e(y)), (3.31)
yel' = (v, w)

n—1
where A=A(Qy) and e(y)= >, U(v;,v;, ) as y=(v, ...,v,). Due to (3.1), (3.29)
i=1

cwy=4, n(v)=1. (3.32)

By the same reason and since I'* (v, v)=1"" (v, v) we have



Variational Characterization of Gibbs Random Fields 229

Zf(W)ﬂW) En)+ Y Emnwy=AL > A'Pexp(—e(y)]*

wEyp yel * (v,v)

+Ay X Y ATl exp(—e(y)—e(y,))

w*v yel ~ (v,w) y1el'* (w,v)

@ 2
=/1[Z)f”i)exp(—e(i))] 1Y AR=D710 exp (—e(y)
i=1

yel T (v,v)

= A+ A(L{(v)~1)=AL(v) < c0. (3.33)
It follows in particular that &(w)#n(w)< oo for each weV. Furthermore,

Z QU(W7W1)6(W1):)~€(W), Z ’Y(Wl) Quwy, wy=2in(w), welV. (3.34)

wieV wie¥

Indeed, due to (3.1), (3.29)

2 Quw,wy) E(wy)=Qy(w,v) {(v) + Z* Qu(w, wy) <(wy)

wieV

=hexp(—U(w,v)) 3 A 'Pexp(—e(y)

el (0,v)
+4 Y exp(=Uw,w,)) Y  27'Pexp(—e(y)
wiFv yel T (wi,v)
=iexp(—=Uw,v))+1* Y A 'Dexp(—e(y)
"™
=i Y A'Oexp(—e(y)=2AL(w).

vel'* (w,v)

So the former of the two equalities in (3.34) is true. The latter one can be
checked in the same way.
For any w, w, €V we let

n(wy=cW) nwW)A L),  plw,w)=Qy(w,w,) &(w)/A E(w,) (3.35)

It follows from (3.34) that =n(-) and p(-, ) being regarded as a vector and a
matrix turn out to be stochastic.

In order to clarify the structure of p it suffices to find u(C) for any cylinder
set C of the form

C={xeX(Qp): xo=vg,-..,X,=0,}, 1€V, O0Zi=Z=n
There are 4 cases: 1) vy=v, v,=0v; 2) v,F0,0,%0; 3) vVo=0, v,+0; 4) vy%0, v,

=v. We start with the first case The definition of @, the exp11c1t form of v,
and (3.33) together imply that

WO=exp | = Ve L0 =3 W/L0) TT Qolt v
i=0

On the other hand due to (3.35), (3.32)
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o) TT Pl 11, ) =106 (:LOY 4 €00 T] Quloev )

n—1
ML) '1—_[0 Qu(v;, v, 1)-

Thus in the case under consideration

H(C 0) H p(Ul,Ul+ 1)

We now suppose that vy#v,v,#+v. For ecach pair of paths 7~
=T,...,v0 )l " (v,vy), yH=(],..., m)eF+(v v) (obviously, v =v, =v, v,
=v,, V7 =v,) we let

Cly, ) ={xeX(0y): X _ 4 1=V7, ey X_ 1= 1, X0 =Dy -evy X, =0y,

ot ot
X _Ulﬂ' = n+m }

n+1

Due to (3.30), (3.31)
wCO= Y Y wC@hy, )

y~el = (v,v0) y*el'* (v,,v)

- Z Z GXp[ e(y ) e +)__ Z U v, l+1)]/i"+l(y_)+l(v+)L(V)

y—el <w,v0) y*el'* (vn,v)
:TI(UO)é(U Z QU(UI’ i+ 1)/)"1-(—1 L TE(UO) l_[ p(U,, UH— 1)

ie., (3.36) is true again. The remaining two cases are treated similarly. We see
from (3.36) that u is a Markov measure with initial distribution =(:) and
transition probability p(:,-). Hence there can be only one ergodic maximal
measure as claimed before.

(iii) Necessity. As proved before, if there exists a maximal measure, then
one can find non-negative vectors ¢ and # with finite inner product satisfying
(3.34). By Proposition 1.6(iii) and Remark 3.3 this yields the 1/A-positivity of
Qy.

Sufficiency. Assume that Q, is 1/A(Q,)-positive and fix both an arbitrary
veV and an arbitrary enumeration on I'(Qy, v). Let

p,=A"""exp(—e(n), n=12, ..., (3.37)
where A=4(Qy) and I(n), e(n) are given by (2.2). Due to Proposition 1.6(iii)

Y p.=1, > l(n) p,< 0.
n=1 n=1

So there exists a measure v, on Z, for which v, is a B-measure on Z| and p,(v,)
=p,. Let p,=(@¥)~"' v,. In the proof of assertion (i) we could see that u, was
an ergodic Markov measure (note that (3.37) is just the same as (3.1)) specified
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by (3.35), (3.30), (3.31). From this it is easy to deduce that for any wel the
measure v,=®¥u =v on Z, is the lifting of the B-measure v, =V on Z,
specified by (3.1), where now I(n) and e(n) correspond to the n-th w-cycle (this
is true for an arbitrary enumeration on I'(Qy, w)).

We shall show that

Po°(U,v,w)=In A(Q,), weV. (3.38)
For this let us bound below the quantity

h (T, B,)=lim H, (Tﬁn/\"} T—iﬁ,,), 1.
i=0

m— o0

m
Let m be a positive integer and C an arbitrary element of \/ T~ B with
i=0

v(C)>0. By definition, C= ﬂ T-'C, where C; is an element of B,

=0,1,...,m. If C,=Bi(k), 1<k<n 0<j=<l(k)—1, then H(Tp,/C)=0. If C,

:Bo(k) Ifkfn then since V' is a B-measure, we have
v(B/C)=v(B/C,)=v(B/B°(k))

1@y —
for any element B of T8,. If, finally, C,=B(n)= | U BI(i), then for the
same reason izntl

iy—1
vBIO= X ¥ vB/B(NO)vEH/C)
=.>Z IV(B/Bo(i)ﬂ C)v(B°()/C)= Y v(B/B°(1) v(B°()/C).

As a result we have

HV(T/?,,/_\"} T"'Bn)=i Y WOHJ(TB/O+ Y v(COH(TE/C)
i=0 k=1 C<B%k) CcB(n)

n

=—Y ¥ %0 [v(TBC(n)/BO(k))lnv(TB‘(n)/BO(k))

k=1 C<BOk)

+ 3 WTB O GYBR) In v(THO=G)/B ()|

j=1

— Y v(OL Y v(TB(n)/B°(k) v(B®(k)/C)

C<Be(n) kzn+l

In Y w(TB(n)/B°(k))v(B° (k) /C+Z > v(BY1(j)/BO(k))

kzntl j=1kzn+1

v(B(R)/C)In ¥, v(B'O1()/B (k) v(B®(k)/C)

kzn+1
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n

=—3% Y w0 (p("’lnp‘"’+ Y pilnpi)
i=1

k=1 CcBO%k)

Y WO [p<"> T w(BK)/C) (Inp(")—i—ln y v(BO(k)/C))

C<B*(n) kzn+1 kzn+l

LYY B RO (lnptin Y W(B(/C) |

i=1kzn+1 kzn+1

=%MMM—WWWmWWiAm@

i=1

—(/LE) p™ (P In p™)—p™ 3 v(C) ¥ v(B(k)/C)

C=B(n) kzn+1
In k>Z 1 v(B(k)/C)—(1/L(v)) p* .,il p;Inp;
- X O W(B(K)/C)ln Y w(BY(K)/C)
C<Be(n) i= kzn+ k2nstl

2—UMMWWWWW +% 0 mm)

It follows that

W (T B)Z ~(LO) Y pilnp
and due to (3.37)

n

hy(T; B)—(1/L(v)) Z e())z —(1/L(v)) ZP,(IHP,+6(1))

i= i=

=(1/L{v)) i (i) In A

As n—> o0 we obtain (3.38). In view of Proposition 2.4, Theorem A(ii), and the
ergodicity of u we conclude that p is a maximal measure. This finishes the
proof of Theorem C.

4. Proof of the Variational Principle

In this section we shall prove Theorem D. Assertion (i) of this theorem is an
immediate consequence of Theorem C(ii). So we restrict attention on the proof
of assertion (i1). It will consist of several steps.

4.1 Proposition. If for an indecomposable potential U there exists a Gibbs
measure S, then MQy) < co.

Proof. The existence of a Gibbs measure implies that Z,(v, w) is finite for any !
and any v, weV. Hence Qy is an admissible matrix and due to Remark 3.3 it
suffices to make sure that R(Q,)>0. This can be done by a small modification
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of the Kesten argument ([6], Lemma 6) giving the same inequality when
U < co. We shall not repeate here this argument.

4.2. Notation. Let D denote an arbitrary directed graph with a countable set of
vertices W and let K be a real function defined on the edges of D. For every
path d=(w,,...,w,) in D we set

n—1

K@= Y K(w,w, ).

Let 4,(w,w), w,w'eW, denote the set of paths in D of length n leading from w
to w' and 4, (w,w’) denote the set of those de4,(w, w’) which does not contain
w' as an intermediate vertex. Let

Kyww)= )  K()
dedt (w,w’)
4.3. Lemma. If the graph D is connected, then
(i) for any n=1 and any weW

K (w,w)ygan 4.1
(i1) for any n=1 and any w,w'eW, w'%w,

K (w', wy SAm7 o w K (S(w, w')), 4.2)

where 6(w, w’) is any path of minimal length from w to w', m(w, w)=I(5(w, w"))
the length of 6(w, w'), and A=A(K) (K can be thought of as a matrix).

Proof. (i) It suffices to restrict ourselves to the case where A< oo. By Theorem
C(i) the matrix is admissible and for any weW we have

Z KF(w,w)R"<1,

where R=R(K). By Remark 3.3 1/R=/ which yields (i).

(i) Let o(w, w)=(w.w],...,w"). Obviously, d(w,w’) does not contain w as
an intermediate vertex. Therefore, if d=(W,wy,...,w,, wed (W, w), then
o(w, w) Sed,, i wy(W, W), Where S(w, w) d=(w,w,...,w,w,,...,w,,w). It fol-
lows from Lemma 4.3(i) that

K (0w, w)) K7 (W, w) <K

Ant W
n+m(w,w')(w= W)é/tn mw, w)’

which yields (4.2), Q.E.D.

4.4. Definition. Let D be a directed graph, W the set of its vertices (W is finite
or infinite countable), and K a real function on the set of edges of D. A shift-
invariant probability measure p defined on the space of all doubly-infinite
paths in D will be called K-Gibbsian if for any neZ, keZ*, and any path



234 B.M. Gurevich
(Wg, W1, ..., Wy, 1) in D the following equality holds

k
(x, =wq, Xy 1 =W oees X g 1 =Wy 1) =C(Wo, Wiy N H K(w,, Wit s
i=0
¢, (Wo, W, 1) being the normalizing factor.
Obviously, every Gibbs field corresponding to the potential U is a Q-
Gibbsian measure. Moreover, ¢, (w, w')=1/0% (w, w).

4.5. Suppose that p is a shift-invariant probability measure on X(Qp), ueé(v)
for some veV, and let v=90% y as in 2.3. What conditions on v follow if (in
addition) we suppose that u is a Gibbs measure corresponding to U?

To answer this question we first note that Z, (see 2.3) can be regarded as
the space of all doubly-infinite paths in the directed graph G, whose vertices
have the form (v,i), where y is an arbitrary v-cycle in G(Qy) (i.e. yel'(Qy,v)),
ieZ, 0<i<1(y)—1, and whose edges are defined as follows: there is an edge
from (y, i) to (v, 1) iff either y'=y, ' =i+1, or i=I(y)—1, i =0. Denote by W the
set of vertices of G,. Thus Z, is the set of all sequences (z,),.; such that z,;eW
and (z;,z;,,) defines an edge of G,, ieZ. The vertices of the form (y,0) and
(y, 1(y) —1) will be called lower and upper respectively.

We now define a function Q% on the edges of G, as follows. Let
Y=(Vg, Uqs --s Uy_ 1, U)EL(Qp, V), Y =y, Vs -ers V3 _ 1, U3 )EL (Qy, V), where
Vg =Vy =0, =0v,=v. We set

Qu(v;, v, 1), when y'=y, 0=i<i+1si-1,
Qu(v,_,v), when i=I—1, i'=0.

Qo ), (v, 1) = { (4.3)

We can extend Qp=0" to the set of all vertex pairs setting Q=0 for those
pairs which define no edge. After that Q" can be regarded as a matrix. From
(4.1) combined with Proposition 3.2 and the definition of A(Q) it follows that

MQ")=MQy).
4.6. Proposition. The measure v=P¥ u is Q'-Gibbsian.

Proof. We first consider a path o=(wg,...,w,), w,eW, where w,=(y,0), w,
=, 1(y)—1), y,9€el(Qy,v). Using the structure of G, we can divide  into
blocks corresponding to v-cycles, that is represent it in the form

((VO: 0)5 LR ('})03 Z(O)_ 1’ 7(yms 0)9 L) (yma l(m) - 1));
where y,=17,7,=7, (i) being the length of y;. Let us set B(d)={zeZ,: z,
=Wq,...,Z,=w,} and find @, ' B(). Let y,=(1h,...,v},), vh=vj,=v, 0Zi<m,
By the definition of @,
CDU_IB(é):{xeX(QU):xO:v,,_,,xl(o)ﬁ1=vlo(0)_l,,,‘,
xl(0)+...+l(i—1):v;--~axl(0)+...+l(i—1)+l(i)—1:Ui(i)-—la

s X0+ I = 1) = Vs s X0V 4 L — 1)+ L) — 1

m
=Ulmy— 15 X10)+ ... +1m) = U} Y l)=k+1.
=0
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Due to (4.3) and the fact that p is a Gibbs measure corresponding to U we

have m 1)1

VBO)=u@; BE)=[1QPw 01 T] TT Qulv} )
=, (Wo, W) [11 Q" (Wi, Wit 1),

where ¢, (Wy, w)=c,((%,0), (¥, I' —=1))=1/Q¥ (v, v). Thus in our case v(B(J)) has
the desired form.

Let, further, 6 =(w,, ..., w,), where w,=(, 1), w,=(y, 1), 0<iZl—1, 0S¥ </
—1=I(y)—1. We continue § so as to obtain the path &, =((y,0),...,
1) oo, (¥, 1), -0 (9, = 1)). Obviously, v(B(d,))=v(B(d)). Due to the above

i1
VBO ) =Cpir—r—1 (1, 0), (v, I' = 1)) __HOQ”((?,J'), (1, j+1)
r—-2 k

T Q@0 67+ D T QW Wiy ),

j=i n=0

and we set

i—1
Ck((% l)s (V’, ll)) = Ck+i+l/ —i' -1 ((’ya 0)7 (’yla l/ - 1)) H QU((ya .})7 (y:j—i_ 1))
i— 0
I'—2 !
1 Q. 007+ 1),
p=i
Then (B(9)) again has the desired form. The cases where w,=(y, 0), w,=(¥', i'),
0=i<l(y)—1 and where wy=(y, 1), 0Zi<l(y)—1, we={y, [(y)—1) are treated
similarly.

4.7. An arbitrary Gibbs measure from # can be decomposed into ergodic
components and it is easy to see that each of these is a Gibbs measure with
the same potential. So to complete the proof it suffices to check that if y is an
ergodic Gibbs measure such that ued(v) for some veV, then p is v-maximal.
Letting v=9@* 1 we see that ved(Z,). By Proposition 4.4 v is a Q”-Gibbsian
measure and it remains to show that

PO(U, v, v) ZIn A(Qy).

4.8. We now turn to the partition f,, n=1, of the space Z,=X(Q") introduced
in 2.3. Its element B'(k) can be represented in the form

Bi(k)={zeX(0"): 2o=(, )}, 1=k=n, 0=Zigi(p)-1

(the v-cycles yel'(Qy, v) are assumed to be ordered in an arbitrary way). Thus

the vertex (y,, i) of the graph G, is associated with B'(k). We now introduce a

new symbol # and associate it with the set B°(n) being also an element of §,.
k

~1
# will be referred to as the generalized vertex. Let ff=\/ T~'f,. An arbi-
i=0
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k-1

trary element C of §% has the form C= [} T~"4,, where 4, 0Si<k—1, is an
i=0

clement of f,. With C we associate the sequence 3(C)=w,(C), ..., w,_,(C),

where w;(C) is the vertex (possibly generalized) associated with 4,, 0<i<k—1.
For i=0, ..., k—2 we set

1, if w(C)= 4,
gwi(C), w; ((C)=30"(W,(C), w,, (C), if w(C)+ 4, w1 (O F 3, (4.4)
Q°(w;(C), (v, 0)), if w;, (C)=4%,

where yel'(Qy, v) is arbitrary chosen. We note that in the last case w,(C)
=(y;, {(j)~1) for some j<n, and the definition of Q" shows that Q*(w,(C), (y, 0))
does not depend on y. Let further

k-2

q(C): l;loq(Wl(C), Wi+1(C))a (45)

K~ (C)=min {i: 0Si<k—1, w,(C)% 4},
kT (Cy=max {i: 0Sisk—1, w(C)+ #*}.

We shall refer to C as regular if k= (C), k*(C) exist and they are different. Let
W(n) denote the set of vertices (y,,i) of G, with 1<k<n, 0<i<I(y,)—1. For
every w~, wreW(n) and every positive integers k=, kT denote by
M (k=,w=, k*,w*) the union of those Ceft for which k= (C)=k~, w,_(C)
=w, kT (C)=k*, w,. (C)=w".

Fixing an arbitrary yel (Qyp, v) such that (y, 0)e W (n) we set

() =210 (a()),

where A=1(Qy) and o(y)=((y,0), ..., (7, l(y)—1)) is the shortest cycle in G,
going through (y, 0).

4.9. Proposition. Let v be a shift-invariant ergodic Q°-Gibbsian measure on Z,.
Then for every k=, k* =0 such that k= <k*, every w=, wreW(n) such that
V(M (k= w™, k¥, w*) >0, and every Ca M, (k~,w™, k*,w") the following in-
equality holds

(1/qg(CNv(C/M (k™ w™, k™, w))
<75 max {1, () OPQYH O w, w),
s(C) being the number of symbols 4 in 3(C).

Proof. For every path ¢ in G, we denote by 6% the sequence obtained from &
by replacing all the vertices outside of W(n) by #. By the definition of Gibbs
measute for each Ca M, (k~,w™, k™, w*) we have

v(C/M (k= w™ k™, w"))

= Y v{(Zgy --v»r 2 _1)=0/z, -
8= (W, +oey Wi —1): 6% =8(C)

=w", z» =w', 2,6 W(n) for 0<i<k™ and for k* <i<k—1}
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= Y V(Z, - =Wy, Zp g = Wi g5 s Zgr = Wi /2
G=(Wg, -or W —1): % =8(C)
=W, g =w')= > 0 (S(k™, k*NAQ™ ™+ 1w, w),

d=(wo, ., W—1): 0% =5(C)
(4.6)
where 0(k™, k™) =Wy, Wee 41y ooo, Wis )

For every path & such that 6" =§(C) we single out all the segments in
d(k~, k™) consisting of vertices from W~ W(n) (if they exist) and number them
from left to right as follows: a(1), ..., o(m). Obviously, both m and the location
of each o(i) within 6(k~, k™) depend only on C (in particular m=m(C)). The
vertices immediately followed and immediately preceded by each (i) belong to
W(n). We denote them by w; and w;* respectively. Let |o(i)] denote the
number of vertices in ¢(i), 1 Si<m.

For every w, w’eW(n) and every reZ™* let A'(w,w”) denote the set of
paths in G, of length r leading from w' to w” and going outside of W(n)
between the initial and the terminal vertices. If d=W,w;,...,w,_{, W)
eA"(w', w") we denote by w™(5) and w* () the vertices w, and w,_, respectively.
It follows from (4.6), (4.4), and (4.5) that

(1/a(O)v(C/M (k™ w™, k™, w)=[1/Q")* =¥ ~D(w=, w¥)]
Y 0Ok, kM)/a(C)=[1A@)"* T ~Pw T, w)]

5: 6% = 6(C)
. l——[ sedr z;' - +)QU(5)/QU(Wi_’ W (9) 4.7)

From the structure of G, and the definition of W(n) we see that w;” and w* (9)
are upper vertices while w;* and w(J) are lower ones. We replace in each
dedy, o1 (w7, w') the vertices w~ and w;" by (y,1(y)—1) and (3, 0) respec-
tively, where 7 is an arbitrary v-cycle in G. The sequence obtained, say ¥(9), is
also a path in G,. Moreover, ¥ defines a one-to-one mapping from
Al i+ 1 W w;") onto A7, 1,1 (v, l(y)—1), (7, 0)). From (4.3) we see that if w' is
an upper vertex, then Q°(w', w”) does not depend on w” within the set of lower
vertices w”. With this in mind we have

Q(0)/Q"(wi, w(8) =0 (¥(8)/Q° (v, I(y) — 1), w™(9))
=0"(¥(9)/Q° (. 1) — 1), (v, 0))
and hence (see (4.7))

(1/g(C)v(C/M (k= w™, k*, wh)=[1/Q")* " ~* = D(w~, w¥)]
m(C)

-T1 2 0°(8)/Q"((y, I(»)—1), (3, 0))

=1 dedn (15— 1), (7, 0)

<[ F =D, w3 1) — 1), (3, O] @

m(C)

[T @511 (@, 1) = 1), (3, 0)) (4.8)

i=1

(see also 4.2 for notation).
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We shall apply Lemma 4.3 to bound the last expression. Let for definite-
ness [(y)>1, that is (y, [(y)—1)%(y, 0). Obviously, the shortest path from (y, 0)
to (y, I(y) —1) has the form ((y, 0), (y, 1), ..., (v, 1(y)—1)). Due to (4.2)

I(y)-2

@)y +1 (@ 1) =), (3, 0))§/1""")'““”"1/ UO Q°((» ) (v, J +1))-

Substituting this bound into {4.8) gives
(l/q(C)) V(C/Mk(k_o WA: k+a W+))
<[+ = 2w, wH)] R (3 1) — 1), (7, O))

I(y)—2 m(C)
T 0 (), (s j+ 1)1 O exp[(m(C) D+ Y |a<i)|)1nz]
j=0 i=1

= O D=, )]~ AV Q e (IO
= FOQYE D, W~ GO, @9)

If &(y)=1, then the right hand side of (4.9) does not exceed
ZOfQYE F =D (W, w),

If e(y)>1 it does not exceed (Ae(y)* Q" %" -D(w~ w™), because
m(C)<5(C). Thus the inequality claimed is proved.

4.10. For every n=1 we set

InQ%(zy, z;), if z,eW(n),

Unv(z) = {0’ if ZO¢ W(n), z= (Zi)iEZeZU'

Thus the function U} is defined on Z, and it is constant on each element of §,.
Due to (2.2)-(2.6) and (4.3)

— [ Urdy=(1/L6) 3, p0) e

Due to (4.4), (4.5)

k—2
(k=1 [Urdv=1{ Y U’eTidv= ) v(C)Ing(C), k=22,
Z, ;

Z, i=0 Cepis

where (UY o T%)(z)= U (T z), zeZ,. Therefore,

1LO) Y, p) ely=—(k=1)" T v(C)Ing(C)

Cepk
and by (2.9)
PO(U, v, v)=1lim lim (I/K)[H,(89+ ¥ v(C)Ing(C)]. (4.10)
n—00 k—>oo CEBﬁ

Our goal now is to bound from below the content of the square brackets on
the right hand side of (4.10).
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Fixing an arbitrary positive ¢<1/4 we pick a number n, so that

u'M=

)Z D)=v(zoeW(Hn)>1—¢/2 (4.11)

for every n=n,. Let n=n,, k=2, and let N,(¢) denote the union of those Cept
for which s(C)<ke. If C< N, (), then C is regular (see 4.8) and

k=(C)<ks, Kk (C)=k(l—e), k~(C)<k*(C). (4.12)

Consider the partition y, of Z, whose clements are all the sets M, (k=,w™,
k*,w™) of positive measure and the complement of their union which is to
within a set of measure O just the element # #...# . It follows that (for short
we denote M (k—,w—, k", wh)=M) M

H,(B)+ ¥ v(O)Inq(O)= H,(By/x) + Z v(O)Ing(C)

Cepk

_—Z v(M) Y v(C/M) 1nv(C/M)+Z ) Y. v(C/M)Ing(C)

CeM CeM

=Y v(M) z v(C/M)[ —1nv(C/M)+1Inq(C)], (4.13)
M CeM
where the sum is over all the elements C of f* and those M which have
positive measure.

If CaM (k~,w, k*, wT)nN(e), then by Proposition 4.9

—Inv(C/M, (k™ w™, k*, wH)+1Ing(C)=In (@) * ~Dw=, wr)
—$(C) In (k)= 1n (0% ~Dw=, w+)—ke |In (c A), (4.14)

where x =max {1, ¢(y)} (the absolute value is taken to include the case kA<1).
It follows from (4.12) and the assumption ¢<1/4 that k¥ —k~ —1>=k/4, when
k>4. Hence k¥ —k~ —1 tends to infinity together with k. So we can find a k(n)
such that for every k=k(n), every w=, w¥eW(n), and every k™, k™ satisfying
4.12)

In(Q)*" ¥ =Dw= wH2(k* —k )Ilnd—g)=k(1—2¢e)(Ini—e). (4.15)

From (4.13)—(4.15) we have

(1/k)[H,(By) +Czﬂk (C)Ing(C)]
>Yy(M)[(1-28)(Ini—g—celln@kd)] Y  v(C/M)
M CcMnNg(e)

+Y(=1K)vM) > Inv(C/M)

C=MnNg()
+%(—1/k)v(M) Y v(C/M)Ing(C), (4.16)

C=MAnNE(e)

where N/ (e)=Z,~ N,(¢), k=k(n). We shall bound each of the three sums on the
right hand side of (4.16) denoting them by S,, §,, and S, respectively.
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Obviously,
Si=[nAi—e2Ini+1-2¢e+In(xA)])] v(NS(e)).

The ergodic theorem combined with (4.11) and the ergodicity of v imply that
V(N (e)) =1 as k—co. Therefore S; can be made arbitrarily close to Ini
—&(2Ini+1-2e+|In(xA)|) by choosing k sufficiently large. Further, S,>0.
Finally, by (4.4), (4.5)

S;=(1/k) 3 v(C)Ing(C)

CeNg(e)
2k~ 'k—D[lnmin{l, min Q*(W', w")}] v(N{ (&)
w', w'eW(n)
The last expression tends to zero as k— o0, Since ¢ can be chosen arbitrarily
small we conclude that for any g, >0 there are n(g,) and k(g,) such that for
nzn(e,), k=k{e;) we have

(1/OH,B)+ ), v(C)Ing(CY]zInd—e,,

Cefk

which shows that 2°(U, v, v)=Ilnd. Q.E.D.

4.11. An Example. Let (c;)){2 ; be a sequence of positive numbers with

Yoeg=1, =) ¢lneg=+o (4.17)
i=1 i

i=1

and let (a,) ;, (b){2, be arbitrary sequences of positive numbers such that a, b,
=c;, 1£i<oo. We take the natural numbers for V and set U(i, j)= —In(a; b)),
i,jeV. It can be immediately checked that Q, is an indecomposable admissible
matrix with 2(Q,)=1 and that the Bernoully measure u° with one-dimensional
distribution n(i)=c,, i€V, is a Gibbs measure with potential U. By Theorem D,
u® maximizes the 2 defined by (1.5), (1.6) and moreover, (U, u°)=0. We note

that & cannot be defined by (1.2) because h,o=+ 0 and also | (U(x,, x,))* du’
X

= + o0, where u* =max {0, u}, ucR. To prove the latter we use the following
assertion which can be easily proved by the reader.

Lemma. Let (Q,, o/, v,), i=1, 2, be two copies of a measure space (Q, o/, v) and [

a non-negative measurable function on Q, xQ, such that | fdv,dv,=+ o0.
Q1 x8,

Then for every measurable function g on Q

j [f(wy, ;) +g(w,)—gl@)]" v, (dw;) vy (dw,)= + 0.
021 %802,
There is another way of regularizing the right hand side of (1.2). One
replaces it by
~ 00 Y 1, p1(x, =0/B7)+ Ulxg, x,)] d, (4.18)
X veV

where I, is the indicator function of the set {xeX:x,=v} and %~ the o-
algebra generated by the random variables x; for i<0 (cf. [9]). It can be shown
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that if the content of the square brackets in (4.18) is an integrable function,
then for every veV and every ued (v) the right hand side of (1.5) coincides with
(4.18). On the other hand, there are cases where (4.18) makes no sense. To
show this we specify the sequence (¢,)? ; in the example above as follows. Let

a4, >a;, Ina. = ((l/ci+1)+ Y cjlnaj>/z ¢, izl (4.19)
j=1

j=1

Such a sequence can be easily produced by induction. Due to (4.19)

— [0y I, u°(x; =0/B7)+ Ulxg, x,)]" dp®
X veV
i—1

c(lng,—Ina)* = Z z c(lna,—Ina)

1

i—-1 i—1
c(lna ZC—ZC 1na)

l,

gt

and similarly

— [0 Y I, 10, =0/B ) + U, %)}~ dp®= —

X veV

(we set u~ =min {0, u}, ucR) so that one can prescribe no reasonable value to
(4.18).
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