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On the Continuity of the L-Distribution Functions 

By 

MAttEK FISZ* 

1. Introduction and Summary 

The dis t r ibut ion funct ion (d.f.) 2'(x) is called infinitely divisible (i.d.) i f  i ts  
characteris t ic  funct ion (ch.f.) ~ (t) satisfies for every  posit ive integer n the relat ion 
q~ (t) ----- [q~n (t)] n with ~n (t) a ch.f. KHINTCHIN [4] has shown tha t  the ch.f. ~ (t) o f  
an  i.d.d.f, is representable  in the  form 

o o  

(1) log ~ (t) • i y t + f A (u, t) [(1 + u2)/u2J dG (u) 
- - o O  

where 
A ( u , t )  = e x p ( i u t )  - -  1 - -  i t u / (1  + u 2) 

and  where $ is a constant ,  G (u) is a non-decreasing funct ion of  bounded  var ia t ion  
and  the  in tegrand a t  u ~ 0 equals --t2/2.  The representa t ion  (1) is unique. 

An a l te rnat ive  formula  for log ~ (t) has been given by  L]~v~ [6] 

where 7 and  ~ ~ 0 are constants,  H (u) is defined and  non-decreasing for u < 0 
and  u > 0~ H ( - -  oo) = H ( +  ~ )  ~-- 0 and, for any  finite e > 0, 

[/\; ,) u e d H  (u < oo 

As has been shown by  K~INTCHI~ [5], the  class of  i.d.d.f, is equivalent  to t h e  
class of  all l imits in the  sense of  weak eonvergences (iw c) of  sequences •n (x) of  t he  
fo rm 

) (2) Fn(x)  = P ne - -  An < x , 

where Yn,~ is a double sequence of independent  and infinitesimal r andom var iables  
(r.v.) and  An is some sequence of  constants.  

The i.d.d.f. F (x )  is said to belong to the class L (F ~ L )  if i t  is the  l imit  i w e  
of  Fn(x) given b y  (2) with /On = n and  Yn,~ = y ~ / B n  (l~ -= 1 . . . . .  n) where Bn. 
is some sequence of  constants.  

I f  .P ~ L, the funct ion H(u)  assigned to F by  formula  (1'), has a t  any  point~ 
u < 0 and  u > 0 r ight  and left derivat ives,  and  u I t '  (u) is nonincreasing for  
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u < 0 and u > 0, where H '  (u) denotes either the r ight  or the left derivative. The 
funct ion H (u) satisfies for a rb i t rary  u l  < u2 < 0 and  for a rb i t rary  0 < Ul < u2 
the inequal i ty  

for any  0 < c~ < 1. (See GN]~I)ENKO and KOLMOGOROV [2], w 30.) 
I t  has been s ta ted  tha t  all d.f. F e L are unimodal.  A counter  example, due to 

Im~AGI~IOV [3], inval idated this s ta tement .  I t  is the purpose of  this note to prove 
tha t  all non-degenerate  L-distr ibut ion functions satisfy a weaker property,  namely  
t h a t  t hey  are continuous. 

(6) 

Since, for u < 0, 

2. The Theorem and its Proof 

Theorem. Any  non-degenerate d.f. F E L is continuous. 

Pro@ ] f  ~ in formula (1') is positive, F is continuous because it is a con- 
volut ion of  two d.f. one of  which is Gaussian. Before considering the case O = 0, 
we shall prove the following 

Lemma.  Let the distribution/unction F ~ L and let H (u) correspond to F by 
]ormula (1'). Then/or  u < 0 (u > O) the relation 

,(4) lim H(u)  =- oo (lira H(u)  • - -  oo) 
u~0- uS0+ 

holds, unless H (u) = 0 /or u < 0 (u > 0). 
Proo] o /Lemma.  Suppose tha t  H(u) ~ 0 for u < 0 and tha t  relation (4) does 

no t  hold. Since H (u) is nondecreasing, it would be 

(5) lim H (u) = a < oo, 
~ 0 -  

and,  by  the conti~ni ty of  H (u), it would be possible to find for a rb i t rary  e > 0 
and  U > 0 two numbers  Ul < u2 < 0 such tha t  lul l  < ~] and H(u2)  - -  H(ul )  

s. Since ~ is arbi t rary,  it would then follow from formula (3) t ha t  the increment  

of  H on an arbi t rary  large interval  [-~,  ~ ]  is less than  e. Taking into account  t ha t  

e > 0 m a y  be arbitrari ly small, we would get H (u) - 0 for u < 0, cont rary  to the 
assumpt ion;  relation (r therefore, holds. 

The ease of  u > 0 m a y  be proved in the same way. The L e m m a  has thus been 
proved. 

Le t  now in formula (1') be d = 0. By  assumption, F is nondegenerate  and, 
therefore, H (u) ~ 0 either for u < 0 or for n > 0. Suppose tha t  H (u) ~ 0 for 
u < 0. By  the L e m m a  proved, we have 

0--  

]dH(u)  -~ oo. 
- - o o  

O - -  - - 0  

dH (u) .= ~ u ~ -  dG(u) , 
- - ~  - - o o  
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and  tak ing  into account  tha t  G(u) has bounded  variat ion,  relat ion (6) implies 

0 - -  

- - c o  

By a theorem of ~BLuM and I{OS~BLATT [1], relat ion (7) implies con t inu i ty  of F .  
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