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In this paper mecessary and sufficient conditions are given, so that all the
martingales attached to a two-parameter filtration are strong. These filtrations
have the conditional independence property (F4) of Cairoli and Walsh [1].
Using a counter-example it is emphasized that if G, and G are separations and
G, \G, it should not necessarily be inferred that F; \Z;.

§ 1. Preliminaries and General Notations

Let T=R?; the points of T are denoted by z,2,...,2;,... or using the coor-

dinates: z=(s, ), z'=(s,t), ..., z;=(s;, t;) a.s.0. T will be endowed with the trace
of the usual topology on R2 If z,,z,€T, we write: z, Sz, iff 5, <s,,t, 5ty;
z,<z, iff 5, <s,,t,<t,; z,<z, iff 5, 2s,, t,<t,. If z,<z,, (z,,2,] means the
set of those z from T such that z, <z<z,;[z,,z,] is the set {zeT/z,<zZz,};
R, is the interval [0,z] and if AcT, R,=JR,.

zeA

A set G T is called a separation iff G=0R;. The separation JdR, is
denoted by z. If G, and G, are two separations, G, <G, means that R; =R,
and G, <G, denotes the fact that RGchnt(R - If G, is a decreasing sequence

of separations, we write G,\.G iff R;= ﬂ Rg,

Let (@, &, P) be a complete probablhty space and & < be a complete o-
algebra. We shall write fe& iff f: Q>R is a bounded & -measurable function.
The conditional expectation operator will be denoted sometimes E¥ instead of
E(./%).

If A is an arbitrary set belonging to % and i,: A—Q is the canonical
injection, the o-algebra i; (%) will be also denoted by &1,. It is obvious that
if Ae&#, then #|,={CA/Ce#} (we shall systematically omit the sign of
intersection “()” between two sets).

Let I be an arbitrary index set and for every ael a % -measurable real-
valued mapping f,. Then esssup f, i1s a #-measurable function f satisfying the
following two assumptions: <
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(i) fzf,as. for every ael and

(i) If g=f, as. for every acl and g is #-measurable, then g= f ass.

One defines by symmetry ess inf f,. For any set A, its indicator function is
denoted by 1,,. ael

If (A,),; are sets belonging to &, we prefer to write 4 =esssup 4, instead
ael

of 1,=esssupl, . It is obvious that esssup A;=(essinf4,). It is well known

ael ael asl

that esssup and essinf can be attained after countable subsets of I (see e.g.
[4)).

Throughout the paper, all the relations between random variables and sets
must be interpreted as occurring almost surely, if not stated otherwise. For
instance A< B means that 1,<1, as.

A family (#),., of complete s-algebras included in K is called a standard
filtration (or, in short, a filtration, because we shall not deal with not-standard
ones) iff s<t=#,c#, and #,=()H,. The right side o-algebra will be de-
noted by .. s>t

A family (£),.r of c-algebras contained in J is called a two-parameter
standard filtration (or, in short, a filtration if no confusions occur) iff z<z'
=F,c %, and Z,=F,.= (| 7. In this case 7, , means \ #, ., and &, (F

Zz?
z' >z t'z0

») denote the o-algebras \/ it T oV Fors W F,). We shall suppose in
the sequel that 7, =, 2° zeT
IfGisa separatlon, % denotes the o-algebra V £ =\ Z.

zeG zeRg

The conditional expectation operators which will appear are: E_, E
and E, denoting respectively EZ=, EZ== E¥= E7%

We say that the filtration satisfies the (F4)-hypothesis of Cairoli and Walsh
[1] iff E; (E, ,=E E,,=E, for every z=(s,?) from T. In this case we say
that the filtration has (F4), or merely say (F4). Of course (F4)=%
=7 T,

As usual, a process x,: Q—R is said to be adapted to the filtration (&%), iff
x, is % -measurable for every zeT.

A process x such that x eLl'(#) for every z is said to be a martingale
{respectively 1-martingale, 2-martingale) iff z<z'=E (x,)=x, (respectively
Eq oo(Xgrn,) =%, B (X, 14) =X, for every h>0).

It is obvious that (F4) < every martingale is an i-martingale (i=1, 2).

Given a process x, we define a finitely-additive signed measure on rect-
angles by the equality x(z,z2]=x, —x, ,—X, ., +Xx,.

A martingale x is called a strong martingale iff z<z'=E (x(z, z']) =

The question that prompted this study is: given a filtration (%),.;, what
supplementary conditions should be added in order that every martingale be a
strong one? For reasons of commodity we shall say that these filtrations have
the (F5)-property; in short, (F5).

E,.

$,00? 00,1

§ 2. Local Comparability

Proposition 1. Let (Q, #, P,(#,),.7) be a standard filtration. Then (F5)<(F4) and
LHFE)V=IXZ, )+ *(Z, ) for every zeT.
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Proof. “=".

Every strong martingale is both a 1- and a 2-martingale (see [5], Proposition
1.1). Therefore every martingale is an i-martingale (i=1, 2) and (F4) follows.

Let now fel?(%,) with z, fixed. Let also x,=E_(f). Being a martingale, x
is a strong one; so that if z<z,, we have

E; (x, =X i — X 1, T %5,)=0. 1

Let z— (o0, o0) and take into account that then x,—f, X, =X o0 X5 0™ X010

(all these convergences are in I?) and that E, is a continuous operator from L*
into I?. Then we can take limits in (1) and obtain

E;a(f_xso,oo —-xoo,to+xzo) =0 :>f=xso,oo +xoo,to — Xz (2)

and (2) implies exactly that the function f belongs to I[*(%, .)+L* (%, ).
Remark that (2) and (F4) also imply the equalities

E,=E,  +E,,~E, E.,=E,  +E_,~E_,E 3)

8,00 o0, t 00,1 $,00°

The converse inclusion [*(Z, . )+ (%, )= I*(#) for every z is trivial.

113 s

<=

In general, if X is a Hilbert space and H, K are two Hilbert subspaces of X
so that their orthogonal projectors Py and P, commute ((F4)!) then

PH+K= H+PK_PHPK- 4

Indeed, let Q be the right member of the above equality. It is an easy calculus
to check that Q(X)< H + K. Conversely, if x belongs to H+K then there exists
yeH and zeK such that x=y+z Then

Ox=Pyx+FBx—PyFx=y+Pyz+z+Fy—PyFy—FPyz
=y+z=x=xeQ{X)=H+K=0(X).

In our case X=I*7), H=I*(# ), K=I*(%# ) and the equality (4)
reduces to (3) which, corroborated with (F4) put as “every martingale is an i-
martingale” gives quickly (F5).

The following proposition has been implicitly used from the very beginning
of the theory of martingales with two indices.

Proposition 2. Let (%), ; be a standard filtration. Then (F4) implies the fact that
the one-parameter filtrations (7, ,)ss o and (F, ), o are right-continuous.

Proof. For reasons of symmetry it is enough to check only one from the two
assertions, say the second. One must verify that f eﬂ ot 1n =~ f€F, . But

(F4) implies that ﬂ \/ Prrr 1= \/ ﬂ P+ 1m- To see this take feLZ( )

and set x_, , = Ek 1 /n( f ). Then the followmg equalities hold because there is
convergence in one parameter uniformly with respect to the other one (Doob’s
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maximal inequality!):

=72 3 —72 : . ) :
f=L~limx_, ,=L-limx_, =L —11)fnx_m’k
n

and the last term is measurable with respect to the ¢-algebra

V m‘/kt+1/n QED.

kzln

Proposition 3. Let (@, #, P) be a complete probability space and % 9 be two
complete g-algebras contained in K. Then the following two assertions are
equivalent :

() [H(F vE=I*(F)+1*(%) and E” E¥=E°E”.

(ii) There exists a set AeF N9 such that F|,<%|, and F| .29 4.
Remark. Two g-algebras satisfying (ii) are called locally comparable. It is clear
that if # and & are comparable (ie. # <% or # %) they are also locally
comparable.

Proof. (i) =(ii).
The equality (4) gives

Let fe#, ge%. Then fgeFv¥% and fg=E*VY(fg)=fE*(g)+gE*(f)
—EZ (@) E*(f) or

(f—E°(f) (g~ E”(2))=0. (6)
Set # =F n%. Since EZ and E? commute, (6) may also be written as
(f=E*(f)(g—E*(g)=0 for every feZ, ge¥. (M

Let D,=(f+E*(f)) and F,=(g+E”(g)). Then (7) implies the fact that that
D, F,= for every fe#, ge¥. From the definition of D, and F, it follows

Slpe=(E*f)1p, and  gle=(E" g)1p;. (8)
Let D=ess supr and F= ess supF ; then D°=essinfD; and F=essinfF].
feF feF ge¥

Since D°cD;, F ' F; for every f e# and geg (8) implies that for every fe4,
ge¥% we have flpe= (E #f)1p. and glpe=(E* g) 1. But # and ¥ belong even
to #. (We check the assertion only for D: it is obvious that De# =1,.e#. Set
f=1,.. Then we have 1,.=E*(1,.)1,. hence P(D)=E(1,)=E(E*(1,.)1,) <

SE(E*(1,))=P(D°) therefore f=E*(f)=f=1,.e#=DeX).

Now the above equalities become f1,.=E*(f1,.), glp.=E*(gl,.) for feZ,
ge%, or, otherwise written

feF =flpeH cG=F|p.<%p.,

geF =gl cF =9, F,.. ©)

Since DNnF=0=DcF'=9%|,c#|,. Set A=D° and (ii) follows.
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(if) = (i),
First check that EZE¥=E?E”; it would be enough to prove that fe#
implies that E?(f)e# n%. But this is clear: f=f1,+/1, and f1,€%, hence

E°(f)=f L4+ E*(f) Le=E*(f) 1,67

because 4| ;. F | 4.
Then it is an easy thing to see that

EZY(f)=EZ(f) L+ E*(f) L4
and (10)
EZ(f)=E7 (f) i+ E*(f) 1, for fe.

Adding the two equalities we obtain EZ V¥ +E#"?=E% + E?, fact that com-
pletes the proof.

Remark. Looking to the proof of the first implication one can observe that
there is no unicity of the set 4. Another set could be F. But A=D° has the
following maximality property: if Be# is another set such that |z ¥, then
B A. Indeed, |, %|p= F|y<= H#|. Therefore for every

feF =flzel =E*(f1)=f 1= (f—E*(f)) 1= B<D;

=Bcess infD}=>BCDC=A.
feF

Remark. We can write the equalities (10) in the form
FvG=F|,.+%, and FnG=F|,+%|,. 11

Proposition 4. Let (Q, A, P) be a complete probability space.
(1) Let (F)i50 and (9));5, be two discrete filtrations having the property that
for every i and j, #; and %; are locally comparable. Let also

Ai,jzesfsdigilf(f =E7n%(f ))=eSfSE iFflf(f =E%(f))
(the last equality is due to (F4)!). Then the following inclusions hold for every
5,jz0:

A1, ;CA ;S A ey (12)

(i) Let (F)s5o and (4,),5 be two standard filtrations. Suppose that F; and
%, are locally comparable for every s,t=0. Set

A,=A, =essinf(f=EZ*"%(f))=ess inf(f=E*(/)).
feFs feFs
Then ;
7,<z,=>A, cA,, and A ,=A, . :=essinfA4 . (13)

t t

(iii) If, in addition, (F)5, is also lefi-continuous, then essinfA, ,=A, , (the
left-side set is denoted by A,- ). s'<s
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Proof. (1) We shall use the first from the above remarks. For every fe#, we
have
14, €999 1= Fla, ;S50 ila, = A0 iS4 144

—essmf(f ng(f))cessmf(f E*(f)=A,
feF feF

i+l

and
A

i+1,f
(i) The first relation is proved in the same way as (i). Remark that 4.
= () 4, for every sequence t,\.t and that 4_,. belongs to #N%, due to the

nz1

right-continuity of the filtrations. We only must check that A, ,.<4,,, the
other inclusion being obvious. To this end, let fe#,. Then

Sytn

— 13 — 773
flAs,tJr =lim flAs,tne ﬂlgt"“gt:fslAs,ﬁ Cgt|As,r+ :As,t*' CAs,t
n nz

We used once again the first remark made after Proposition 4.
(iil) Identifying the sets with their indicators and taking a sequence s,./s,
s, <s, we have

= () 4, ,=infessinf(f=E*(f))

n fed'sn

=essinf(f=E*%(f))=4,,. QED.

feFs-

Remark. For two locally comparable standard filtrations one cannot in general
infere neither that 4;- ,= A, , nor that 4. ,=A4_ ,. Counterexamples are readily
available. Let, for instance (2, #, P) be a complete probability space. For an
arbitrary set A, not necessary measurable, denote by #, the o-algebra
{CeAt/Cc=A or CnA=0}. Let now A, \ be a right-continuous family of sets
belonging to #. Set # =, and suppose 0<P(4,)<1. Clearly ()5, is a
standard filtration. Let 4,=%, for every ¢ with some fixed s,. Then it is
obvious that (#),,, and (%), are locally comparable and A4,

Q if 55,
Z{A it s>s, But then A, =4, ,=Qand A; =4,

s

Corollary 5. Let (£),.r be a standard filtration. Then (FS) <% =%, . NZ,
and (7, )5, (%), are locally comparable standard filtrations. Moreover the sets
of local comparabzllty A, can be chosen to satisfy the relations (13).

Proof. To use Propositions 1, 2, 3 and 4.

Examples. If #, is a one-parameter standard filtration and ¢, 7 two stopping
times, then the g-algebras #, and # are locally comparable. (We remind that
H, ={AeH|A(c <t)e#, for every t=0}.) Indeed, it is well-known that AeZ,
= A(c <1)eZF, and BeZ,= B(o>1)e%,. Therefore, setting 4=(c<1), we have
the inclusions J£,| ,c |, and H,| ..o H) 4.

If (67)y>0 and (z,),», are two increasing right-continuous families of stop-
ping-times, then (#, )_S>0 and (#,),,, are two standard locally comparable
filtrations. To see that fact, remark that s,\s=-0, \.o, hence #, \.J#,_ (see,
for instance [3]). Therefore the filtration Z =4, m.}f =K, .- has "the proper-
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ty (F5) if we suppose in addition that g, =7 =00. The sets 4,=4, ,=(0,<7,)
satisfy the relations (13). For instance

4,0 = [)(0,55,)=(0,Sinf7, ) =(0,<7) =4

A natural problem arises: given two locally comparable standard filtrations
(Fdss0 and (9),5, such that #_=%_ . does there exist a standard filtration
(#),=o and two increasing right-continuous families of stopping-times with
respect to (), denoted by (¢,), and (t,), such that F=H, and 4,=#,? The
answer is affirmative.

§ 3. The Main Result

We begin with the discrete case.

Theorem 6. Let (Q, #; P) be a complete probability space and (Fodmz 1> (Z)uz1 be
two locally comparable filtrations having the property that F,=% =% Then
there exists a filtration (#,),>, and two increasing sequences of stopping times
with respect to (), 0,, and t, such that:

(i) limo,=limr,=c0

) A, =, #, =9,

(i) 4,,,=(0,,£1,), where A, , are the sets of local comparability of %, and

%, from Proposition 4(i). "

Proof. According to Proposition 4(i) the following inclusions hold for every
integers m,n:4,, ; ,< A4, ,<A4,, ,,,. We make the convention that 4, , =@ for
n<0 and 4, ,=Q if m<0,nz1l. Let Cf=4;, ;,.,—A;,_; and D¥=4, .,
—Ay_;+1,:- Then it is obvious that C¥e#n%,_,., and that D¥e#,_,, N9,
and also that the sets C%, D%, C%, D%, ..., C¥, D¥ form a partition of Q. Set

k k
H=2 Flest+ Y Gl 1)
ie1 j=1
(this merely means that fe# < f1x€Z; and f1,€%, for every i, j<k).

We are going to check that s# is just the filtration that we need. To this
k

end, let us define T,:= ) il x . ,and

i=1

k
Skzk‘i—l—Tk: Z (k_l+1) 1(D?+C§—i+1)'
=1

1

It is not hard to prove that S, is a stopping-time with respect to (%,),, and that
1, is a stopping-time with respect to (%,),. We shall verify that

H=F5 Y, @
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and that implies that (), is a filtration because S, and T, are increasing with
respect to k.

Indeed, AeH#,=ADeY,, ACE_, €% _;,, for every i=1,2,..., k. Using
the properties of the sets 4, , and the definition of the sets Ck, D¥ it results
that

n

Frieile o S%lck_,,, and GilpreFialpr 3
hence
AS,=k—i+1)=A(T,=i)=ADf+AC}_,, €% _,, N9 =>AcTF5 NGy,
Conversely
AeF NG, = A =k—i+t)=A(T,=0eZ . 1 "Gy
=F 110 st 01

=g7k—i+1|cﬁ_,-+1 +gi1p’i‘
(for the last equality to use (3)). Therefore ADfe%, and
AC_ i\ €F i = AEH,

We check that T,<T,,,. Remark that (T, <i)=A4,_,,; and that for every
i<k we have:

(Tes s <) (T =0)=(Tys, Si=1)(Te=1)
=Ak+1—(i—l),i—l(Ak—i,i—Ak—i+1,i~1)
A ieziot— A i r,io1=0
hence T,=<T,,,. Taking into account that (S,<i)=A,_; one verifies in the

same way that S, <85, ; for every k. Thus, (54), is a filtration.
Moreover we have the following relations:

%OO|A;’m=g;IA£,w=%]A£,w and %OOIAm)j:gFlAm’jzglew,j. (4)

We shall only check the first set of relations. As

k—1
¢ _ n+k—1 m+k—1
Ak,n‘.z (Dn+i +Ck—i—1
1=
and
k—1

9{;+k—1|A£,n= _ZO (gn+i|D21’i“ 1+ P 1|c,’2i’:: 11)
1=

it follows that #, , |, ©%,l4 .- (To see the last inclusion remark that be-
cause Cprit=Ay ;i 1= A e Wehave F_ oD F, lenriD G Jopein.
As A5 < A; , for every n it results that Hyi—ilag .2 Gl ag, . for every k hence
K\ ag 2% ag .- Therefore |, 2G|y ,=F |y ,; the other inclusion be-
obvious it follows that walAﬁ!m=§7|Aﬁ,w. On the other hand, |, 2%l .
for every n. Thus Z |  =F |y -
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Now we shall construct the two sequences of stopping-times ¢,, 1, with
respect to the filtration (). We define

I

oy (k+n) Ic;+k 4—00114;{‘oo

)

o
Il

(k+n)1 prie +o0l,

sk

=

1018 18

It is not hard to prove that the sets (C:*¥), >0 and A . as well as the sets
(Di*"),. 0 and A , form partitions of Q for every k=1 and that ¢, and 7, are
indeed stopping times with respect to (). Moreover the following relations
hold for every positive integers k, n:

(o sk+tn)=4,,,, and (=k+n)=A5,, . (6)
Therefore we have:
(Ops 1 Sktn) (o =k+n)=4; (A 11— A )=0

which further implies that (¢,), is a strictly increasing sequence of stopping-
times. The same thing is valid for the sequence (t,),.
It remains only to check that #, =% and #, =%,. In fact, it results:

Z ‘%H-nl(a’k k+n)+% I(ak ) T Z %+nlck+"+% |Ak
o)
=z k|C§+"+=a/7k|A,i,w=97k.

As about the second equality, the proof is the same. The checking of the point
(ii1) is a matter of easy calculus.

The proof of the theorem is complete.

Consider now the continuous case. First establish the following result:

Lemma 7. Let (Q, A, P,(%,),»,) be a standard filtration.

(i) Let (A,),», be an adapted family of sets satisfying the assumptions: s<t
= A, A, (everywhere) and A,= () A,. Then there exists a stopping-time t such
that (t<t)=A, for every t. >t

(i) Let (4,),50 be an adapted family of sets satisfying the assumption s<t
=A,c A, (as). Set A,. =essinfd, = [) A, Then there exists a stopping-time 1

t' >t QOsg>t

such that (1St)=A,. for every t=0.

. _ |inf{t=0/weA,}
Proof. (i) Define r(w)—{oo i wFA
=>(<n)=) 4, =4,

t'>t
(ii) The sets A, satisfy the assumptions from (i).

. Then t(w)=St<-weAd, for every t' >t

Theorem 8. Let (Q, 4", P) be a complete probability space. Let (% F)sz0 and (920
be two locally comparable standard filtrations such that F, =% = F.
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Then there exists a standard filtration (), , and two families (6y);5, and
(t)izo of stopping-times with respect to (#)), , having the properties:
(@) s<t=0,<0,,1,<7, and o =1, =00.
() A, =F, #. =9,

(iii) Set Ggv = 1nf 6, T+ = inf 7,. Then o,=0,., 7,=1,. for 5,1 20.
Q3g>s QOsg>t

Proof. Let A, be the sets of local comparability given in Proposition 4(ii). So
3’;|As’tc{41|As’ and Flas 2G4, Take 1>0 and set B,(s)=4,_, ;. Using the
order properties of the sets A, and the right continuity of the filtrations it is

easy to see that B,(s™)= ﬂ B(s+1/n) A, _y- &€F _n%,. Using Lemma 7 we

define a stopping-time T Wlth respect to (4,), such that (T,<s)=B,(s*) for
O0<s<t, (I,=0)=4,-, and Tl ,-=t Set also S,=t—T. Then (S,<s)
=AS- ,_eZ for every s<t. Due to the right-continuity of the filtration (%), it
follows that S, is a stopping-time with respect to (%),. Set

H,=Fs5.0%r, @

and remark that:

1. §,5¢t, T, £t

2.t,26,=8,=8,. T, =T,

3. h>0=>(T,=5)c(T, . ,=5+h) and (S, <s)= (S, ,<s+h);

4. 1, ,—T.=h S, ,—S,<h for every h>0;

5. A, =H,

The proof is easy. We check only 3. which, in fact, is the key of the sequel:

( t+h£s+h)=A(t+h——s—h)‘,s+hZA(t—s)‘,s+hDA(t—s)‘,s=(T;és)
and

(St+h<s+h)=Ais+h)’,t~sDAg”,tfs:(St<S)'

Now we shall define three families of stopping-times with respect to (5#),
denoted by a,, g,, 7, as follows:

=,

t+s°

(1S 1+8)=(T, Z5) = (5.0 20— A, &5, 9
(O';=t)=A[—’O, (UtZOO):AC',w

Ters

Then o) is an increasing family of stopping times with respect to (), and
g,z t. Further set

o,=essinf o}, —1nfat+1/n—a,+
t' >t

and define 7, by the relations

(t,<t+8)=(T, >1)=(S,,,<5)=A;- €A,
(r,=c0)=A4 and (rt=t)=A0,t

0, t

(The last definition is good due to the fact that the family of sets A5 , is left-
continuous in s.
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First check that
FoH > T, ®)

Let Aei,,. Then A(o;<t+s)e,  for every non-negative s. Therefore

A(G,St+9) (0> t+s—h)=A(4, ,— 4, , ek, = F, .

.S

and, moreover, taking into account the remark 3. it follows that
Ao, St+s) o>t +5—h)=A(S,, 2 (S5 <) (S, s <t+NEZF, .
On the other hand A(o;=1)=A4A4,- e, and
Alg;=0)=AA5- €F | < Fle-

due to local comparability. Now partition the set 4 as follows:
AZAAt",O+‘ZO A(At‘,(i-(-l)/n t, l/n)_l—‘AI‘lC E’g’ft+1/n'

As n is arbitrary and (%), is right continuous the first inclusion from (8)
follows. As about the second, one must check that AeZ . = A(g,St+5)eH,,
for every s>0; or, otherwise written that A(T,, ;Ss)eF,, NGy, .- But the last
relation means that A(S,,,21)(S,,,<u)e#, for every nonnegative u and
A(T . Z9) (T, ;Zv)e¥, for every v>0. Only the second statement needs a
proof. If s v the second set becomes

AT, S5)=AS, 2 €y G- TG 4.-

t+s

S

(here we used the local comparability). If s>v then t<t+s—v and

AT s =9) (1 s =0) = A(T,

t+s

Zv)=AA4

t+s t+s—v)~,v

and the last set belongs to %, -lueiion- . SGlaes.oy-., Now (8) follows.

An immediate consequence of (8) is that #;, =
Moreover, we claim that

s*

H.=%, O

The proof follows the same way; we shall only sketch it.
<7 Aed, = Ar,<t+s)(t,2t+s—h)e¥, ., for every h>0 and

A(Tz =t):AA€),te%ng A(th OO):AAoo,tG’%poolAw,tcgriAw,t;

then partition the set 4 in a similar manner as above.

>”: Let A€%,. The problem is if A(r,<t+s)eH,, =F, n%,,  for s>0.
But
A(S, <) (S, s <u)
AA-, for sSue¥ | e, Fle- S Tilaz-
:{AA;“.t+s—u for S>u€gz+s~ulAﬁ—,t+s—u O_~|Au_,t+s—u

and A(1;, ;> t)(T,, ;Su)ed, for every u.

t+s
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As for the right-continuity of z, it is enough to remark that
(t,- <t+s)=(infr, |, <t+8)=)(1,,1,<t+s)
n n
=UA§‘,H-1/n=m (As‘,t+1/n)C=A§‘,t:(Tt<t+S)
n n

for every s; hence 7,=7,. and we are done. QED

Corollary 9. Let (Q, ', P,(%,),.7) be a standard filtration. Then
There exists a standard filtration (#,),» o and two families (o,), and (z)),
(FS)= { of stopping-times with respect to (), which are right-continuous such
that #,=H,_, . for every z=(s,1).

Remark. There exist examples that point out that there is no unicity in
choosing the filtration (), and the two families of stopping-times. Anyhow,
the set (o,<7,) is included in A ,. The ones just constructed above satisfy the
relations:

(0,Ss5+0)=(1,>5+0)=(0,<7)=(0,S7) =4, . (11)

§4. Some Regularity Properties of the Filtrations Having (F5)

Let (Q, A, P,(#),>,) be a standard filtration, (o), and (z,), be two increasing
right-continuous families of stopping-times such that ¢, =t_= 0. The right-
continuity will be supposed to occur everywhere (if not, it is a matter of
routine to find such good versions for the two families of increasing stopping-
times). Set

L)=0,@ At and F=i,. 5

If G is a separation, let T,=sup T,=sup T,. Let Z denote the set of integer
zeG zeRg

numbers. We say that G is a simple separation iff there exists an interval I Z
(ie. I=I'nZ, I' being an interval of real numbers) and there exist some points
(2);er satisfying the asumptions that i<j=-z,>z; and G=\ z,. Admit the
iel

convention that if s;<t;, (ie. z; stays above the bisector of T), then i<O;
otherwise i =0.

It is obvious that for every separation G there exists at least a sequence G,
of simple separations such that G,\G.

If G is an arbitrary separation, we shall also denote by ess T;; the stopping-
time esssup T, =esssup T..

zeG zeRG

Proposition 10. 1. G<G' =T < T,..

2. If G is a simple separation, G= z, then To=ess To=sup T, .

iel iel

3. Set A(w)={zeT/o(w)<1,(w)}. Then 0A(w) is an increasing path with
respect to the order “<7”,

4. Let z(w)=sup(d A(w) N G). Then Ty(w)=T, ().

5. GNG =Ty Ty, it follows that Ty is a stopping-time.



Two-Parameter Filtrations with Respect to Which all Martingales are Strong 449

6. If G is a simple separation, then #; = .
7. For an arbitrary separation G, the following relations hold:

C%ssTGC%TG= m ﬁG,z m %/:%4._
G >G '~ G
G’simple
Proof. 2. 1f z;>>z>>z, | and zeG, then T,<T, vT, .

3. 0A(w) is a totally ordered set. Indeed, suppose ad absurdum that there
exist two points z,z' belonging to dA(w) and s<s', t>t. Take an h small
enough and z,,z\€d(w), z,,7,eA(w)° such that |z, —z|<h, |z,—z|<h, |z
—z'|<h, |Z5—z|<h, t,>t}, s,<s]. Then o,(w)Zz1,(w)Z7,(w)>0y(w) con-
tradicts the fact that o(w) is increasing.

On the other hand, dA(w) is connected. Otherwise there exists a positive
integer n such that 84(w)NR, , be not connected. It follows that dA(w)NR, ,
=K, UK, with K, K, two disjoint compact sets. Then there exist two points
z,€K,, z,eK, such that |z, —z,|=inf{|z—z|/zeK,,7€K,. Choose z,=z,.
Then the rectangle [z,,z,] also contains other points zedA(w) which cannot
belong neither to K, nor to K,. But a connected totally ordered set is a path.

4. Remark that zedd(w)=(s—1/n, t+1/med(w), (s+1/nt—1/necA(w)
hence

O-s - ((1)) é Tt‘*' (CU) = Tt(w)
and
0,(0)27,-(0)=0,- () V7, () S T,(0). 2)

Let z,=inf(G N 0A(w)) and z(w)=sup(G N JA(w)). Then

Tolw)= sup T(w)v sup Tflw)v sup T(w)

ze A(0)n G 2eBA(w)NG ze G n(4{w)

(CO) v (w)(w) VT~ (a)) (w)(w)

due to (2). (Here some conventions are obvious: GnA(w)=0=z,=z(w)=00
and s(w) or t(w)=o00=T,,,(w)=00 for reasons of right-continuity of ¢(w) and
H{w)).

5. G,\NG=R;=(\Rg =Rz 0A(w)=) (Rg,NOA(w))=sup R; NI A(w)

converges to sup R;n8A(w) due to the compacity and the total ordering of
0A(w). Thus Ty \Tj;. If G, are simple separations, then Tj; are indeed stop-
ping-times due to the point 2. Every separation can be approximated from
above with simple ones and it follows that T is a stopping-time being limit of
stopping-times.

6. If 7, are stopping-times and 7=supt, has the property that for every w

there exists an n(w) such that t(w)=1,,(w), then #,= \/ #, (this is obvious:
AeH,=>A= U A(t=r, )e\/%’) In our case G is s1mple G V oz 3TG—\/

iel

because of the point 2. and using the step 4., the supremum is attalned for
every w. This fact implies the equalities

Hy=Hyr=\ Hy =

z;
iel ie I ' 1eI zeG
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7. Because T, =ess T, the first two inclusions are obvious. The first equa-
lity results from the fact that for a simple separation G’ the equality #; =%,
holds and from the remark that if ,, T are stopping-times and 7,7, then #,
N

As for the second equality, we must only see that for every two separations
G, <G,, there exists a simple one, G, having the property that G, <G'<G,.

The theorem is completely proved.

In the study of two-parameter filtrations, the following question is of
interest: If (#),., is a standard filtration, and G,, G are separations satisfying
the assumption G,\G, does it result that % \%;? It is known that, in
general, the answer is negative. But if we suppose that the filtration has (F4),
we saw that the marginal filtrations (% ), (4, ), remain right-continuous.
Nevertheless, (F4) is not enough to assure the right-continuity of the filtration
F; considered upon all the separations of T. In fact, the answer to the question
is negative even if the filtration has (F5). Indeed, all we can say is that %%
N+ which has no reasons to be the same with . (If G is a simple
separation, Proposition 10,7., points out that in this case F;=%;.).

Counter-Example 11. Let Q=[0,1]?; the points of Q will be denoted by x
=(x;,x,). Let # be the o-algebra of the Borel sets on [0,1] and P be the
Lebesgue measure on Q. Let (#]),,, be a filtration on [0, 1] so that #;+
and set #,=2BQ@#, completed with respect to P. Let

lo o(x,)  if s<1
_ [0, s1\M1
JS(x)—{oo if 521
and
B Ly ey if 2<1
Tt(x)_{oo if e21

One checks immediately that ¢, and 7, are stopping-times (in fact they are
H#-measurable) and that they are increasing in s (respectively in ¢) and also
that they are right-continuous. Besides

Ly _pg(xy) i s<l <1

g if s<1,t=1
T=T = s s b=
st T, if s=21,r<1
o0 if s=z1,t=1

and T, ; _ =1;4(x,;)=0(mod P).

Then the filtration % =7 has (F5) (hence it has (F4)). Let
G={(s,1-5)/0=s=1}.

As F =, for energy 0<s=<1 it results that F#;=4;,. But T;=1 implies

that g, = #5 = H,.

Remark. This example points out that if one wants to have good continuity
properties for the filtration (%;);, %; must be replaced with ;.. See [2] in
this respect.
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§ 5. Properties of Martingales with Respect to Filtrations Having (F5)

Let (#),», be a standard filtration and o, 7, be two increasing right-con-
tinuous families of stopping-times with respect to it, satisfying the assumptions
0o =Ty =00. Let (£),.r be the two-parameter filtration given by the relation
F=H, "H, =, ... We know now that all the filtrations having (F5) can be
represented in this manner.

Let (x,, #),.r be a L'-bounded martingale (hence a strong one) and x
=X, .- L€t y, be a right-continuous left-limited version for the martingale
E(x/H). Then, using the optional sampling theorem, we have the represen-
tation

xz=E(x/'g’;)=yo's/\rt:yas1(65§rt)+yrt1(a‘s>n)'

Therefore x, is a right-continuous left-limited version of the above mar-
tingale. Walsh proved in [5] the existence of such a version in the general
case; but in our case the fact is obvious.

A process x, is called a weak martingale if it is adapted and E_(x(z,z"]) is
equal to zero for every z<z. An adapted process A4, is called increasing if
A{(z,2'])=0 for every z<z".

Cairoli and Walsh proved in [1] that for every I?-bounded martingale
there exists an increasing process A, such that (x>—A4,, F,), be a null-meaned
weak martingale; moreover, if x, is a strong martingale, there exists another
increasing process 4, having the property that it is previsible and (x2—A4,, %)
is a null-meaned martingale (in our case even a strong one).

In the case when the filtration has (F5) an example of A may be easy
computed. It is not necessary previsible, but it has a good property also
posessed by the martingale x, itself: namely, the measure A4, (dz) is con-
centrated on a totally ordered set.

The process refered to is A,=<{y), .., where {y) signifies the natural
increasing process attached to the martingale y. It is easy to check that A4 is
indeed an increasing process and that it is concentrated on the intersection of
the borders of the sets (¢,=7,) and (6,>1,).

Finally we want to give an example which points out that, unlike the
situation in the one-parameter case, a martingale may have the property that
A’ is equal to zero. Or, otherwise speaking, that it is possible to exist mar-
tingales x, with the property that x? is a weak martingale.

Example, Let (Q, i, P) be a complete probability space and %, #, be two
standard filtrations such that 4= =% Let 4 be a set belonging to ¥,
chosen to satisfy 0<P(4)<1. Let B be 4°. Set £ =%],+#,z. Now (%), has
of course (F5) and E,(f)=E(f/G)1,+E(f/H)1,. Every I'-bounded mar-
tingale x,=E,(f) has the form x,=y1,+ul, with y,=E(f/%) and u,
=E(f/#); hence x2=y21,+u?1, has the property the x*((z, 2'])=0 for every
z<z. In other words, x* is a weak martingale and so, 4’'=0; the strong
natural process is A, =y, 1, +<ud,1g.
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